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• VARIOUS SPACE-TIME 0-BRANES IN 4D ORBIFOLD

COMPACTIFICATIONS.

TWO INTERESTING CASES: 0-BRANE OF TYPE IIA AND

3-BRANE OF TYPE IIB.

• DYNAMICS AND BOUNDARY STATE; FORCE.

LARGE DISTANCE INTERACTIONS AND RELATION WITH

SOLUTIONS OF 4D EFFECTIVE SUGRA.

• EMISSION OF MASSLESS NSNS STATES FROM TWO

INTERACTING SPACE-TIME 0-BRANES.

CORRELATORS WITH TWISTED BOUNDARY CONDITIONS.

LARGE DISTANCE BEHAVIOR AND FIELD THEORY

INTERPRETATION.
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INTERACTIONS ON ORBIFOLDS

Consider two 0-branes moving with velocities V1 = tanh v1, V2 = tanh v2

(along 1) and transverse positions ~Y1, ~Y2 (along 2-3).

V2 ; ~Y2 V1 ; ~Y1
� �

l
0 � � � l0 � � � 1~b = ~Y1 � ~Y2

The amplitude in the closed string channel is

A =
∫ ∞
0
dl

∑

s
< B, V1, ~Y1|e−lH |B, V2, ~Y2 >s

There are two sectors, RR and NSNS, and after the GSO projection four spin

structures contribute, R± and NS±.

In the static case, one has Neumann b.c. in time and Dirichlet b.c. in space.

The velocity twist the 0-1 directions.

The moving boundary state is obtained by boosting the static one with v =

v1 − v2 (Billó, Di Vecchia, Cangemi)

|B, V, ~Y >= e−ivJ
01|B, ~Y >

In the large distance limit b → ∞ only world-sheets with l → ∞ will

contribute.

Momentum or winding in the compact directions can be neglected since they

correspond to massive components.
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The moving boundary states

|B, V1, ~Y1 > =
∫ d3~k

(2π)3
ei
~k·~Y1|B, V1 > ⊗|kB >

|B, V2, ~Y2 > =
∫ d3~q

(2π)3
ei~q·

~Y2|B, V2 > ⊗|qB >

can only carry the boosted space-time momenta

kµB = (V1γ1k
1, γ1k

1, ~kT ) = (sinh v1k
1, cosh v1k

1, ~kT )

qµB = (V2γ2q
1, γ2q

1, ~qT ) = (sinh v2q
1, cosh v2q

1, ~qT )

Taking into account momentum conservation (kµB = qµB), the amplitude fac-

torizes

A =
1

sinh v

∫ ∞
0
dl

∫ d2~kT
(2π)2

ei
~k·~be−

q2
B
2
∑

s
ZBZ

s
F

=
1

sinh v

∫ ∞
0

dl

2πl
e−

b2

2l
∑

s
ZBZ

s
F

with (from now on Xµ ≡ Xµ
osc)

ZB,F =< B, V1|e−lH |B, V2 >
s
B,F

Group the fields into pairs

X± = X0 ±X1 → αn, βn = a0
n ± a1

n

X i, X i∗ = X i ± iX i+1 → βin, β
i∗
n = ain ± iai+1

n , i = 2, 4, 6, 8

χA,B = ψ0 ± ψ1 → χA,Bn = ψ0
n ± ψ1

n

χi, χi∗ = ψi ± iψi+1 → χin, χ
i∗
n = ψin ± iψi+1

n , i = 2, 4, 6, 8

with

[αm, β−n] = −2δmn , [βim, β
i∗
−n] = 2δmn

{χAm, χB−n} = −2δmn , {χim, χi∗n } = 2δmn
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Orbifold construction

Identify points connected by discrete rotations g = e2πi
∑

a zaJaa+1 on some of

the compact pairs Xa,χa, a=4,6,8.

In order to preserve at least on SUSY:
∑

a za = 0.

• For T6/Z3 (N = 2 SUSY) take z4, z6 = ±1
3
, z8 = −z4 − z6

• For T2 ⊗ T4/Z2 (N = 4 SUSY) take z4 = −z6 = ±1
2
, z8 = 0

• For T6 (N = 8 SUSY) take z4 = z6 = z8 = 0

There can be additional twisted sectors. One can diagonalize the fields such

that (ga = e2πiza)

Xa(σ + 1) = gaX
a,b(σ) , X∗a(σ + 1) = g∗aX

∗a(σ)

and similarly for fermions. This leads to fractional moding.

The twisted states become massless only at fixed points of the orbifold.

In all sectors, one has to project onto invariant states to get the physical

spectrum.

The physical boundary state is

|Bphys >=
1

N
(|B, 1 > +|B, g > +... + |B, gN−1 >)

in terms of the twisted boundary states

|B, gk >= gk|B >
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O-brane: untwisted sector

Consider first the static case. The b.c. are Neumann for time and Dirichlet

for all other directions (i=2,4,6,8 and a=2,4,6).

For the bosons, the b.c. are

(αn + β̃−n)|B >B= 0 , (βn + α̃−n)|B >B= 0

(βin − β̃i−n)|B >B= 0 , (βi∗n − β̃i∗−n)|B >B= 0

They are solved by the following boundary state

|B >B= exp
1

2

∞
∑

n=1
(α−nα̃−n + β−nβ̃−n + βi−nβ̃

i∗
−n + βi∗−nβ̃

i
−n)|0 >

For the fermions, one has integer or half-integer moding in the RR and NSNS

sectors respectively. The b.c are

(χAn + iηχ̃B−n)|B, η >F= 0 , (χBn + iηχ̃A−n)|B, η >F= 0

(χin − iηχ̃i−n)|B, η >F= 0 , (χi∗n − iηχ̃i∗−n)|B, η >F= 0

where η = ±1 to deal with the GSO projection.

The corresponding boundary state can be factorized into zero mode and

oscillator parts:

|B, η >F= |Bo >F ⊗|Bosc >F

The oscillator part is the same for both sectors, with appropriate moding

|Bosc, η >F= exp
iη

2

∑

n>0
(χA−nχ̃

A
−n + χB−nχ̃

B
−n − χi−nχ̃

i∗
−n − χi∗−nχ̃

i
−n)|0 >

The zero mode part exist only in the RR sector.
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The zero modes are proportional to Γ-matrices

ψµo =
i√
2
Γµ , ψ̃µo =

i√
2
Γ̃µ

One can construct

a, a∗ =
1

2
(Γ0 ± Γ1)

bi, bi∗ =
1

2
(−iΓi ± Γi+1)

and similar for tilded, satisfying

{a, a∗} = {bi, bi∗} = 1

The b.c. for the zero modes can be rewritten as

(a + iηã∗)|Bo, η >F= 0 , (a∗ + iηã)|Bo, η >F= 0

(bi − iηb̃i)|Bo, η >F= 0 , (bi∗ − iηb̃i∗)|Bo, η >F= 0

Defining the spinor vacuum |0 > ⊗|0̃ > such that

a|0 >= 0 , ã|0̃ >= 0

bi|0 >= 0 , b̃i∗|0̃ >= 0

the zero mode part of the boundary state can be written as

|Bo, η >RR= exp−iη(a∗ã∗ − bi∗b̃i)|0 > ⊗|0̃ >

The complete boundary state is already invariant under orbifold rotations,

for which

βan → gaβ
a
n , βa∗n → g∗aβ

a∗
n

χan → gaχ
a
n , χa∗n → g∗aχ

a∗
n

ba → gab
a , ba∗ → g∗ab

a∗
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For a boost of rapidity v:

αn → e−vαn , βn → evβn

χAn → e−vχAn , χBn → evχBn

a→ e−va , a∗ → eva∗

The spinor vacuum is not invariant, but transforms as

|0 > ⊗|0̃ >→ e−v|0 > ⊗|0̃ >

Finally, the complete boosted boundary state is

|B, V >B= exp
1

2

∑

n>0
(e−2vα−nα̃−n + e2vβ−nβ̃−n + βi−nβ̃

i∗
−n + βi∗−nβ̃

i
−n)|0 >

|Bosc, V, η >F= exp
iη

2

∑

n>0
(e−2vχA−nχ̃

A
−n + e2vχB−nχ̃

B
−n

−χi−nχ̃i∗−n − χi∗−nχ̃
i
−n)|0 >

|Bo, V, η >RR= e−v exp−iη(e2va∗ã∗ − bi∗b̃i)|0 > ⊗|0̃ >

In both sectors one gets

(−1)F |B, V, η >= −|B, V,−η >

and the GSO-projected boundary state is

|B, V >=
1

2
(|B, V,+ > −|B, V,− >)

In the partition function, the ghosts cancel one untwisted pair, say 2-3, and

the result is the product of the contributions of the 0-1 pair and the 3 compact

pairs.

For the bosons, one finds (q = e−2πl)

< B, V1|e−lH |B, V2 >
(0,1)
B =

∞
∏

n=1

1

(1 − e−2vq2n)(1 − e2vq2n)

< B, V1|e−lH |B, V2 >
(a,a+1)
B =

∞
∏

n=1

1

(1 − q2n)2
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The total bosonic partition function is (zero-point energy q−
2
3 )

ZB =
i

π
sinh vq−

2
3f(q2)−8 ϑ

′
1(0|2il)

ϑ1(i
v
π |2il)

For the fermions, the 0-1 pair gives

< B, V1, η|e−lH |B, V2, η
′ >s(0,1)

F = Zs
o(ηη

′)
∏

n>0
(1 + ηη′e−2vq2n)(1 + ηη′e2vq2n)

with ηη′ = ±1 and

ZR
o (+) = 2 cosh v , ZR

o (−) = 2 sinh v

ZNS
o (±) = 1

Each compact pair gives instead

< B, V1, η|e−lH |B, V2, η
′ >s(a,a+1)

F = Zs
o(ηη

′)
∏

n>0
(1 + ηη′q2n)2

with

ZR
o (+) = 2 , ZR

o (−) = 0

ZNS
o (±) = 1

After the GSO projection, only the three even spin structures R+ and NS±
contribute, and (zero-point energy q−

1
3 for NSNS and q

2
3 for RR)

ZF = q−
1
3f(q2)−4

{

ϑ2(i
v

π
|2il)ϑ2(0|2il)3

−ϑ3(i
v

π
|2il)ϑ3(0|2il)3 + ϑ4(i

v

π
|2il)ϑ4(0|2il)3

}

∼ V 4

corresponding to the usual SUSY cancellation of the force (Bachas).
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0-brane: twisted sector

The boundary state is similar to the one of the untwisted sector, with frac-

tional moding.

In the Z3 case, each pair of compact bosons gives

< B, V1|e−lH |B, V2 >
(a,a+1)
B =

∞
∏

n=1

1

(1 − q2(n−1
3))(1 − q2(n−2

3))

For a pair of compact fermions (no zero modes)

< B, V1, η|e−lH |B, V2, η
′ >s(a,a+1)

R =
∞
∏

n=1
(1 + ηη′q2(n−1

3))(1 + ηη′q2(n−2
3 ))

< B, V1, η|e−lH |B, V2, η
′ >

s(a,a+1)
NS =

∞
∏

n=1
(1 + ηη′q2(n−1

6)(1 + ηη′q2(n−5
6 ))

The total partition functions after the GSO projection are (the zero-point

energies add to zero)

ZB = 2 sinh vf(q2)4
1

ϑ1(i
v
π
|2il)ϑ1(−2

3
il|2il)3

ZF = f(q2)−4







ϑ2(i
v

π
|2il)ϑ2(−

2

3
il|2il)3

−ϑ3(i
v

π
|2il)ϑ3(−

2

3
il|2il)3 − ϑ4(i

v

π
|2il)ϑ4(−

2

3
il|2il)3







∼ V 2

In the Z2 case, the analysis is similar and the results are

ZB = 2 sinh vq−
1
6f(q2)4

1

ϑ1(i
v
π
|2il)ϑ1(0|2il)ϑ1(−il|2il)2

ZF = q
1
6f(q2)−4

{

ϑ2(i
v

π
|2il)ϑ2(0|2il)ϑ2(−il|2il)2

−ϑ3(i
v

π
|2il)ϑ3(0|2il)ϑ3(−il|2il)2

−ϑ4(i
v

π
|2il)ϑ4(0|2il)ϑ4(−il|2il)2

}

∼ V 2
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3-brane

In the static case, take Neumann b.c. for time, Dirichlet b.c. for space

and mixed b.c. for each pair of compact directions, say Neumann for the a

directions and Dirichlet for the a+1 directions.

The new b.c. for the compact directions are

(βan + β̃a∗−n)|B >B= 0 , (βa∗n + β̃a−n)|B >B= 0

(χan + iηχ̃a∗−n)|Bosc, η >F= 0 , (χa∗n + iηχ̃a−n)|Bosc, η >F= 0

(ba + iηb̃a∗)|Bo, η >F= 0 , (ba∗ + iηb̃a)|Bo, η >F= 0

Defining a new spinor vacuum |0 > ⊗|0̃ > such that

ba|0 >= 0 , b̃a|0̃ >= 0

the compact part of the boundary state is

|B >B= exp−1

2

∑

n>0
(βa−nβ̃

a
−n + βa∗−nβ̃

a∗
−n)|0 >

|Bosc, η >F= exp
iη

2

∑

n>0
(χa−nχ̃

a
−n + χa∗−nχ̃

a∗
−n)|0 >

|Bo, η >RR= exp−iηba∗b̃a∗|0 > ⊗|0̃ >

In this case, the boundary state is not invariant under orbifold rotations.

Recall that (ga = e2πiza)

βan → gaβ
a
n , βa∗n → g∗aβ

a∗
n

χan → gaχ
a
n , χa∗n → g∗aχ

a∗
n

ba → gab
a , ba∗ → g∗ab

a∗

Moreover, the spinor vacuum now transform

|0 > ⊗|0̃ >→ ga|0 > ⊗|0̃ >
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The compact part of the twisted boundary state is

|B, V, ga >B= exp−1

2

∑

n>0
(g2
aβ

a
−nβ̃

a
−n + g∗2a β

a∗
−nβ̃

a∗
−n)|0 >

|Bosc, V, ga, η >F= exp
iη

2

∑

n>0
(g2
aχ

a
−nχ̃

a
−n + g∗2a χ

a∗
−nχ̃

a∗
−n)|0 >

|Bo, V, ga, η >RR= ga exp−iηg∗2a ba∗b̃a∗|0 > ⊗|0̃ >

A pair of compact bosons gives ((g∗ag
′
a)

2 = e2πiwa)

< B, V1, ga|e−lH |B, V2, g
′
a >

(a,a+1)
B =

∞
∏

n=1

∣

∣

∣

∣

∣

∣

1

1 + ηη′e2πiwaq2n

∣

∣

∣

∣

∣

∣

2

For fermions

< B, V1, ga, η|e−lH |B, V2, g
′
a, η

′ >s(a,a+1)
F = Zs

o(ηη
′)

∏

n>0

∣

∣

∣

∣

1 + ηη′e2πiwaq2n
∣

∣

∣

∣

2

where

ZR
o (+) = 2 cos πwa , ZR

o (−) = 2i sinπwa

ZNS
o (±) = 1

After the GSO projection, the total partition functions for a given relative

twist are

ZB = 16i sinh vq
1
3f(q2)4

1

ϑ1(i
v
π |2il)

∏

a

sinπwa
ϑ1(wa|2il)3

ZF = q−
1
3f(q2)−4

{

ϑ2(i
v

π
|2il)∏

a
ϑ2(wa|2il)

−ϑ3(i
v

π
|2il)∏

a
ϑ3(wa|2il) + ϑ4(i

v

π
|2il)∏

a
ϑ4(wa|2il)

}

∼


















V 4 , wa = 0

V 2 , wa 6= 0

To obtain the invariant amplitude, one has to average over all possible orbifold

twists. There is no twisted sector.
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Large distance limit

Explicit expressions for l → ∞

0-brane

a) Untwisted sector

A ∼ 4 cosh v − cosh 2v − 3 ∼ V 4

b) Twisted sector

A ∼ cosh v − 1 ∼ V 2

3-brane

A(wa) ∼ 4
∏

a
cos πwa cosh v − cosh 2v −∑

a
cos 2πwa

A ∼


















cosh v − cosh 2v ∼ V 2 , T6/Z3

4 cosh v − cosh 2v − 3 ∼ V 4 , T2 ⊗ T4/Z2 , T6

Field theory interpretation

The possible contributions in the eikonal approximation are

Dilaton: −a2

Vector: e2 cosh v

Graviton: −M 2 cosh 2v

Thus

4 cosh v − cosh 2v − 3 ⇔ N=8 Grav. multiplet

cosh v − cosh 2v ⇔ N=2 Grav. multiplet

cosh v − 1 ⇔ Vec. multiplet

12



V 2 terms in the effective action give a non flat metric to the moduli space.

In the dual open string channel, V corresponds to an electric field E, and V 2

terms correspond to a renormalization of the Maxwell term E2. This can not

happen for the maximally supersymmetric theory.

The V 2 behavior is thus forbidden for N = 8 and allowed for N < 8; our

results are compatible with this.
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EMISSION OF MASSLESS NSNS BOSONS

Consider two moving 0-branes in interaction emitting a massless NSNS boson.

V2 ; ~Y2 V1 ; ~Y1
� �

0 � �; l0 � l0 � � � 1~b = ~Y1 � ~Y2l0 = l� �
p�

The amplitude is computed inserting the vertex operator (z = σ + iτ )

V (z, z̄) = Gij(∂X
i − 1

2
p · ψψi)(∂̄Xj +

1

2
p · ψ̄ψ̄j)eip·X

between the two boundary states

A =
∫ ∞
0
dl

∫ l

0
dτ

∑

s
< B, V1, ~Y1|e−lHV (z, z̄)|B, V2, ~Y2 >s

=
∫ ∞
0
dτ

∫ ∞
0
dl′

∑

s
< V (z, z̄) >s

Split the bosons into zero mode and oscillators to be treated separately (again

Xµ ≡ Xµ
osc).

The zero mode part gives the kinematics (pµ = kµB − qµB).

The energies and longitudinal momenta are completely fixed (cos θ = p1

p
,

p = p0)

k0
B = V1k

1
B , k1

B =
p

V1 − V2
(1 − V2 cos θ)

q0
B = V2q

1
B , q1

B =
p

V1 − V2
(1 − V1 cos θ)
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The zero mode contribution is (v = v1 − v2)

< eip·X >o=
1

sinh v

∫ d2~kT
(2π)2

ei
~k·~be−

q2

2 τe−
k2

2 l
′

Further zero mode insertions give

∂X i
o ⇒ −1

2
kiB

∂̄Xj
o ⇒ 1

2
kjB

∂X i
o∂̄X

j
o ⇒ −1

4
kiBk

j
B

Finally, the amplitude is (from now on qµ ≡ qµB and kµ ≡ kµB)

A =
1

sinh v

∫ ∞
0
dτ

∫ ∞
0
dl′

∫ d2~kT
(2π)2

ei
~k·~be−

q2

2 τe−
k2
2 l

′
< eip·X >

∑

s
ZBZ

s
FMs

with

Ms = Gij

{

< ∂X i∂̄Xj > − < ∂X ip ·X >< ∂̄Xjp ·X >

+
1

4

(

< p · ψp · ψ̄ >s< ψiψ̄j >s − < p · ψψi >s< p · ψ̄ψ̄j >s

+ < p · ψ̄ψi >s< p · ψψ̄j >s

)

+
i

2

(

< ∂X ip ·X >< p · ψ̄ψ̄j >s − < ∂̄Xjp ·X >< p · ψψi >s

)

−1

2
ki



i < ∂̄Xjp ·X > +
1

2
< p · ψ̄ψ̄j >s





+
1

2
kj



i < ∂X ip ·X > −1

2
< p · ψψi >s





−1

4
kikj







Obviously, the partition function factorizes, leaving connected correlators. In

the odd spin structure, appropriate zero modes insertion is understood.
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Correlators

The boundary state provides a systematic way of computing correlators with

non trivial b.c.

< XµXν >=
< B1, V1|e−lHXµXν|B2, V2 >B

< B1, V1|e−lH |B2, V2 >B

< ψµψν >s=
< B1, V1, η|e−lHψµψν|B2, V2, η

′ >s
F

< B1, V1, η|e−lH |B2, V2, η′ >s
F

For the bosons, one obtains (q = e−2πτ )

< X0(z)X̄0(z̄) >=< X1(z)X̄1(z̄) >=

=
1

4π

∞
∑

n=0

{

cosh 2[(v1 − v2)n− v2] ln(1 − q2ne−4πτ )

− cosh 2[(v2 − v1)n− v1] ln(1 − q2ne−4πl′)
}

< X0(z)X̄1(z̄) >=< X1(z)X̄0(z̄) >=

= − 1

4π

∞
∑

n=0

{

sinh 2[(v1 − v2)n− v2] ln(1 − q2ne−4πτ )

+ sinh 2[(v2 − v1)n− v1] ln(1 − q2ne−4πl′)
}

For the fermions in the NS± sectors, the results are

< ψ0(z)ψ̄0(z̄) >NS±=< ψ1(z)ψ̄1(z̄) >NS±=

= −i
∞
∑

n=0
(∓)n











cosh 2[(v1 − v2)n− v2]
qne−2πτ

1 − q2ne−4πτ

± cosh 2[(v2 − v1)n− v1]
qne−2πl′

1 − q2ne−4πl′















< ψ0(z)ψ̄1(z̄) >NS±=< ψ1(z)ψ̄0(z̄) >NS±=

= i
∞
∑

n=0
(∓)n











sinh 2[(v1 − v2)n− v2]
qne−2πτ

1 − q2ne−4πτ

± sinh 2[(v2 − v1)n− v1]
qne−2πl′

1 − q2ne−4πl′















16



For the fermions in the R± sectors, the results are similar, with a zero mode

contribution

< ψ0(z)ψ̄0(z̄) >R±=< ψ1(z)ψ̄1(z̄) >R±=

= FR
o (±) − i

∞
∑

n=0
(∓)n











cosh 2[(v1 − v2)n− v2]
q2ne−4πτ

1 − q2ne−4πτ

± cosh 2[(v2 − v1)n− v1]
q2ne−4πl′

1 − q2ne−4πl′















FR
o (+) = − i

2

cosh(v1 + v2)

cosh(v1 − v2)
, FR

o (−) = − i
2

sinh(v1 + v2)

sinh(v1 − v2)

< ψ0(z)ψ̄1(z̄) >R±=< ψ1(z)ψ̄0(z̄) >R±=

= GR
o (±) + i

∞
∑

n=0
(∓)n











sinh 2[(v1 − v2)n− v2]
q2ne−4πτ

1 − q2ne−4πτ

± sinh 2[(v2 − v1)n− v1]
q2ne−4πl′

1 − q2ne−4πl′















GR
o (+) = − i

2

sinh(v1 + v2)

cosh(v1 − v2)
, GR

o (−) = − i
2

cosh(v1 + v2)

sinh(v1 − v2)

World-sheet SUSY means (for osc.)

< ∂Xµ(z)X̄ν(z̄) >=
1

2
< ψµ(z)ψ̄ν(z̄) >R−

There are also non vanishing equal-point correlators, which can be computed

in the same way. They can also be deduced from the previous ones using the

b.c.
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The correlators can be expressed in terms of twisted ϑ-functions.

Form the combinations ψ± = e∓v2(ψ0 ± ψ1), satisfying the b.c.

ψ±(z) = −iψ̄∓(z̄) , τ = 0 ⇔ z = z̄

ψ±(z) = −ie±2vψ̄∓(z̄) , τ = l ⇔ z = z̄ + 2il

The propagators

P s
(±)(z − z̄) =< ψ±(z)ψ̄±(z̄) >s

should have appropriate periodicity conditions on the covering torus with

modulus 2il from which the cylinder can be obtained by the involution z .=

z̄ + 2il.

In fact, under

w → w +m + 2iln

the propagators transform as

PR+
(±) (w +m + 2iln) = eiπne±2nvPR+

(±) (w)

PR−
(±) (w +m + 2iln) = e±2nvPR−

(±) (w)

PNS+
(±) (w +m + 2iln) = eiπmeiπne±2nvPNS+

(±) (w)

PNS−
(±) (w +m + 2iln) = eiπme±2nvPNS−

(±) (w)

These properties, together with the universal local behavior

P s
(±)(w) → 1

4πw

imply for the even spin structures:

P s
(±)(w) =

1

4π

ϑs(w ± iv
π
|2il)ϑ′1(0|2il)

ϑs(±ivπ |2il)ϑ1(w|2il)

18



Results

Axion

Gij =
1

2
ǫijk

pk

p

Only the odd spin structure can contribute because of the antisymmetry of

Gij. In the twisted sector of the Z3 case, there are only two fermionic zero

modes in the 2-3 pair, and the amplitude could be non vanishing.

After integrating by parts the two-derivative bosonic term, world-sheet SUSY

leads to

MR−
ax =

i

8
cos θ



−∂τ < p ·X(z)p · X̄(z̄) >osc +
1

2
(k2 − q2)





Since ∂τ |l = ∂τ |l′ − ∂l′|τ the final amplitude is a total derivative (ZBZ
R−
F =

2 sinh v for the twisted sector of Z3)

Aax =
i

4
cos θ

∫ ∞
0
dτ

∫ ∞
0
dl′

∫ d2~kT
(2π)2

ei
~k·~b(∂τ − ∂l′)







e−
q2

2 τe−
k2

2 l
′
< eip·X >







= 0

Dilaton

Gij = δij −
pipj

p2

Only the even spin structures contribute, because of the symmetry of Gij.

Again, the two-derivative bosonic term is integrated by parts.

In the large distance limit, one keep only leading terms for l → ∞ in the

propagators, and

< eip·X >=
(

1 − e−4πτ
)−p(2)2

2π
(

1 − e−4πl′
)−p(1)2

2π

with the boosted energies

p(1,2) = pγ1,2(1 − V1,2 cos θ) = p(cosh v1,2 − sinh v1,2 cos θ)
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One finds for the contractions

MR+
dil =

1

4p2

[

(k2 − q2) − 2p2 cos θ tanh v
]

×














1

4
(k2 − q2) − p(2)2 e−4πτ

1 − e−4πτ
+ p(1)2 e−4πl′

1 − e−4πl′















−k
0

p







q2

4
+ p(2)2 e−4πτ

1 − e−4πτ





 +
q0

p









k2

4
+ p(1)2 e−4πl′

1 − e−4πl′









MNS±
dil =

1

4p2

[

(k2 − q2) ∓ 8e−2πlp2 cos θ sinh v
]

×














1

4
(k2 − q2) − p(2)2 e−4πτ

1 − e−4πτ
+ p(1)2 e−4πl′

1 − e−4πl′















−k
0

p







q2

4
+ p(2)2 e−4πτ

1 − e−4πτ





 +
q0

p









k2

4
+ p(1)2 e−4πl′

1 − e−4πl′









Taking into account< eip·X > and integrating by parts in the final amplitude,

one gets the rules

e−4πτ

1 − e−4πτ
.= −1

4

q2

p(2)2
,

e−4πl′

1 − e−4πl′
.= −1

4

k2

p(1)2

Using these equivalence relations, one finds

MR+
dil = MNS±

dil = 0

This means that the amplitude is a total derivative and

Adil = 0

20



Graviton

Gij = hij = hji , pihij = hii = 0

Proceeding as for the dilaton, one obtains for l → ∞

MR+
grav =

−1

4

[

hijk
ikj − p tanh vhi1k

i
]

−V2γ2



p(2)
(

hi1k
i − p

2
tanh vh11

)

+
1

4
(k2 − q2)V2γ2h11





e−4πτ

(1 − e−4πτ )

+V1γ1



p(1)
(

hi1k
i − p

2
tanh vh11

)

+
1

4
(k2 − q2)V1γ1h11





e−4πl′

(1 − e−4πl′)

MNS± =

−1

4

[

hijk
ikj ∓ 4e−2πl

(

p sinh 2vhi1k
i − p2 sinh2 vh11

)]

−V2γ2



p(2)
(

hi1k
i ∓ 2e−2πlp sinh vh11

)

+
1

4
(k2 − q2)V2γ2h11





e−4πτ

(1 − e−4πτ )

+V1γ1



p(1)
(

hi1k
i ∓ 2e−2πlp sinh vh11

)

+
1

4
(k2 − q2)V1γ1h11





e−4πl′

(1 − e−4πl′)

One can use the same equivalence relations as before to write Ms
grav in a

τ, l′-independent form. Anyway:

Agrav 6= 0

21



The general structure of the amplitude is

Agrav =
1

sinh v

∫ ∞
0
dτ

∫ ∞
0
dl′

∫ d2~kT
(2π)2

ei
~k·~be−

q2

2 τe−
k2

2 l
′ ×

(

1 − e−4πτ
)−p(2)2

2π
(

1 − e−4πl′
)−p(1)2

2π ∑

s
ZBZ

s
FMs

grav

=
1

sinh v

∫ d2~kT
(2π)2

ei
~k·~bI1I2

∑

s
ZBZ

s
FMs

grav

with

Ms
grav = Bs(p, k, q) + q2Cs

1(p, k, q) + k2Cs
2(p, k, q)

The kinematical integrals over the two proper times τ, l′ give

I1 =
∫ ∞
0
dτe−

q2

2 τ
(

1 − e−4πτ
)−p(2)2

2π = − 1

4π

Γ[ q
2

8π
]Γ[−p(2)2

2π
+ 1]

Γ[ q
2

8π
− p(2)2

2π
+ 1]

I2 =
∫ ∞
0
dl′e−

k2

2 l
′ (

1 − e−4πl′
)−p(1)2

2π = − 1

4π

Γ[k
2

8π ]Γ[−p(1)2

2π + 1]

Γ[k
2

8π −
p(1)2

2π + 1]

One finds the usual dual structure with a double serie of poles. However, in

the eikonal approximation p≪M = 1 and

I1 → − 2

q2
, I2 → − 2

k2

Finally, the amplitude becomes

Agrav =
4

sinh v

∫ d2~kT
(2π)2

ei
~k·~b







Bs 1

q2k2
+ Cs

1

1

k2
+ Cs

2

1

q2







22



The graphical interpretation is the following

p�hij
) Bs 1q2k2 (�; l0 6= 0)

V2 V1
k� q�

p�hij
) Cs1 1k2 (� = l; l0 = 0)

V2 V1
k�

p� hij ) Cs2 1q2 (� = 0; l0 = l)
V2 V1

q�
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Annihilation term

Field theory results

For the axion and the dilaton, there is no coupling in SUGRA allowing the

emission process.

For the annihilation term of the graviton, there are three possible diagrams in

SUGRA, involving the exchange of R vectors and NS dilatons and gravitons.

Their respective contributions in the eikonal approximation are

BR
Vµ

= e2
[

cosh vhijk
ikj − p sinh vhi1k

i
]

BNS
φ = −a2hijk

ikj

BNS
gµν

= −M 2
[

cosh 2vhijk
ikj − 2p sinh 2vhi1k

i + 2p2 sinh2 vh11

]

String results

The string results in the various compactification schemes are the following

0-brane: untwisted sector & 3-brane on T2 ⊗ T4/Z2, T6

ZR+ − ZNS+ + ZNS− → 16 cosh v − 4 cosh 2v − 12

ZNS+ + ZNS− → 2e2πl

and

BR
grav = 4

[

cosh vhijk
ikj − p sinh vhi1k

i
]

BNS
grav = −

[

cosh 2vhijk
ikj − 2p sinh 2vhi1k

i + 2p2 sinh2 vh11

]

−3hijk
ikj

⇒ Bgrav ∼ V 4hijk
ikj + V 3phi1k

i + V 2p2h11
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0-brane: twisted sector

ZR+ − ZNS+ − ZNS− → 4 cosh v − 4

ZNS+ − ZNS− → 0

and

BR
grav =

[

cosh vhijk
ikj − p sinh vhi1k

i
]

BNS
grav = −hijkikj

⇒ Bgrav ∼ V 2hijk
ikj + V phi1k

i + V 2p2h11

3-brane on T6/Z3

ZR+ − ZNS+ + ZNS− → 4 cosh v − 4 cosh 2v

ZNS+ + ZNS− → 2e2πl

and

BR
grav =

[

cosh vhijk
ikj − p sinh vhi1k

i
]

BNS
grav = −

[

cosh 2vhijk
ikj − 2p sinh 2vhi1k

i + 2p2 sinh2 vh11

]

⇒ Bgrav ∼ V 2hijk
ikj + V phi1k

i + V 2p2h11
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