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INTERACTIONS ON ORBIFOLDS

Consider two 0-branes moving with velocities V; = tanhwvq, V5 = tanh v,

(along 1) and transverse positions Y1, Y, (along 2-3).

oA 0<o<1
«— - I b — _'1_ _’2

/ ) /

v, Yo Vi, Y

The amplitude in the closed string channel is

A= [TdlY < BV, Yi|e | B, 15, Y, >,
There are two sectors, RR and NSNS, and after the GSO projection four spin
structures contribute, R4 and NS+.

In the static case, one has Neumann b.c. in time and Dirichlet b.c. in space.

The velocity twist the 0-1 directions.
The moving boundary state is obtained by boosting the static one with v =
v1 — vy (Bill6, Di Vecchia, Cangemi)

B, V,Y >=¢ "B, Y >
In the large distance limit b — oo only world-sheets with [ — oo will
contribute.

Momentum or winding in the compact directions can be neglected since they

correspond to massive components.



The moving boundary states

Bk
2m)3
d>q
27)3
can only carry the boosted space-time momenta

1B, V4,Y; > = /( eF BV > ®lkp >

B, V3, Ys > = /( 2B, Vs > ©lgp >

kg = (Vifylkl,’ylkl,/;qv) = (Sinhvlkl,coshvlkl,/;T)
Q% — (‘/272q17 72q17 iT) - (Siﬂh ’U2q1, cosh qul, iT)

Taking into account momentum conservation (ks = ¢3), the amplitude fac-

torizes
A= sinh v /0 dl/ (27T)26 © ; ZpZF
1 so dl b2
_ DIV A YA
sinh v /0 27Tl€ g Ber
with (from now on X# = X* )

Zpr =< B,Vile ™| B, Vj >B
Group the fields into pairs
XF=X"+ X' - a,,8,=d +a
XOX"=X"+4iX" - 3 .8% =a' +ia’t | i=2,4,6,8
P=gltyl — P =un,
VX = U i o X = T i =2,4,6,8
with
(@, Bon] = —20mn 5 | in?ﬂﬁkn] = 20pn

{errlm Xén} — _25mn ) {Xma } — 25mn



Orbifold construction

Ja

Identify points connected by discrete rotations g = €™ 2a%/aatl on some of

the compact pairs X y*, a=4,6,8.
In order to preserve at least on SUSY: », z, = 0.

o For Ty /Z3 (N =2 SUSY) take 24,26 = £5 , 25 = —24 — 2g
o For T, ® Ty /Zy (N =4 SUSY) take zy = —zg = :I:% . 23 =10
e For T (N =8 SUSY) take zy = 2z = 25 = 0
There can be additional twisted sectors. One can diagonalize the fields such
that (g, = ™)
X0 +1) = . X0) , X*o+1) = g2 X"(0)

and similarly for fermions. This leads to fractional moding.
The twisted states become massless only at fixed points of the orbifold.

In all sectors, one has to project onto invariant states to get the physical

spectrum.

The physical boundary state is
1 N-1
| Bphys >= N(\B,l > +|B,g>+...+|B,g" " >)
in terms of the twisted boundary states

1B, ¢" >=¢"|B >



O-brane: untwisted sector

Consider first the static case. The b.c. are Neumann for time and Dirichlet

for all other directions (i=2,4,6,8 and a=2,4,6).

For the bosons, the b.c. are
(an+B_p)|B>p=0 , (By+a&_,)|B>p=0
(B, = BLIIB >p=0 , (B = 5%)|B >p=0

They are solved by the following boundary state

1 o

B >p=expg Y (anGn+ B_wfn+ BL,6%, 4+ B 50 >

n=1
For the fermions, one has integer or half-integer moding in the RR and NSNS

sectors respectively. The b.c are

where n = £1 to deal with the GSO projection.

The corresponding boundary state can be factorized into zero mode and
oscillator parts:

\Bﬂ? >F= ‘BO >F ®‘Bosc >F

The oscillator part is the same for both sectors, with appropriate moding

in ) ) o .
‘Bosca N >F= €exp 5 go(xénxiln + Xénxén o XZ—nXZ—n T XZ—nXZ—n)‘O >
n

The zero mode part exist only in the RR sector.



The zero modes are proportional to I'-matrices

1 ~
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wo Y wo \/§
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One can construct
a,a” = %(FO + ')
b, b = %(—m’ + [t
and similar for tilded, satisfying
{a,a*} = {V', 0"} =1
The b.c. for the zero modes can be rewritten as
(a+ina®)|By,n >p=0 , (a*+ina)|By,n >p=0
(0 —inb))| By, >p=0 , (b —inb™)|B,,n >p=0
Defining the spinor vacuum |0 > ®|0 > such that
al0>=0 , al0>=0
bl0>=0 , b*|0>=0
the zero mode part of the boundary state can be written as
|B,,n >rr=exp —in(a*a* — b"b)|0 > @|0 >

The complete boundary state is already invariant under orbifold rotations,

for which

ﬁfi — gaﬁfi ) ﬁﬁ* - g;ﬁz*
a ko ak

Xn = GaXn s Xm = GuXn
e —s gaba ’ N gzba*



For a boost of rapidity v:

—v v
ap — ey, Pn— e by
A —v. A B v. B
Xn 7€ Xn » Xnp 7€ Xy

a—e’a , a —e'a

The spinor vacuum is not invariant, but transforms as
0> ®[0 >— e |0 > ®|0 >

Finally, the complete boosted boundary state is

1 » B 5 - _— sy
|B,V >p=exp 2 ngo(e ‘a_pap +eB B+ 6,00 + 6. 8,)|0 >
0y 9w A - v B ~
|BOSC, V.n >p=exp E ngo(e 2 Xflnxfln + e Xf_?nxf_gn

=X X, = X510 >
1B,,V,n >pp= e "exp —in(e”a*a* — b™b')|0 > ®|0 >
In both sectors one gets
(=) |B,V,n >=—|B,V,—n >
and the GSO-projected boundary state is
B,V >= (1B, +> ~[B,V,~ >)
In the partition function, the ghosts cancel one untwisted pair, say 2-3, and
the result is the product of the contributions of the 0-1 pair and the 3 compact

pairs.

For the bosons, one finds (¢ = e~ 27l )

< B,Vile™|B, Vs >0V= 1]




The total bosonic partition function is (zero-point energy q_%)
1

. _2 ¢ V1(0]240)
T = — h 3 2\—-8 "1
5= sinhvg S f(g) oy (i2]2il)

For the fermions, the 0-1 pair gives

< B, Vi,nle ™ |B, Vo, >3"V= Z2 (/) T (1 + /e 2 ¢*") (1 + /€2 ¢*")

n>0

with nn’ = £+1 and
ZE(4) = 2coshv , Z(—) =2sinhv
Z)% () =1

Each compact pair gives instead

< B, Vi,nle "M |B, Vo, >3 V= Z3 () (1 +m'q™)’
with
zZi+)=2 . Z8(-)=0
ZN9(£) =1
After the GSO projection, only the three even spin structures R+ and NS+
contribute, and (zero-point energy q_% for NSNS and q% for RR)

U S :
Zp = q b f(g?) {ﬁga;pzzwg(mzzzf
—95(i 2|20l )04(0]2il)? + 194(2‘9\2@1)194(0\2@1)3}
T T
~ V4

corresponding to the usual SUSY cancellation of the force (Bachas).



O-brane: twisted sector

The boundary state is similar to the one of the untwisted sector, with frac-

tional moding.

In the Z3 case, each pair of compact bosons gives

< B, Vi|le"M|B, vy > = ]
e (1= AT — )

For a pair of compact fermions (no zero modes)

< Ba‘/ian‘e_lH|Ba%an/ (aa+1) ﬁ (1—|—7777q 2(n— ))(1+nn/q2(n—%))
n=1

< B, Vi,nle ™| B, Vo, >34 V= T (1 + nn/ ") (1 4/ )
n=1

The total partition functions after the GSO projection are (the zero-point

energies add to zero)
1
O (222l (— 2 |2il)?

Zr = 1) { Dol l2it) 0o~ i1

Zp = 2sinhvf(¢*)*

U, 2. . U . 2. A
— 05 2 2ul)d(—Silj23l)" — 194(@;\2zl)194(—§zl|2zl)3}
~ V2

In the Z5 case, the analysis is similar and the results are
1
V1 (22|240)01(0[2il)0, (—il|24l)>

Zr = ¢5 f(g?) {9l |20 02(0]2i0) o il 2i1)?

9502 |2i)95(0|2i1)05( —il |2i1)?
T

Zp = 2sinh vq_%f(q2)4

—ﬁ4(¢9\2@1)194(0\211)194(—11\2@1)2}
T



3-brane

In the static case, take Neumann b.c. for time, Dirichlet b.c. for space
and mixed b.c. for each pair of compact directions, say Neumann for the a

directions and Dirichlet for the a-+1 directions.

The new b.c. for the compact directions are
(Br+ BB >p=0 , (67 +B2,)|B >p=0
(X + XE) [ Bose:n >r=0 1, (X" +inXL,)| Bose; n >r=0
(0" 4 inb™)| By, >p=0 , (b% +inb")|B,,n >p=0
Defining a new spinor vacuum |0 > ®|0 > such that
b0 >=0 , b0 >=0
the compact part of the boundary state is

|B >p= eXp—— > (62,0%, + 62,6%,)|0 >

n>0
i \
|B0867?7>F_ eXpE Z(X nX +X nXa )|O>
n>0
|B,, 1 >prr= exp —inb™b™|0 > ®[0 >

In this case, the boundary state is not invariant under orbifold rotations.

Recall that (g, = e*"%)

ﬁz — Qaﬂﬁ ) ﬁﬁ* — 9253*

a a * . A%

Xn — gaXn ) Xn — gaXn
bCL N gaba ’ b N gaba*

Moreover, the spinor vacuum now transform
0> ®[0 >— g4|0 > ®[0 >
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The compact part of the twisted boundary state is

1B, V, gy >p=exp—= Z (g23%, 3% + g2 3% 37)|0 >

2 n>0

77 ~ k ax ~a*x
|30807 V, Ga, 1 >F= €Xp 5 Z (gax X + ga2X n)‘o >

n>0

|B07 V) Ga, 1 > RR=— Gao €XP — anaQba*ba*|O > ®‘O >

A pair of compact bosons gives ((g*g,)? = e*"wa)

1
1 1_|_nn/€2m'waq2n

o0

< B, VA, gale | B, Vi, g, > M=

For fermions
2
< B, Vi, ga,nle™ B, Vo, gy >3 V= Z3 (/) TL L+ /00|

n>0

where
ZR(4) = 2cosmw, , ZF(—) = 2isinmw,
ZN9(£) =1

After the GSO projection, the total partition functions for a given relative

twist are

1 SIN TW,,

9162 230) W9, (wa 2l
Zr = ¢ 3 (g) " {Dai-[2il) I 9w, 200

Zp = 16isinh vq3f( 2)4

—95(32|240) TT 93(wa26l) + 94 (i |2i0) Hﬁ4(wa|27jl)}
T a T a

Vi w, =0
V2w, #0

Y

To obtain the invariant amplitude, one has to average over all possible orbifold
twists. There is no twisted sector.

11



Large distance limit
Explicit expressions for [ — oo
O-brane

a) Untwisted sector

A~ 4dcoshv —cosh2v — 3~ V4

b) Twisted sector
A~ coshv — 1 ~ V?

3-brane

A(wg) ~ 411 cos mw, cosh v — cosh 2v — > cos 2mw,

coshv — cosh2v ~ V2% | T/ Z3
4coshv —cosh2v — 3~ VY | Th@Ty/Zy, Ty

Y

Field theory interpretation
The possible contributions in the eikonal approximation are
Dilaton:  —a?
Vector:  e?coshwv
Graviton:  —M?cosh 2u
Thus
4coshv —cosh2v —3 <« N=8 Grav. multiplet

coshv —cosh2v < N=2 Grav. multiplet

coshv —1 << Vec. multiplet

12



V2 terms in the effective action give a non flat metric to the moduli space.

In the dual open string channel, V' corresponds to an electric field E, and V2
terms correspond to a renormalization of the Maxwell term E?. This can not

happen for the maximally supersymmetric theory:.

The V2 behavior is thus forbidden for N = 8 and allowed for N < 8; our

results are compatible with this.

13



EMISSION OF MASSLESS NSNS BOSONS

Consider two moving O-branes in interaction emitting a massless NSNS boson.

Q10| =

< — ———— > — — —t——> b=

/T Z’ZZT/ b
Vo, Yy Vi, Y

The amplitude is computed inserting the vertex operator (z = o + i7)

¥442):(ﬁanW—%p~¢WX3XJ+%p4%WkWX

between the two boundary states
A= [Ydl [ drs. < B,Vi, Vile TV (z,2)| B, Vi, Vs >,
= [Tdr [© dl’%j < V(z,2) >,

Split the bosons into zero mode and oscillators to be treated separately (again

Xt =Xk ).

osc

The zero mode part gives the kinematics (p = ks — ¢l).

The energies and longitudinal momenta are completely fixed (cos = %1,

p=7p")
p
K, =Viky k‘ézvl_%(l—‘/gcosﬁ)
@ =Vagh . qh=—L—(1—Vicos)

Vi—V,

14



The zero mode contribution is (v = vy — vo)

27, - 2 9
1 /dkT ikb,~% T —5U

< 6Z'p-X > = (27_‘_)26 e e 2

sinh v

Further zero mode insertions give
i L.
0X, = _QkB
Syi s g
0X) = §/<B
. 1 . .
0X,0X) = —Zk:ZBk:fg
Finally, the amplitude is (from now on ¢* = ¢z and k* = klp)

1 00 0 / d2kT kb — 2 k2

M =G {<0X'0X) > - <0X'p- X ><0X/p- X >
1 _ o . .
+(<Spoup > < > <p U > <p P >,
+<p- Py > <p-yi >,
-I—%(<(9Xip-X><p-1Z?W>S—<5ij-X><p-¢¢i>s)
1. . 1 .
—§k’ (z <0X'p-X > +§ <p-yy’ >3)
1. ./ . 1 .
+§kj(z<8le-X>—§<p-¢¢l >3)
1 .
——Hkﬁ
4

Obviously, the partition function factorizes, leaving connected correlators. In

the odd spin structure, appropriate zero modes insertion is understood.

15



Correlators

The boundary state provides a systematic way of computing correlators with

non trivial b.c.

_ < B Vile” HX1XY|By, Va >p
< By, Vile~ ZH\BQ,VQ >B

< By, Vi, nle”" V| By, Vo, i >
< By, Vi, n|e | By, Vo, ' >%

< XXV >

< WW > =

For the bosons, one obtains (¢ = 6_2”)

< X'(2)X"(2) >=< X'(2)X!(2) >=

] o0
— > {cosh 2[(v1 — va2)n — o] In(1 — ¢*"e*"7)
47T n=0

— cosh 2[(ve — v1)n — v1] In(1 — q2”e—4m/)}

< X' () X(2) >=< X'(2)X"(2) >=
_ L % {sinh 2[(v1 — vo)n — vo) In(1 — g*"e™*7)

+ sinh 2[(vy — v1)n — vy]In(1 — QQRB_MZI)}

For the fermions in the NS# sectors, the results are

< P ()WY (2) >nse=< V' (2)Y(2) >nga=

. n,—27T
= —z‘nz:jo(q:)" {cosh 2[(v1 — vo)n — U2]1 _qq€2ne—47rT

qne—Qﬂl'
1 — q2n€—47rl’

+ cosh 2[(ve — v1)n — v]

< P2 (2) >nsa=< ' (2)Y°(2) >nga=
q'e”
1 — q2n6—47r7

qne—27rl’ }

00 2T

=7y (F) {sinh 2[(v1 — va)n — vo

n=0

=+ sinh 2[(?)2 - Ul)n - Ul]l _ q2n6—4ﬂ'l’

16



For the fermions in the R+ sectors, the results are similar, with a zero mode

contribution

< P (2)P"(2) >pe=< V' (2)9"(2) >pe=

= FE(4) - z'nzzjo(:F)" {cosh 2[(v1 — va)n — vo

q2n6—47r7'
1 — q2n6—47r7

/
q2n 6—47Tl

1 — q2n6—47rl’

+ cosh 2[(vy — v1)n — vq]

i cosh(vy + vg) i sinh(vy + vg)

F)(+) = —

Fli(—) =
2cosh(v; — vg) o (=)

~ 2sinh(vy — vs)

<P (2) >re=< V' (2)Y"(2) >pe=

o 2ne—47r7
- G+ $ 0 {2 - e -l T
= 1 — q ne—4nT
. 2n6—47rl/
+ sinh 2[(vy — v1)n — 711]1 g T

i sinh(vy + v)
~ 2cosh(vy — v9)

i cosh(vy + vy)

Gl(+) = NASE

~ 2sinh(vy — vy)

World-sheet SUSY means (for osc.)
_ 1 B
< OXN(2)X(2) >= o <9297 (2) >p-

There are also non vanishing equal-point correlators, which can be computed

in the same way. They can also be deduced from the previous ones using the

b.c.

17



The correlators can be expressed in terms of twisted ¥-functions.
Form the combinations 1% = eF2 ()" & 1), satisfying the b.c.

V() =—i)T(2) , T=0 & z=2

VE(2) = —ie™YT(2) | =1 & 2z =2+ 2il
The propagators

Ply(z = 2) =< pF(2)97(2) >,
should have appropriate periodicity conditions on the covering torus with
modulus 2il from which the cylinder can be obtained by the involution z =
Z + 2il.
In fact, under
w — w+m+ 2iln

the propagators transform as
Pl (w4 m + 2iln) = ™" PA (w)
P(}i;(w +m + 2iln) = eiQ””P(};(w)
P(]g (w +m + 2iln) = emmem”eﬂmp(jg (w)

P(]i)s_(w +m + 2iln) = emmeﬂmP(]i)S_(w)

These properties, together with the universal local behavior

. 1
P(j:)(w) — Imw

imply for the even spin structures:

1 O (w £ 0|2i0)9%(0]26l)
A 9y(£4212il) 0, (w]2il)

I (Si)(UJ)

18



Results

Axion
1 ]0]€
2€wk

Only the odd spin structure can contribute because of the antisymmetry of

G =

Gi;. In the twisted sector of the Z3 case, there are only two fermionic zero

modes in the 2-3 pair, and the amplitude could be non vanishing,.

After integrating by parts the two-derivative bosonic term, world-sheet SUSY

leads to
ME= = L cos o
8
Since 0;|; = 0;|y — Oyl the final amplitude is a total derivative (ZgZ7~ =

2 sinh v for the twisted sector of Z3)

_ 1
—87 <p- X(Z)p . X(Z> > osc +§(k2 - q2)

Age = ~cost [Zdr [~ dl’/dsz P50, — oy) [T T < v X
ar = cos o a4t (27?) ) e e
= 0
Dilaton o
p'py’
Gy =6, —
J J pQ

Only the even spin structures contribute, because of the symmetry of Gj;.

Again, the two-derivative bosonic term is integrated by parts.

In the large distance limit, one keep only leading terms for [ — oo in the

propagators, and
< el >= (1 — 6_47”)_% (1 _ 6—4wl’)_%

with the boosted energies

(1,2)

P = py12(1 — Vigcosf) = p(cosh vy 5 — sinh vy 5 cos 6)

19



One finds for the contractions

1 .
M = 12 _(k2 — ¢*) — 2p* cos O tanh v| x
1 6—47‘(‘7’ 6—47Tl’
SRty @2 me ©
4( q ) p 1 — e—4nT TP 1 — 6—47?[
R e T ) (R e
p \ 4 l—e %) pl4 1 —e 4
1
MEPE = 12 [(k:Q ¢*) F 8e ?™'p? cos O sinh v] X
1 6—47‘(‘7’ 6—47Tl’
SRy me ¢
{4( q ) p 1_6—47T7'+p 1_6—47Tl
kO q2 6—47T7' ]{2 6—47Tl/
@2 2=
2 (4 TP 1 — 477 Jrp 4 TP 1 — e4

Taking into account < e > and integrating by parts in the final amplitude,
one gets the rules
6—47TT

1
1 — 6—47TT o 4

q2 6—47Tl’ N 1 k2
p22 7 — et — _4p(1)2

Using these equivalence relations, one finds
NS+ __
Mdzl Mdzl -
This means that the amplitude is a total derivative and

Aiiir =0

20



Graviton
Gij = hij=hji , p'hij=hi=0

Proceeding as for the dilaton, one obtains for [ — oo

R+
Mgrav _
1 . |
- k'K — ptanh vh k]
—4rT
_ @ (5 7 _P L2 o } €
Vo [p (hark ~ tanh vhi) + {8 = @ Vol | s
(1) D Lo 5 et
+‘/1’Y1 [p <h11k’ — §tanh Uhn) + i(k —q )%’Ylhll} (1 — 6—47Tl’)

MNSi _

—i [hij]g%j - 42! (p sinh 2vh k' — p2 sinh? vhnﬂ

: . 1 6—47?7'

— Vo lp<2) (hﬂ/‘f F 2e*"'psinh Uhn) + Z(kQ - CI2>V272h11] (1= e i)
(1) i ol l.o 5 e it

+Viv (p (hu/f + 2e pSlﬂhvhn) + Z(k —q )Vl’hhn] (1= e i)

One can use the same equivalence relations as before to write My, in a

7, "-independent form. Anyway:

Agmv 7é 0

21



The general structure of the amplitude is

L L/ T ST
m/o dT/O dl/(27r)26 e 2'e 2" X

(2)2 (12

<1 . 6—47TT>_p2—7r (1 . 6—47Tl’)_T ZZBZ%MS

Agrav —

~ sinhv/ (27)2

grav

NS Zp 28 M

with
Mo = B (0, k,q) + ¢°C(p, k, q) + K*C5(p, k. q)

The kinematical integrals over the two proper times 7, 1" give

2 _p22 1 T[E—222 4
Y o —4rT o ST o
L —/0 dre 2 (1 —e > =3 ERr

T — 5

P (1)2
LU= + 1

TG - e ]

(1)2

L=~ dl'e 'z (1- e—W)‘pT —

One finds the usual dual structure with a double serie of poles. However, in
the eikonal approximation p < M =1 and
2 2

@ 2 L2

11—>—

Finally, the amplitude becomes

4
sinh v

Lhr =z 1 1 1
Agmv = / Telk'b {Bsi—l—Cfﬁ—l—C‘;?}

B W q

22



The graphical interpretation is the following

Vs Vi
pM
! | 1
| 5 = o !

AVAVaAVAVAVAVAVAVAY sVAVAVAVAVAVAVAVAY = G r=h0=0

1 14

hij
pﬂ

| i
| ¢ = (J;i2 (r=0,0'=1)
\AVAVAVAVAVAVAVAY VAVAVAVAVAVAVAVAY q

Vo Vi
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Annihilation term
Field theory results

For the axion and the dilaton, there is no coupling in SUGRA allowing the

€Imission Process.

For the annihilation term of the graviton, there are three possible diagrams in
SUGRA, involving the exchange of R vectors and NS dilatons and gravitons.

Their respective contributions in the eikonal approximation are
B‘]}i = ¢? [cosh vhijkikj — psinh vh k'
B)® = —a’hik'k

B = —M? |cosh 2vh;;k'k? — 2psinh 2vh k' + 2p” sinh® vhyy

Guv

String results
The string results in the various compactification schemes are the following

0-brane: untwisted sector & 3-brane on T, ® T,/Z,, T

Zhtt _ NS+ 4 ZNS= 16 coshv — 4 cosh 20 — 12

ZNS+ + ZNS— _ 2627?[
and

BfE =4 [cosh vhijkikj — psinh vhj k'

grav
B)lo, = — |cosh 20h;k' k) — 2psinh 20h k' + 2p® sinh® vhyy
—3hi;k'k

= Bgﬂw ~ V4hijkik‘j + Vgphﬂki + V2p2h11
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O-brane: twisted sector

Zhtt _ NS+ gNS= . fcosho — 4

ZNS—I— . ZNS— 0

and

BE = coshvhijk:ikj —psinhvhﬂki

grav

BYS = —hk'k

grav

= Bgmv ~ Vthjkik?j + Vphﬂk‘z + V2p2h11
3-brane on T;/Z5

zitt _ gNS+ 4 ZNS= _ fcoshv — 4 cosh 2u

ZNS—i— + ZNS— N 2627Tl
and

BE = [cosh vhijkikj — psinh vhj k'

grav

BNS — [cosh Q?Jhijkik?j — 2psinh 2vhi k' + 2p2 sinh? vhi

grav

= Byrav ~ Vhiik'k? + Vphik' + V2p*hy
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