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SYMMETRIES AND CONSERVED QUANTITIES

Symmetries in physics

Symmetry transformations must admit the notions of composition, inverse
and identity, and should be parametrizable through a finite number of real
parameters «,. They must then form a Lie group.

These transformations are realized on the configuration space used to
describe the system through a representation by linear operators U (),
which must satisfy the following properties:

U(aa)U(Ba) = U(Va(ayBa))
U(aa)_l =U(—yq)
I =U(0)
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Generators and algebra

For continuous transformations, the operators U () can be expressed
In terms of a finite number of generators T* as:

U(ag) = exp {ia,T%}

The fact that the operators U () form a group with a given composition
law translates into the fact that the operators T'® span a Lie algebra with
some structure constants:

[Ta’ Tb] — z'fabc Tc
The generators T'“ control infinitesimal transformations with parameters

da,, Whose iterated application allows to construct finite transformations
continuously connected to the identity:

U(a,) =1+16a,T?
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Possible representations

A given group and its algebra admit various inequivalent representations
on vector spaces of different dimensions. The linear operators can then
be matrices on a finite vector space or/and differential operators on an
infinite functional space.

Different representations can be characterized by the values taken by the
Casimir operators commuting with all the generators.

Symmetries in quantum theories

In quantum theories, the configurations are generically described by a
wave function or a field v (x) with several components. The operators
U(a,) and T, are then matrices of differential operators. Conservation
of the probability implies that they should be unitary and hermitian:

U(ay)" =U(a,)™t & (T =1°
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Invariances and conservation laws

The simplest criterium to characterize the symmetries of a theory is to
consider the action functional I from which the wave equation for the field
1 can be derived. In fact, an infinitesimal transformation é,, represents a
symmetry of the theory if and only it leaves the action I invariant:

0l =0

Each such invariance implies the presence of a family of symmetries with
parameter «,, and the existence of a conserved quantity associated to
the value of the corresponding generator T:

(T'*) : conserved < %(T"’) =0

Moreover, this implies that the scattering matrix S commutes with each
such symmetry generator:

[T%, 8] =0
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SPACE-TIME SYMMETRIES

Changes of reference frame

The relativity principle states that the fundamental laws of physics must
be invariant under changes of inertial reference frame that preserve the
Minkowski interval in space-time.

This implies that any relativistic theory has to possess a universal group
of symmetries whose infinitesimal transformations take the form

oxt = —e* + Wt x,
where e* is arbitrary and w*" Is antisymmetric, in such a way that:

et : translations in space (3) and time (1)
wHh? : rotations in space (3) and boosts (3)
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Poincaré algebra

There are 10 independent generators corresponding to equally many
conserved quantities, which are organized in two groups:

P, : linear momentum (3) and energy (1)
M,,,, : angular moment (3) and center-of-mass momentum (3)

The structure constants of the algebra that these form are fixed by the
commutator of two infinitesimal transformations:

[51a 52]513'u — (w1° €2 — W2+ 61)“’ — (wl' W2 — W2~ wl)’wiﬁu
This result implies that the two groups of operators satisfy the following
algebra:
:Pm Pv] =0
:Pua Mpa] — i(nupPa — nuaPp)
My Mpo] = t(MvpMuo — MupMyve — Mvo Mup + Mpe Mu)p)
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Representations and fields

The most general unitary representation is constructed on a field ¥ (x)
with several components depending on the coordinates x*:

Y (x) = field with several components
The general infinitesimal transformation takes the form
69 = (ie" Py + L My )
It combines matrix and differential representations:
P, =10,
My, =3 + (2,0, — 1,0,)

One can construct an action that is automatically invariant by integrating
over all space-time a scalar Lagrangian density:

I= [d'oLp(@)]
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Possible options

The possible representations are characterized by two Casimir operators.
Their values correspond to intrinsic properties of the described particle:

m : mass (real)
s : spin (integer or half-integer)
The number of components is 2s + 1, and the various possibilities for the

matrices X#*Y can be constructed out of the Pauli matrices:

ot = (I, &) oM’ = i(a”&”—a”&”)

Gt = (I, —&) &* = i(&""a”—&”a"")
The two simplest and most important cases are
® s—=0 (scalar) : X*” =0

® s = % (spinor) : XH*¥ = o or —iot”
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INTERNAL SYMMETRIES

Selection rules

A theory can optionally possess a group of internal symmetries, which
preserve the coordinates and mix different fields of the same type.

One may a priori have an arbitrary group of transformations depending
on some parameters «,. This group must however be compact, in order
for non-trivial finite-dimensional unitary representations to exist.

Algebra of internal symmetries

The n generators B“ then define conserved quantities:
B : charges (n)
They moreover satisfy the algebra corresponding to the group:

[Ba,Bb] — ,ifa,bc Be€
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Representations

A generic unitary representation is constructed on a set of fields of the
same type. The infinitesimal transformation takes the form:

0P = 1o BY
It involves a matrix representation:
B? = \°

Possible options

The possible representations are characterized by a Casimir operator. Its
value defines the selection properties of the described group of particles:

c : Internal label (generally quantized)

The values of mutually commuting generators define additive charges:

gi : additive charges

P-10



RELATIVISTIC THEORIES

General properties

Locality and relativistic invariance imply that for each particle there exists
an antiparticle, with the same mass m and spin s, the same internal label
c, but opposite values for the additive charges qx:

particles < antiparticles
Consistency also forces particles of spin s = integer to be bosons and
particles of spin s = half-integer to be fermions. In the two cases, the

algebra [N, a'] = a', [IN, a] = —a of creation, annihilation and number
operators a', a and N = a'a is realized in two different ways:

Bosons : [a,a] =0, [a',a']=0, [a,a']=1
Fermions : {a,a} =0, {a',a'} =0, {a,a'} =1
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Independence of space-time and internal symmetries

The space-time and the internal symmetries of a relativistic theory with
a non-trivial S matrix must necessarily be independent, in the sense that
the corresponding generators must commute:

[P.,B*] =0
(M, BY] =0
This limitation follows from the fact that the two sub-group of space-time

symmetries generated by P,, and M, are non-compact, while the group
of internal symmetries generated by B® must be compact.

Interactions

Interactions between particles are described through non-quadratic terms
In the Lagrangian, which translate into non-linearities in the equations of
motion.
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Free scalar field
The simplest bosonic case corresponds to a one-component scalar field
¢ with Lagrangian:
L= —8,00"¢ — ;m>¢’
This leads to the Klein-Gordon equation:
qu —_ mqu p— O
Free spinor field

The simplest fermionic case corresponds to a two-component spinor field
X« With Lagrangian:

L = —%)ZE‘“’BMX + h.c. — %mxx + h.c.

This leads to the Dirac-Majorana equation:

et oux + mx =0
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Interacting scalar fields

The general Lagrangian describing several scalar fields ¢* in interaction
depends on a positive kinetic metric Z;; and a real potential V':

1 i ;
ﬂ == —5 zg(¢)8u¢ a“¢g _ V(¢)
The ground state defining the vacuum is qﬁf) — constant and such that:
Vi(do) =0

Decomposing the fields as ¢* = ¢¢ + ¢* and expanding in powers of the
fluctuations one then finds:
L= ——ZO D P M PT — ,quB"fo’ + interactions
After a last linear transformation on the ¢° that trivializes Z?j one can
identify the square masses with the eigenvalues of the matrix
_ 0
19 ‘/;g

</5
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Interacting spinor fields

The general Lagrangian describing several spinor fields Xfx In interaction
Involves a positive kinetic metric Z;5 and a real potential V':

L=—

*
2
The ground state defining the vacuum is X'f) — constant such that:

Vi(xo) =0

Decomposing the fields as x* = x% + x* and expanding in powers of the
fluctuations one then finds:

70 X) X" 9, x" + h.c. — V(x, X)

L = —%Z% a9, X" + h.c. — %V;g’.)zi)zj + h.c. + interactions

After a last linear transformation on the x* that trivializes Z,?j one can
identify the masses with the diagonal values of the matrix:

__y/0
Myij = Vij
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Spontaneous symmetry breaking and Goldstone modes

A symmetry generated by T¢ in a theory with fields 1/* is spontaneously
broken by the ground state configuration v} if §%v¢ # O:

V(%)

s suchthat V2 = 0

§%pY # 0 = T* broken

Nar Y1 V5eud =0 = o massless

The space-time symmetries are always preserved, and therefore:

¢, = constant  x! =0

The internal symmetries can instead be broken if 6a¢f) # 0.
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SUPERSYMMETRIES

Symmetries between bosons and fermions

A continuous symmetry relating bosons to fermions would be interesting
from several points of views. But it seems impossible to realize in the
context of ordinary symmetries based on Lie groups and Lie algebras.

The key point to define such a symmetry is to consider Lie supergroups
whose elements depend both on real and Grassmannian parameters,
and Lie superalgebras whose properties are defined by commutators and
also anticommutators.

This generalization is completely natural, since it introduces symmetry
generators which can be either bosonic or fermonic, very much like the
degrees of freedom themselves.
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Supergroups of transformations

A supergroup of transformations is realized on the configuration space
of the system through a representation by linear operators U (g, &x)
possessing the following properties:

U(aav sa) U(/Bav "704) == U('Ya(aaa IBCL7 5049 na)a X (aaa /30,7 saa 7704))
U(aav £a)_1 — U(_aaa _fa)
I=U(0,0)
The parameters ag, Bp, - .. and &4, 13, . .. are real and Grassmannian
numbers, with the following multiplication properties:

aaIBb:IBbaa = ()43,#07 62#0
arlp = —Mpba = £, =0, ng=0
KaT)g = 13&a
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Generators and superalgebras

For continuous transformations, the operators U (a4, £») Can be written
In terms of some generators T'* and S as:

U(aa, o) = exp {i(aaTa+ gasa)}

The fact that the U (a4 5 o) fOrm a supergroup with a certain composition
law translates into the fact that the T'* and S generate a superalgebra
with certain structure constants:

[T, T°] = if*% T*
{5%,8°} =ig™.T"
[T, SP] = i h*P, §7
The generators T* and S< control again infinitesimal transformations,

whose iterated application allows to construct finite transformations that
are continuously connected to the identity.
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SuperPoincaré algebra

There exists essentially only one possible extension of the usual space-
time symmetries that is compatible with a non-trivial S matrix. Besides
the bosonic generators P,,, M,,,, this requires new fermonic generators
Q.. Qs, and has the following form:

:Pm P,,] =0
(P, Mpo| = i(nuppa_mwpp)
(Myws Mpo] = i("t/pMua —NupMyo _nvaMup+77u0MVP)

EQa,PM,]ZO [Qd?PM]:O .
Qo Mpo] = i0psa’Qp [Qay Mpo] = —iGp0a”Qy
{Qa,Qp} =0 {Qda Qg} =0

{Qa, Qg} = 20",5P,

The new transformations preserve m but change s by %
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Internal algebra

As before one may in addition have a group of internal symmetries, which
can be arbitrary but must be compact, with an algebra of the type:

[Ba, Bb] — ifachc
Rest of the algebra

The space-time supersymmetries and the internal symmetries are not
allowed to interfere, so that:

:PwBa] =0
:MuwBa] =0
:QaaBa] =0 [QaaBa] =0

Possible generalizations

It is possible to introduce several independent supersymmetries. But this
situation yields so strong constraints that it is not viable.
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Representations and superfields

The most general unitary representation is constructed on superfields
¥ (x, 0, 0), which depend on 4 bosonic coordinates x* and 4 fermionic
coordinates 8%, 8%. The infinitesimal transformations are:

6T = (i€" Py + Tw My, + i%Qo + i€%Qu) ¥

The generators have the general form

P, =10,
M,, =3, + (1.0, —2,0,) + 104 a 90‘85 — 10,1 & 90‘8
Qo =104 + 0'“ 9'68 Qa - — d a,B 9'68

One can construct an action that is automatically invariant by integrating
over the whole superspace-time a scalar Lagrangian density:

I = /d4:13 d?0d*01[¥(x,0,0)]
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Possible options

The possible representations are characterized by two Casimir operators.
Their values correspond to intrinsic properties of the described multiplet
of particles:

m : common mass (real)
s : minimal spin (integer or half-integer)
A representation of the superPoincaré group therefore contains several
representations of the Poincaré sub-group, with m; = m et s, > s. For
each particle there must then exist a superparticle, with the same m and
gr, but s differing by 2:
particles < superparticles

This decomposition of the representations corresponds to the fact that a
superfield admits a finite series expansion in powers of 8%, 8%, whose
coefficients are ordinary fields depending only on x*.
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SUPERSYMMETRIC THEORIES

General superfields

A general scalar superfield admits a series expansion involving a set of
ordinary field components (¢, Xa» fs Aas Ap, d):

U(x,0,0) = ¢p(x) + vV20%a(x) + h.c.
+0%0Peqsf(x) + h.c. — Haéga”aBAM(m)
— 67670 eap(Xs(x) + % 550ux° () ) + h.c.
+ % 9“939_’79_56(}56% (d(w) + %Dd}(m))
This is by construction a representation of the superPoincaré group, but it

IS reducible. One can construct irreducible representations out of this by
Imposing supercovariant constraints.
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Supercovariant derivatives
It is very useful to introduce the following supercovariant derivatives:

D, = 0,

Do = 8o + ik, ;50°8, Dy = — Dy — 1553 0°0,
These derivatives commute or anticommute with the supertranslations
P,, Qa, Q4. and their commutator with M,,,, just reflects that they are

vectors and spinors. Their action on a superfield therefore produces a
new superfield with one extra Lorentz index.

Chiral, antichiral and vector superfields
The following superfields yield irreducible representations:

@ Chiral or antichiral: Dy® =00r D,¥ =0 = (¢, Xa» f)
® Vector: remainpartof & =¥ = (A,, A, d)
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The simplest multiplet
A chiral superfield ¥ with components (¢, x«, f) has the expansion:

U(x,0,0) = ¢(x) + V20%xa(x) + 0%0Pensf(x)
+i0%0Pot 38, ¢(x) — % 0%60P07 €035"59,X° ()

1 anBasAd
+ 70 0°0760°cape. 0 (x)
The general form of the Lagrangian can be parametrized by a real Kahler
potential K (¥, ¥) and a holomorphic superpotential W (¥):
I= /d4m d20 d20 K [¥(x, 0,0), T(x, 0, 0)]
—|—/d4w d20 W [¥(z,0,0)] + h.c

The action in components is computed by integrating explicitly over the
fermonic coordinates 8 and 8<, with the following rules:

/d91=0 /d90:1 /dé1:0 /d59‘=1
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Free chiral multiplet

The simplest choice is K = ¥'¥ and W = Zm®¥?2. This yields:
L=—08,p0"¢p— % xa"d,x +he. + ff
1
+m(¢f— 5 XX+ h.c.>

The infinitesimal supersymmetry transformation acts as

dp =v2£€x
ox =V2Ef+V2i0"€0,¢
5f =V2i€a"8,x

The corresponding equations of motion are:

O¢p = —mf
oo x + myx =0
f=—-mo
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Auxiliary and physical fields

The Lagrangian for the physical fields ¢* and x* is obtained by eliminating
the auxiliary fields f*. In this way one finds:

L=—-8,p0"p—m?|¢|* — (% X" 0. x + %m XX) + h.c.
The supersymmetry algebra closes now only on mass-shell, and the new
Infinitesimal supersymmetry transformation reads:
dp =V2¢&x
ox = —V2Emao + V2i oH€D,d
The equations of motion correspondingly reduce to the usual Klein-Gordon

and Dirac-Majorana wave equations:

|:|¢ — m2¢ == O
"0 x +mx =0
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Interacting chiral multiplets
For several chiral multiplets and arbitrary K and W, one finds:
L = Kiz(¢, d) [—3u¢i8”<l_5j — % Y a'duxt + h.c. + fifj]
—% igk (0, P) {x"xkfj +ix e’ ucb’“} + h.c.
+ 1 Kina(9: 8) X XK + (Wi(9) F1 = Wi (8)x'%7 ) + hee.
The infinitesimal supersymmetry transformation acts as before:
o' = V2E X"
6x' = V2E '+ V2i "€ By’
Sf* = V2i£a"0, X"
The auxiliary fields f* have again an algebraic equation of motion:

1= —K($,6)(W3(®) — 5Knzo($6) X"X°)
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Dynamics of the physical fields
The Lagrangian for ¢* and x* is found to be:
()

L= _Kij((bv &)Vﬂ(b’bvuq—ﬁ] 5 ij((bv q_ﬁ) Xja'ﬂvp,xi + h.c.

— KijViWVjV_V((b, q_ﬁ) — %ViVjW(qﬁ, q_ﬁ) Xin + h.c.

1 N i i
+ 7 Rigr (65 0) XXX X'
This result is written in terms of a Kahler geometry associated to the
manifold spanned by the scalar fields, defined by the derivatives of K:
gi; = Kijz F;k — KilKl_jk Rig‘kl_ — Kijk:l_ — K’ikgKngrjl_
The covariant derivatives are
Vud' = 0" Vux' = 0ux* — T%.0,¢7 %"
VW =W, V,V;W =W;; —T;W,
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On-shell supersymmetry transformations
The supersymmetry transformations of the physical Lagrangian read:
6¢* = V2E&x°
5x' = V2EF' + V2ioHEV, " — T (), d) 57 X"
where now
F* = —K7V;W (¢, ¢)

Reparametrization and Kahler invariances

The theory is invariant under target-space reparametrizations acting as
arbitrary redefinitions of the scalar fields ¢* — f*(¢).

It is also trivially invariant under Kahler transformations generated by an
arbitrary holomorphic function X and transforming

K—>K+X4+Y W-o>W
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Vacuum state and fluctuations
The ground state corresponds to a configuration of the form:

¢, = constant % =0 F! = constant
Supersymmetry acts on this as d¢% = 0, dx, = vV2E FE and 6 F¢ =
It is therefore spontaneously broken if Fj # 0.
When Fg' # 0, there is a massless Goldstino, in the field direction Fg'.

The quadratic Lagrangian for the physical fluctuation fields q@"’ and x* is:

~3 2. Ai: 1 i
L = —g:ijayqﬁ VHEG —m3, ' — §m¢w¢ & + h.c.

A i 1
— %gij—xga“’ap,xz + h.c. — 2Mxij '%? + h.c.
where gig— = K3 and:
¢zj — V WOV—WOk RO_}ﬂ_kawOl Moy ij = V’LW70

— o0 Ok
m2,. = V;V;WoW
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Mass matrices

The physics is best described in terms of the quantities:

T __ 0z
Fi=-W

0o _ 0 0
B = Vil Aijle =

= ViV; W,

The mass matrices for the fluctuation fields ¢* and * can then be written
In the following form:

2 _ — 0 k: l _..0
2 0 k
My i = )‘zng

The condition of stationarity of the potential implies that mxing = 0.
This shows that the Goldstino mode is 7j o< Fo;X*.
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Physical masses

The physical square masses for the 2n 4+ 2n degrees of freedom are
given by:

2 2 —
2 [Meig Meig\ 2 [(Mmaxx)i 0
g — | = IJ — _
¢ m?ﬁj méij x 0 (mxmx)ij
If F{ = 0 (unbroken phase) one has m3,;; = m? ;. The masses are
degenerate and at each level there are two bosons and two fermions.

If F¢ # 0 (broken phase) one has mZ ; 7 m2 ;. In each multiplet, the
masses of bosons and fermions split.
2

m
— Apx * mczpdia_ mi
e Dgpp : Mo
|y Splitting scale: M? o |RoF{|
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Special features of the mass spectrum

A first useful information concerns the shift between mean boson and
fermion masses. It can be extracted by taking the trace:

tr[mfb] — tr[mi] = —2 R?J_ F.F3

A second important information concerns the masses of the boson and
fermion defined by the Goldstino direction Fg' In field space:

L 0J Ik ol
0 FSFgFO FO

i3kl |F0 |2

m

ISN SN

m° =0

We see that to achieve separation between partners and metastability,
we need non-vanishing negative curvature. The effective theory then has
a physical cut-off scale set by the curvature and is non-renormalizable.
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QUANTUM CORRECTIONS

Loop diagrams and mass corrections

The mass m of a particle receives quantum corrections Am which can
a priori be arbitrarily large. This poses a naturalness problem.

In certain instances, the problem is solved by the unbroken relativistic
symmetries that are always present, which imply a cancellation between
virtual particles and antiparticles for p* > m. One then gets:

Am x m

More in general, the problem is solved by broken supersymmetry with a
splitting scale M, which implies a cancellation between virtual particles
and superparticles for p* > M. One then gets:

Am x M
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General properties of perturbative quantum corrections

It is possible to formulate a general characterization of the structure of
perturbative quantum corrections, by using for example diagrammatic
techniques.

In a relativistic theory, the kinetic metric Z;; and the potential V' both
receive generic perturbative corrections, and these may be constrained
to some extent only by internal symmetries:

AZ; #0 AV #0

In a supersymmetric theory, the Kahler potential K generically receives
perturbative corrections, but the superpotential W is instead free from
any perturbative correction, independently of internal symmetries:

AK#£0 AW =0
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IMPLICATIONS IN PARTICLE PHYSICS

The supersymmetric standard model

The minimal supersymmetric version of the standard model consists of a
visible sector with the following content:

® 3 families of matter multiplets with spins % and 0.
® 3 groups of radiation multiplets with spins 1 and %

e 2 Higgs multiplets with spins 0 and 3.

There must then be a hidden sector triggering the spontaneous breaking
of supersymmetry, whose detailed form does not matter too much.

Finally, there must be a messenger sector of interactions that transmits
the breaking effect from the hidden to the visible sector, in a way that is
effectively suppressed at low energies.
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Low-energy effective theory and soft terms

At energies much lower that the mediation scale, the effective theory is
the visible sector supplemented by a finite set of relevant soft breaking
terms encoding the splitting effects induced by supersymmetry breaking,
with some typical scale M.

The phenomenology depends on the structure of the soft terms, which
parametrize the features of this general situation. Superpartners induce
Important effects both directly as real particles and indirectly as virtual
particles.

Contraints and discovery perspectives

The non-observation of superparticles so far implies M 2 10?3 GeV.
The naturalness of the new model requires instead M < 1023 GeV.
One would therefore expect to discover something at M ~ 1023 GeV.
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Unification of fundamental interactions

Quantum effects induce a calculable dependence on the energy FE for the
couplings of the electromagnetic, weak and strong forces. Extrapolating

the values measured at low energies, one then finds:

E
log ( 5ey
0 2 4 6 8 10 12 14 16 18 OgGeV)

There is therefore an indirect evidence for both supersymmetry and the
iIdea of unification.
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GRAVITY

Local space-time symmetries

In general relativity, one requires all the reference frames to be on equal
footing, even the accelerated ones. This leads to a gauging of Poincaré
symmetries through the gravitational field.

One first introduces the vielbein ef; and the spin connection sf;b as gauge
fields for P, and M,,. The torsion constraint then fixes szb — szb(e),
which can be viewed as the equation of motion of the spin connection.

The resulting theory is invariant under local diffeomorphisms and it is
based on a single gravity field:

e” . 8§ =2

a
7!
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Space-time geometry
Gravity describes the dynamics of the geometry of space-time, which is
parametrized by the ordinary coordinates x*.

One may construct invariant actions by integrating a scalar density over all
of space-time. This is done with the help of e = det e};, which furnishes
an appropriate measure:

I= [d*ze(@) Ll()]
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GRAVITY THEORIES

Pure gravity

In Planck units, the dynamics of pure gravity is described by a Lagrangian
iInvolving a cosmological constant A:

1
L=—_R—A

This leads to the modified Einstein equation:

1
Ry — S0uwR — g =0

This theory is unavoidably interacting and non-linear, reflecting the fact
that any kind of energy induces a gravitational field. The curvature term
IS a kinetic energy, while the cosmological term is a constant potential
energy.
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Ground state and masses

The ground state Is given by e, = maximally symmetric with R = 4A.
There are then three different cases:

® A = 0: Minkowski space-time < Poincaré symmetry
® A > 0: de Sitter space-time < dS symmetry

® A < 0: Anti de Sitter space-time < AdS symmetries

The global space-time symmetry always posses 10 generators P,, M.
When A # 0 these satisfy a deformation of the Poincaré algebra where
[Pa, Py) = 22 A Mgy,

The Lagrangian for the fluctuations of the metric is easily computed, and
one finds that these have vanishing mass:

2 __
me—O
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Scalars and spinors in interaction with gravity

The general Lagrangian for several scalar fields ¢, spinor fields x* and
the graviton el Interacting among themselves depends on three positive
kKinetic metrics Z, Z,;;, Z;5 and a real potential V':

L= _%Z(Qba &9 X9 )Z)R — %Zij(¢a Q_b, XaX)DM¢iD“¢j
- %Zi5(¢7 &7 X5 X) )_(j&uDMXi +h.c. — V(9, $’ X5 X)

The ground state defining the vacuum corresponds to gbf) — constant,
Xy = 0 and e%, = maximally symmetric.

The scalar and fermion masses are obtained as before by diagonalizing
the second derivative of V' after having trivialized Z;; and Z;;5.

The graviton mass is instead identically vanishing, and the value taken by
the cosmological constant is determined by the value of V' after having
trivialized Z.
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SUPERGRAVITY

Local supersymmetry

In supergravity, also supersymmetry transformations must be promoted
to local symmetries. This leads to a gauging of all the superPoincaré
symmetries through a gravitational multiplet of fields.

One introduces the vielbein en, the spin connection sf;b and the gravitino
Y7, as gauge fields for Pa, Map and Q. The torsion constraint then

fixes szb = szb(e, P, ).
The resulting theory is then invariant under local superdiffeomorphisms.

These can be realized off-shell with a scalar and a vector auxiliary fields

m and b®. One finally needs to following multiplet of supergravity fields:
3 a

. —_— a’o —_— ao —— ° P
m: s=0 b%: s=1 wu.s_z e, s=2
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Supergeometry

Supergravity is related to the geometry of superspace-time, parametrized
by supercoordinates ZM = (x#, 0%,0%). To see this one introduces a
superfielbein Ej(‘/f and a superspin connection ng‘f. One then imposes
a maximal set of supertorsion constraints. One finally finds that:

Epy el v% Q7 D m,b®

One may construct invariant actions by integrating a scalar density over
all of space-time. This is done with the help of E = det E%,, which
furnishes an appropriate measure:

B /d4:c d29 d2§E(213, 9, é)l[ql(m,g,é)]
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SUPERGRAVITY THEORIES

The simplest situation

The simplest situation arises when only the gravitational multiplet and
chiral matter multiplets are present.

The general Lagrangian consists of a full superspace integral with the
general density E of a real Kahler function €2, plus a chiral superspace
Integral with a chiral density £ of a holomorphic potential function P.

C= / d?0 d20 E(x, 0,0)Q[¥(x, 0, 8), B(z, 0, )]
+/d29 E(x,0,0)P[¥(x,0,0)] + h.c.

The comparison with the rigid case becomes most transparent if one
parametrizes, in Planck units:

Q=-3eK3 pP=w
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Pure supergravity multiplet

For the supergravity multiplet, one can take 2 = —3 and P = %\/—A.

The component Lagrangian is then found to be:
__lp i S _1 24 1ia
L = 2R 21&,,,0' D,vy, + h.c. 3|fm| + 3b ba
— L V=R [+ 5]
VA [m—l—’(p”a 7, | +h.c.
The supersymmetry transformations are:

dej, = i & o), + h.c.

6t = 2Dul + €% oafm + 2 €% (nap + i Tap)€ b°

om = 8i£ oV aip — i £0%pam + i € 1Pg b

6b% = £ o2V e + L £ m + E 0§y be + hoc.
The auxiliary fields m and b® take the values:

m=—v3v—-A b*=0
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Physical field dynamics

The Lagrangian for the physical fields eZ and 1, is found by eliminating
m and b®. One gets:

1 T T _uuv 1 -
L = —§R—§¢Ma” ’D., + h.c. —ﬁ\/—A@bMa” Uy +hec. — A

The supersymmetry algebra closes now only on mass-shell, and the new
Infinitesimal supersymmetry transformations read:

5eZ = 1,0% + h.c.
i 0 =
o0, =2D,§ — ﬁ\/—A eﬂaaﬁ
The equations of motion are finally given by:
1 —
(Rp,u — EguuR — g,uuA) (6) = T/u/ (wa ’(ﬂ)

i&MVpDv’QbP _I_% V _A&”U?Eu =0
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Ground state and masses

The ground state is e}, = maximally symmetric with R = 4A, ¢,0 = 0.
There are then as before three different cases:

® A = 0: Minkowski space-time < superPoincaré symmetry
® A > 0: de Sitter space-time < dS symmetry

® A < 0: Anti de Sitter space-time < superAdS symmetries

The surviving symmetry includes 10 bosonic generators P,, Mgy, VA,
and 4 fermionic generators Q, Q, if A < 0. When A < 0 these satisfy
a deformation of the superPoincaré algebra where [P, , Py] = %A My,

[Pa, Q) = 2=v=A0,Qand {Q,Q} = 20°P, + %\/—A 7 My

The masses for the fluctuations fields are found to be:
mg =0 My = 1 —A

V3
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Chiral and supergravity multiplets in interactions
In presence of several chiral multiplets with arbitrary €2 and P, one finds:
— 7y [ 1 LT GHp 1 2_1l4a
L= Q(,0) [6R+ L DuGH P Dy, + e+ S|m|? — Sb ba}
: o BT : v i 2
+9:(0,0) |~ 5/ g5 X Yub
J ] vp, . 2 2 v
— EDuqsz"vbuo'M Pap,, ‘|‘£X ot Dp,",bv] + h.c.
+ Qiz(¢, 6) |~ D¢’ D7 — Zx
— —Xiap,)zjb“' —TDqui'c,E,,&”a”)Zj + h.C._
1 —
Qijk(¢9 qb) { kfg‘|‘zX ‘ot Jap,¢ \;—XJU“¢M X X ‘|‘ h.c.
1 N i k—i — — — v
+ 2 Qizr(@, @) X X’ x' — P(9) [m+’¢u0“ wu] + h.c.

+ Pi(¢) [£'= =x o bu] + he. — S Pis (@) x'x? + he.

1" Dy x* + h.c. + f*f7
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Supersymmetry transformations
The supersymmetry transformations are:
5€Z =1£0%), + h.c.
Sipu = 2Dk — =+ etaafm — 2 %t (nap + ap)b?
om = 8i £ Datpy — i £E5%Pam + i £1pq b
6b% = €9 Dyip. + %E@Eam + €05%1Ppb,
and
o' = V2Ex°
ox' =V2€ ' +V2io"€ D, ¢"
51 = VB £ Dux’ + Y2 £xm 4 5 Ea b
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Auxiliary fields

The auxiliary fields m, b® and f* take the following values:
m = 9[13((;5) — %niniﬂ‘ﬁj(gb, 43)} (ﬂ — ﬂrﬂrgﬂg)_(lcb, b)
b* = —2[iQ:(6, ) V4" + hc. + Quiz(d, P)x X
+Q:(¢,8) X' + e |27, §)
Fi=— [ﬂﬂ (Qﬁj — 3Q,P— Q,QP7Q,P; — ﬂjﬂpﬂp‘qu) (¢, @)
‘|‘%Qi3_ﬂil~cl(¢a @)kal} (Q - Qrﬂrgﬂg)_(lqs’ ?)
Rescaling

It is convenient to perform a Weyl rescaling with A = —2 log(—3):
et — X, P) et Y — M, ) (YutV2iNg(e, $)ou )
' — ¢ X' — e M3 (g, 9) X"
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Physical field dynamics

The Lagrangian for ef;, 9., ¢* and x* in terms of K = —310g(—1ﬂ)
and W = P s flnally found to be:

£=—2R— L.5"""%, 4, + h.
Kis(¢, $) V' V¢ — L Kiz(9, ) 5" Vux* + hoc.
= K(K'L'i%w%-w—mm (¢, @) — (5" 2ViVW(, ) x' X
+ 52W (¢, §) B3 by + S eXPUW($, B)xo P, ) + hic.
—%Kig—(qb, @) Vud' 5V x4 h.c.
+ 5 (Rigni — 5 Kis ) (8, 8) X'x* 0%

4
L Kir(¢, ) Xiou X (0H7P — P ¥ )ab,

4
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Geometry

The result is again written in terms of a Kahler geometry for the manifold
spanned by the scalar fields, defined by the derivatives of K

gi; = Kijz F;k — Kil_I{l_jk Rijkl_ — gkl — K’ikgKngrjl_
The covariant derivatives are given by:
V¢! = D, ¢
6,,,)("' = Dﬂxi — r;ka”quxk — i(KjBquj— h.C.)Xi
Vb, = Dby + E(Kja,,,cpﬂ'— h.c.)e,,
ViW = W; + K;W
ViViW = W;; + KW, + K;W; + (K + K; K;)W
— T (Wi + K W)

In this case the Lagrangian depends also on K and K;.
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On-shell supersymmetry transformations

The supersymmetry transformations of the physical Lagrangian read:
de, = i &0, + h.c.
0, = 2 6“5 —I—’l:MG“E— %o'l_“/£ Kq',j(¢, (E) xia”ij
1 e
4 (Kj((ba @)ogp’ — h-C-)@bu

and
dp' = V2Ex°
o' = V2EF + V2i "€V, " — i €7 Y, X'
—Th (6, 8) 667X + 5 (K (¢, )60 — h.c.)x’
where now

M = eX?W (¢, d) F'=—eE2KIV,W (0, )
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Reparametrization and Kahler invariances

The theory is invariant under target-space reparametrizations acting as
arbitrary redefinitions of the scalar fields ¢* — f*(¢).

It is also invariant under Kahler transformations generated by an arbitrary
holomorphic function X, acting as chiral rotations on the fermion fields
Xt — eiE=2) (¢, @) x, P, — e~ 1E=D) (¢, $)1f, and transforming:

K—SK+Y+Y W —oeZW

One can then switch to a single invariant potential:

G = K + log |W|?

Indeed, performing a transformation with 3 = log W one finds:
K — G Kz—>Gf,, Kij—>Gij
W —1 61W — Gi 616_7“/ — ViGj + GiGj
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Vacuum configuration

The ground state corresponds to a configuration of the form:

a
0

qbz’) = constant xé =0 Fg = constant

e o = maximally symmetric 1,0 =0 My = constant

Supersymmetry acts on this as 5eZ = 0,0Yu0 = \/Ea,,,EMO, oMy = 0,
oy, = 0, dxy = V2EF: 6F = 0. ltis therefore spontaneously
broken if My 7# 0 andlor F¢ # 0. If My # 0 but F} = 0, one however
gets a deformed supersymmetry algebra in AdS space.

When Fg # 0, the direction Fg In field space is again special, as in the
case of global supersymmetry. But since supersymmetry is now local, it
does not lead to a physical massless Goldstino.

What happens is a superHiggs mechanism, through which the would-be
Goldstino mode is absorbed by the gravitino and provides the additional
degrees of freedom required for the latter to become massive.
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Fluctuations
The quadratic Lagrangian for the fluctuation fields & zp“, &t and x* is:
L= —ER(é) — A —gi50,p OHpT — méig_qﬁiqgf’ — §m¢ijqb ‘7 + h.c.
- (350020, + s W40,) + e
— <m¢zz”6“” A,, + = 'mx ii X e —I_T M. ; )Zza“¢”> + h.c.
where g;; = G,?J_, the cosmological constant reads
A =e(G'GIGY —3) & A =0 if |G =3
and the masses are then given by:
m?2,. = % (V;GYV;G%— RY, ;G"'G" + g7
m2,. = e (V;V;GAG +2V;GY)
My = eG'/2 My i = eG'/2 (ViGJQ—I—G?G?) My ; = eGO/ZGg
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Superunitary gauge

The would-be Goldstino 1 = %ngi transforms as 470 = —v6 mE.

One can then choose a unitary gauge for supersymmetry where it is zero
This is achieved with £ = — my, 1. The fermionic fields zpp, and x* are

\/_
correspondingly redefined as:

D= D+ Y2 M O(GOR) + s

X" — X" suchthat G%¢* =0

The fluctuation Lagrangian can be rewritten entirely in terms of these new
fields, and the masses change as follows:

my, — €G0/2 My 35 — €G0/2 (VzGJO-I—%G?G;)) m,; — 0

The net result is as anticipated that the would-be Goldstone mode has
disappeared and one is left with a massive gravitino vy, and n — 1 chiral
fermions * defined by the condition G?x* = 0.
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Cosmological constant and mass matrices
The physics is best described in terms of the quantities
. 0 . 0
F(;,: _eG/ZGO'L MO_eG/Z
“?J — eGO/zviGJQ AO G /2V V GO

zgk
The cosmological constant is:

|F0|2—3|M()|2 & A=0 If |M0| _\/_lF()l

The masses of the fields es zpu, qbz and x* are then given by:

2 __

m. =0 My, \/_|F0| o
2 _\0 kil 2 1 Foilfoj

m¢zj:(““)z_— zgk:lFF + = gZJ|FO| My 45 _I‘l’zg—l_ 3 |F0|
2 0

mcbz'g — )\zgk \/_l’l'zg|F0|
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Physical masses

The physical square masses for the 2 + 2n 4+ 4 4+ 2(n —1) states are:

2 2 2 2
Mg ap = me(sab m@,b Ty — |m’¢| 5339
2 2 —
2 (Meig Meig 2 [(Mxix)i 0
IJg — = 2 2 I1Jg — —
i Moz Me7j X 0 (M ™y )75

If Fg' = 0 (unbroken phase) the masses are degenerate.

If ¥ # 0 (broken phase) the masses split.

N

m
— i
_ o= = App 2 g o
B Agy mfb
= — _ g Spliingscale: M? o |[RoF2], |1F2]
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Special features of the mass spectrum

A first useful information concerns the shift between mean boson and
fermion masses. It can be extracted by taking the trace:

i=7 2
tr[m?] + tr[mz] — tr[mfp] —tr[mi] = —2R%FOF3 + §(n_1)|F0|2

A second important information concerns the masses of the boson and
fermion defined by the Goldstino direction F(')" In field space:

i ) ok ol
0 _FOFOFOFO
17kl |FO|2

2
m% — +§|FO|2

1
my = gl Fol”

We see that to achieve separation between partners and metastability, we
need small-enough curvature. The effective theory then has a physical
cut-off scale set by the Planck scale.
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CONCLUSIONS

® Supersymmetry is a totally natural and plausible generalization of
the relativity principle, whose form happens to be almost uniquely
fixed by consistency arguments.

® A large number of physicist believe that it may play a crucial role
In a more fundamental and unified description of particle physics
going beyond the standard model.

® The possibility that it manifests itself at experimentally accessible
energies is indirectly suggested by naturalness arguments and the
unification of extrapolated couplings.
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