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We give an overview of the issue of anomalies in field theories with extra dimensions. We
start by reviewing in a pedagogical way the computation of the standard perturbative
gauge and gravitational anomalies on non-compact spaces, using Fujikawa’s approach
and functional integral methods, and discuss the available mechanisms for their can-
cellation. We then generalize these analyses to the case of orbifold field theories with
compact internal dimensions, emphasizing the new aspects related to the presence of
orbifold singularities and discrete Wilson lines, and the new cancellation mechanisms
that are becoming available. We conclude with a very brief discussion on global and
parity anomalies.
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1. Introduction

A symmetry of a classical description of a physical system is said to be anomalous
if it cannot be promoted to a symmetry of the full quantum description of the same
system. More precisely, anomalies can arise in quantum field theories whenever
certain divergent amplitudes — typically involving massless chiral fermions in the
internal lines — do not admit a regulator that is manifestly compatible with all
the symmetries of the external currents. There are several important symmetries
that can be affected by anomalies. When these are global symmetries of the system,
as for example the axial symmetry in QCD, nothing dramatic happens, although
the anomaly has in general important physical consequences. On the other hand, if
the symmetry in question is local, as for example a gauge symmetry, the anomaly
makes in general the theory inconsistent. Indeed, local symmetries do not merely
represent an invariance under a group of symmetry transformations, but rather a
redundancy of the theory, redundancy that is generally necessary to decouple un-
physical states from the theory. If a local symmetry is anomalous, such a decoupling
is not possible and as a consequence the theory is, in general, inconsistent at the
quantum level. Because of the exchange of unphysical states in internal loop am-
plitudes, for instance, perturbative unitarity is lost. Anomalies in local symmetries
must therefore be avoided.

Although anomalies technically originate from the bad UV behavior of certain
parity-violating amplitudes, they are well-defined IR effects that are always calcula-
ble and finite. This is clear from the fact that, by definition, they cannot be canceled
by adding local counterterms to the effective action. In renormalizable field theories,
the only way to avoid anomalies in local symmetries is to require that the various
contributions they receive from the elementary fields of the theory should cancel
against each other. This severely constrains the spectrum of chiral fermions. In non-
renormalizable effective field theories, on the contrary, there exists the possibility
of canceling a non-vanishing anomaly by adding non-renormalizable, gauge-variant,
operators. These are typically Wess—Zumino counterterms that parametrize the ef-
fect of the massive degrees of freedom that have been integrated out. Furthermore,
by adding to the theory antisymmetric tensor fields, one can cancel by means of the
Green—Schwarz mechanism certain kinds of anomalies. The degree of the restric-
tions imposed on a theory by anomalies therefore depends significantly on whether
this theory is renormalizable and can be valid at all the energy scales, such as gauge
theories in 4 dimensions, or non-renormalizable and valid as an effective description
of a more fundamental theory only below a certain maximal energy, such as gauge
theories in more than 4 dimensions.

Higher-dimensional field theories have received renewed interest during the last
few years. It has become clear that many peculiar physical phenomena associated
to extra dimensions can be efficiently described with a higher-dimensional effec-
tive field theory. This has led to the concrete implementation, in phenomenological
model building, of many interesting concepts involving extra dimensions taken from
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string theory. The most relevant example of these is without doubt the orbifold
construction!, which provides an extremely useful way of exploiting the interesting
features of curved spaces in a context that remains tractable and allows for con-
crete computations. Another very interesting example is the idea of symmetry and
supersymmetry breaking through twisted boundary conditions?, or equivalently the
idea of Wilson lines?. It is mainly in the context of field theories with orbifold and
Wilson-line projections that most of the recent developments in the phenomenolog-
ical applications of extra dimensions have emerged. Let us mention, most notably,
the construction of grand unified theories with very economical symmetry breaking
and natural doublet—triplet splitting®?, ultra-softly broken and very constrained su-
persymmetric models®7?, and theories with gauge-Higgs unification and protected
effective potential®?; see e.g. Ref. 10 for an overview of these developments and a
complete list of references. This kind of models must be understood as low-energy
effective field theories and need in principle a consistent UV completion. However,
since anomalies are an IR effect, the issue of their cancellation must be addressed
already at the level of this effective description.

In the context of orbifold models, where a higher-dimensional gauge symme-
try group is broken down to a 4-dimensional gauge symmetry subgroup, it will
be important to distinguish between exact and spontaneously broken symmetries.
Indeed, an anomaly in an exact local symmetry induces a breakdown of unitarity
at all energy scales, whereas an anomaly in a spontaneously broken local sym-
metry induces a breakdown of unitarity only above the symmetry-breaking scale.
The former case is always unacceptable, as it makes the theory inconsistent. The
latter case might instead be naturally tolerated in a low-energy effective theory
whose validity range and perturbative unitarity are anyhow bounded by a physical
cut-off. Indeed, as mentioned, it is always possible in such a situation to add a
local Wess—Zumino counterterm that cancels the anomaly and influences physics
only above the symmetry-breaking scale. In the light of this general discussion, it
might seem irrelevant to analyze anomaly cancellation in the higher-dimensional
theory, and unnecessary to require that all the local symmetries, both those that
are broken and those that are unbroken from the 4-dimensional point of view, be
anomaly free. More precisely, a higher-dimensional anomaly that integrates to zero
from the 4-dimensional point of view would correspond, after the standard Kaluza—
Klein decomposition, to an anomaly in the infinitely many local symmetries that
are spontaneously broken in the compactification process, and as such it can always
be cured with a suitable Wess—Zumino counterterm. However, it is important to
remark in this respect that higher-dimensional field theories do generally present ex-
tra global or local symmetries involving the internal dimensions, and it is therefore
a non-trivial issue to understand whether the Wess—Zumino counterterms, needed
to cancel the anomalies, respect or not such symmetries. A convenient way to tackle
this problem is to compute the anomalies directly in the higher-dimensional the-
ory and with a regulator that manifestly respects the internal symmetries of the
compact space. In this way it becomes clear that the Wess—Zumino counterterms
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that cancel the anomalies always arise from a microscopic Lagrangian involving a
generalized Green—Schwarz mechanism. The latter, however, can generally give rise
also to massless scalar particles, with axion-like couplings; it is thus not totally
equivalent to adding Wess—Zumino counterterms, even at low energies.

The aim of this work is to give a comprehensive and pedagogical review of the
computation of gauge and gravitational anomalies, and the corresponding anomaly
cancellation mechanisms, in higher-dimensional field theories, focusing in particular
on orbifold field theories. We will follow Fujikawa’s approach!!, in which anomalies
are due to the non-invariance of the integration measure in the functional inte-
gral defining the quantum effective action. The variation of the measure encoding
the anomaly is properly defined through a heat kernel regularization, and is then
computed using path-integral techniques as the high-temperature limit of the par-
tition function of a suitable supersymmetric quantum mechanical system, as in
Ref. 12. We mostly follow Ref. 13 for the standard characterization of anomalies,
and in particular for the discussion of the Wess-Zumino consistency conditions'*
and their general solution through the Stora—Zumino descent relations'®. We will
not comment much on the many interesting mathematical aspects of anomalies and
their relations with index theorems'®, but rather refer the interested reader to other
works, e.g. Ref. 17, for an introduction to these more formal aspects of anomalies.

The paper is organized as follows. In section 2 we review the standard com-
putation of perturbative gauge and gravitational anomalies in even-dimensional
non-compact spaces. We start with a general discussion of the Wess—Zumino con-
sistency conditions and the Stora—Zumino descent relations. We then compute the
chiral anomaly for a Dirac spinor in even dimensions, and finally deduce from it
the gauge and gravitational anomalies of chiral fermions by means of the Stora—
Zumino descent procedure. In section 3 we review the known anomaly cancellation
mechanisms in any even number of dimensions. We discuss the Green—Schwarz
mechanism for the cancellation of reducible anomalies, as well as the Wess—Zumino
counterterms for the cancellation of anomalies in spontaneously broken gauge sym-
metries. In section 4 we consider orbifold field theories and compute the gauge and
gravitational anomalies for the simplest examples of such spaces using the same for-
malism as employed in section 2 for non-compact spaces, which manifestly respects
the internal symmetries of the compact space. Particular attention is devoted to
the study of how discrete Wilson lines modify the form of gauge and gravitational
anomalies on orbifolds. In section 5 we analyze the generalization to orbifolds of
the Green—Schwarz anomaly cancellation mechanism discussed in section 3, em-
phasizing the new possibilities arising as a consequence of the compactness of the
internal space and the localization of anomalies at orbifold singularities. In section
6 we briefly review global and parity anomalies and discuss their relevance to the
consistency of orbifold field theories. In appendix A we describe in some detail the
Stora—Zumino descent procedure that connects gauge and gravitational anomalies
to chiral anomalies. In Appendix B we end by giving some details about the deriva-
tion of the supersymmetric quantum mechanical system that is used throughout all
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the review to compute anomalies.

2. Perturbative anomalies

The presence of perturbative gauge anomalies in 2n > 4 space-time dimensions was
first established in Ref. 18 by computing the (n+ 1)-point function at 1 loop, which
generalizes the classic triangular graph in 4 space-time dimensions'®. Subsequently,
it was pointed out in Ref. 12 that theories in an even number of dimensions, with
Weyl fermions of spin 1/2 or 3/2, are generically afflicted by gauge and/or gravi-
tational anomalies.? Since then, a lot of progress has been done in understanding
the structure and geometrical properties of perturbative gauge and gravitational
anomalies in an arbitrary even number of dimensions, and a very elegant and gen-
eral mathematical characterization is now available; see for instance Ref. 13 for
a review on the subject. In particular, it has become evident that anomalies are
best described in Euclidean space, where they affect only the imaginary part of
the effective action I' induced by chiral fermions'?. Throughout this review, we will
thus consider Euclidean spaces and only briefly comment on the continuation to
Minkowski spaces at the end of this section.

The structure of the anomalies that can occur in local symmetries is strongly
constrained by the group structure of these symmetry transformations. In particu-
lar, two successive transformations d., and J., with parameters ¢; and e; must sat-
isfy the basic property: [551 , 552] = 0, ;- This implies that any anomaly Z(¢) = 6"
arising from a non-trivial variation of the effective action I under a local symmetry
transformation with parameter €, must satisfy the so-called Wess—Zumino consis-

tency condition'*:

0, Z(e2) — 6e,Z(e1) = Z([e1, €2]) - (1)

The general solution of this consistency condition can be characterized in an ele-
gant way in terms of a (2n + 2)-form with the help of the so-called Stora—Zumino
descent relations!®. For any local symmetry with transformation parameter e (a
O-form), connection a (a 1-form) and curvature f (a 2-form), these are defined
as follows. Starting from a generic closed and invariant (2n 4 2)-form Qo 42(f),
one can define an equivalence class of Chern—Simons (2n + 1)-forms Qg:l la, f)
through the local decomposition 9,42 = ngZL)H. This specifies QSZL)H
ulo exact 2n-forms, implementing the redundancy associated to the local symmetry

only mod-

under consideration. One can then define yet another equivalence class of 2n-forms
QS}) (e,a, f), modulo exact (2n — 1)-forms, through the transformation properties of
the Chern—Simons form under a local symmetry transformation: 569533 1= dﬂgz)

It is the unique integral of this class of 2n-forms QSB that gives the relevant general

aIn 4k + 2 dimensions, neutral self-dual and antiself-dual antisymmetric tensor fields can also
contribute to purely gravitational anomalies, but we will not discuss this possibility.



6 C. A. Scrucca and M. Serone

solution of (1):

Z(e) = 2mi /ﬂ I Q) (e) . (2)

2n
To understand this, it is convenient to introduce the analog of the above descent
relations for manifolds. Starting from the 2n-dimensional space-time manifold Mo,
we define the equivalence class of (2n + 1)-dimensional manifolds M3, ,; whose
boundary is May,: My, = OMj, ,,, and similarly the equivalence class of (2n + 2)-
dimensional manifolds My, | , such that My, | = My, ». Both My, | and My, ,
are defined modulo components with no boundary, on which exact forms integrate to

zero. Since szn Qgg (e) = 6. IMQHPS:BH =, fMé,né)gnJrg, eq. (2) can be rewritten
as

I(e) = 2mid. | 0P| = 2o, /M” Qonto - (3)
2n+2

It is clear that (3) provides a solution of (1), since it is manifestly in the form of
the variation of some functional under the symmetry transformation. In fact, the
descent construction also insures that (3) actually characterizes the most general
non-trivial solution of (1), modulo possible local counterterms. This can be under-
stood more precisely within the BRST formulation of the Stora—Zumino descent
relations, which is described in Appendix A. In that language, the Wess—Zumino
consistency condition implies that anomalies must be associated to BRST-closed
objects, whereas trivial anomalies corresponding to the variation of local coun-
terterms are associated to BRST-exact objects. The non-trivial solutions of the
consistency conditions are therefore characterized by the BRST cohomology, which
turns out to be automatically selected by the descent construction.

The above reasoning applies equally well to local gauge symmetries, associated
to a connection A with curvature F', and to diffeomorphisms, associated to the spin-
connection w with curvature R, and shows that gauge and gravitational anomalies in
a 2n-dimensional theory are characterized by a gauge-invariant (2n+2)-form, which
suggests a (2n+ 2)-dimensional interpretation. A deeper analysis shows indeed that
the gauge and gravitational anomalies in 2n dimensions are related to the gauge
and gravitational contributions to the chiral anomaly in 2n + 2 dimensions?°. We
shall see that the chiral anomaly in 2n+2 dimensions is an integer topological index
given by the integral of some gauge-invariant form Qs,,12(F, R) constructed out of
the gauge and gravitational curvature 2-forms F and R, Z = | ]\/12”+292n+2. The
gauge and gravitational anomalies in 2n dimensions are then obtained through the
descent procedure, defined respectively with respect to gauge transformations and
diffeomorphisms, as Z = 27i || MQTLQ&)
descent relations for the gauge case is reported in Appendix A.

. A detailed derivation of the Stora—Zumino

In the following, we review in some detail the computation of the perturbative
gauge and gravitational contributions to the chiral anomaly for a Dirac fermion in
an arbitrary smooth Euclidean 2n-dimensional manifold, following closely section
11 of Ref. 12. We adopt Fujikawa’s approach!!, in which the anomaly is identified
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with the variation of the measure in the functional integral defining the effective
action. Using the relation between chiral and gauge/gravitational anomalies, we
can then easily deduce the latter. As we will see, this way of computing anomalies
is also easily generalized to study localized perturbative anomalies in orbifold field
theories.

2.1. Chiral anomalies

Let 14 () be a massless Dirac fermion defined on a 2n-dimensional manifold Ma,
with Euclidean signature 6, (1,v =1,...,2n), and in an arbitrary representation
R of a gauge group G (A =1,...,dimR). The minimal coupling of the fermion to
the gauge and gravitational fields is described by the Lagrangian

L = ep(z)aiv" D} P (x), (4)

where e is the determinant of the vielbein ej; defining the tangent space and v* are
the curved ~y-matrices. The covariant derivative is given by

1
Dt = (0 + Gl [rasm] )% + AL T 5 (5)

in terms of the gauge connection Aj} and the anti-Hermitian generators T4, of the
group G in the representation R (a = 1,...,dim G) for the gauge part, and the
torsion-free spin-connection w,‘jb and the tangent space y-matrices 7, satisfying the
anticommutation relations {74, 7%} = 20 (a,b = 1,...,2n) for the gravitational
part.

The classical Lagrangian (4) is invariant under the global chiral transformation
W — e 2n+19) where yo,41 = 1" H§11 Yo is the chirality matrix in 2n dimensions,
normalized so that 73, 11 = I for any n, and « is a constant parameter. This
implies that the chiral current JJ, 1= P aYyans17* A is classically conserved. At
the quantum level, however, this conservation law can be violated and turned into
an anomalous Ward identity. To derive it, we consider the quantum effective action
I" defined by

efF(e,w,A) _ /D’l/)’D’(/; o fd2nml:7 (6)

and study its behavior under an infinitesimal chiral transformation of the fermions,
with a space-time-dependent parameter a(z), given byP

datp = ayan41¥, 5&"[’ = io"‘/}}/QnJrl . (7)

Since the external fields e, w and A are inert, the transformation (7) represents
a redefinition of dummy integration variables, and should not affect the effective
action: d,I" = 0. This statement carries however a non-trivial piece of information,
since neither the action nor the integration measure is invariant under (7). The

bFor simplicity of the notation, we omit the gauge index A in the following equations. It will be
reintroduced later on in this section.



8 C. A. Scrucca and M. Serone

variation of the classical action under (7) is non-vanishing only for non-constant
o, and has the form 6, [ £ = [J5 . 0,a. The variation of the measure is instead
always non-vanishing, because the transformation (7) leads to a non-trivial Jacobian
factor, which has the form d,[DyDy] = exp{—2i J aA}, as we will see below. In
total, the effective action therefore transforms as

5l = / e o) [20A(@) — (0Tt ()] (8)
The condition §,I" = 0 then implies the anomalous Ward identity:
(auJ5n+1> = 2iA. (9)

In order to compute the anomaly A, we need to define the integration measure more
precisely. This is best done by considering the eigenfunctions of the Dirac operator
i) = iel'y*D,,. Since the latter is Hermitian, the set of its eigenfunctions ()
with eigenvalues A, defined by iJpv,, = A\, form an orthonormal and complete
basis of spinor modes:

e i@ = s S evl @) =8 —y). (10)

k

The fermion fields ¢ and ¢, which are independent from each other in Euclidean
space, can be decomposed as

¢:Zak7/)ka ’l/_):ZBk’l/)]t, (11>
k k
so that the measure becomes

DYDY = [ [ daxdb; . (12)
k,l

Under the chiral transformation (7), we have

Oalp = i/dQ”ze Zw};a’ygwrﬂ/)lal, Saby = i/dQ”:ce ZB[’L/};OK}/QnJrl’L/}k, (13)
1 1
and the measure (12) transforms as
ba [Dwﬂ = Dy Dy exp { 2i / d* ei/),ia’YQnJrlwk} . (14)
k

For simplicity we can take « to be constant. It is clear that this formal expression is
ill-defined as it stands, since it decomposes into a vanishing trace over spinor indices
(tr ¥2n+1 = 0) times an infinite sum over the modes (3, 1 = 00). A convenient way
of regularizing this expression is to introduce a gauge-invariant Gaussian cut-off.
The integrated anomaly Z = [ A can then be defined as

. _ 2
Z= é%zk:@%nﬂlﬂk@ PAn/2

B [giE%)Tr {72n+1€7ﬁ(m)2/2 ) (15)
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where the trace has to be taken over the mode and the spinor indices, as well as
over the gauge indices.

Our next task is to compute Z, as defined in (15). We notice that, by definition,
this is equivalent to computing the high-temperature limit of the partition function
of a system with Hamiltonian H = (i]0)?/2 and density matrix p = ya,4 1 7H:
Z = Trp. Luckily, a system with such properties can be obtained by dimensional
reduction to 1 dimension of a particular 2-dimensional supersymmetric o-model
(see Appendix B). The Lagrangian of this supersymmetric quantum mechanics is

1 TR i ja i ab.:
L= 59#1/1'“1' + 5%1/1 + Z ["/’aa 1/117]0}” a
o . 1 * a
+ichy (cA + AﬁB z“cB) + §cAcB1/) 7,/}bFlf}7 B (16)

where the dot stands for the time derivative, x* are bosonic fields that take values
on the manifold Mas,, ¥® are fermionic fields constructed from the superpartners
of z# as Y = ejyp" and finally ¢} and ¢ are a set of complex fermionic fields
transforming respectively in the representation R and its complex conjugate R of
the gauge group G. The spin-connection and the gauge connection are precisely
those appearing in (4), whereas we have F} 5 = egeb”Flﬁ, g, with Fﬁj g asin (B.6).

The Lagrangian (16) can be canonically quantized. The (anti)commutation re-

lations between the fields z#, ¢* and their canonical momenta are given by
[7'(#,1'”] = —id,, {cg,cB} =65, (17)
where the momentum 7, conjugate to z” is found to be
7 i . A

Ty = G + 1 [%, wb} wzb + 'LCTAA;L BCB . (18)
The situation for the fields 1® is slightly more involved, because they coincide with
their canonical conjugate momenta, 3, = i)® /2, and this leads to an inconsistent
set of anticommutation relations. This problem is easily solved by considering Dirac
brackets with the second class constraints mj, — i)* /2 = 0. In this way, one finds
the consistent commutation relations

1 .
{waawb}D = 6ab; {ﬂ-;};aﬂ-z;}D = _Zéaba {Wiawb}D = %6;71 . (19)

The relations (17) and (19) can be realized on a standard Hilbert space by identi-
fying 7, — —i0,, ¥* — v%/V/2 and ¢T3 zc? — T,. The supercharge (B.9) then
becomes

1 1

V2
where iJ) is exactly the covariant derivative entering in (4). The Hamiltonian of
the above quantum mechanical model, being supersymmetric, is simply given by
H = @Q?% and thus H = (i]0)?/2.

The integrated anomaly Z can now be derived by computing directly the parti-

iD, (20)

tion function of the above supersymmetric model in a Hamiltonian formulation. In
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order to obtain the correct result, however, one has to pay attention when tracing
over the fermionic operators ¢’ and c?. Indeed, considering them as creation and
annihilation operators, the Hilbert space of the system consists of the vacuum |0),
1-particle states % ]0), 2-particle states ¢* ¢j|0), etc. Among all these states, only
the 1-particle states correspond to the representation R of the gauge group G, the
vacuum being a singlet of G and multiparticle states leading to tensor products of
the representation R. In order to compute the anomaly for a single spinor in the
representation R, it is therefore necessary to restrict the partition function to 1-
particle states. This is most conveniently done by using a hybrid formulation, which
is Hamiltonian with respect to the fields ¢ and c?, and Lagrangian with respect
to the remaining fields x* and 1*. Technically, this can be done by introducing the
Routhian R = £ — ic¢A. After Wick-rotating to Euclidean time 7 — —ir, the
partition function can then be written as

Z = Tr,.- /Pm” /Pmaexp{—/Oﬁdrn(xﬂ(f),w(r),cjg,cf“)}. (21)

The subscript P on the functional integrals stands for periodic boundary conditions
along the closed time direction 7, Tr. .~ represents the trace over the l-particle
states ¢*|0), and the Euclidean Routhian R is given by

1, 1 .
R = S0umitd" + Sbat” + [$a, 1y | wilr

+ ey A gt — %cgc%waaf‘; B- (22)
We notice that the only effect of the matrix ~9,4+1 in the density matrix p is to
change the boundary conditions of the fermionic fields ¥ from antiperiodic (the
natural boundary condition for fermions at finite temperature) to periodic. Equa-
tion (21) should then be understood as follows: after integrating over the fields a*
and ¢, one gets an effective Hamiltonian H (c,c*) for the operators c* and ¢4,
from which one finally computes Trw*e_ﬁH (") Although this procedure looks
quite complicated, we will see that it drastically simplifies in the high-temperature
limit we are interested in. Since 72,41 anticommutes with all fermionic fields, it can
be identified with the fermion-number operator (—1)¥. The anomaly is then given
by the Witten index?! of the above-described supersymmetric quantum mechanical
model,

Z= Tr[(q)Fe*ﬁH} . (23)

This quantity is an integer number and coincides with the index of the Dirac opera-
tor. Thanks to this interpretation, the anomaly can be computed in a mathematical
way by means of index theorems.

The path-integral in (21) is dominated by constant paths in the limit 3 — 0. Its
computation is greatly simplified by using the background-field method and expand-
ing around constant bosonic and fermionic configurations in normal coordinates??,
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defined around any point z in a such a way that the spin-connection (or equiva-
lently, the Christoffel symbol), as well as its symmetric derivatives, vanish at xg. It
is also convenient to rescale 7 — (7 and define

H(r) = xf et (x0)E (T “T:L“ 7).
TH(r) =26 + VBea@o)e™(r),  ¥(r) = Z5v6 +ANT) (24)

In this way, it becomes clear that it is sufficient to keep only quadratic terms in the
fluctuations, which have a 8-independent integrated Routhian, since higher-order
terms in the fluctuations come with growing powers of 5. We can therefore use a
quadratic effective Routhian given by

1r. . . .
R = 3 E.E" + XA + Rap(zo, 1/10)§a§b} — 4 F%(20,10)c”, (25)
where

1
Rap(x0,v0) = §Rabcd($o)¢8¢g,

Py, o) = 5 Fih nleo)viu. (26)

Since the fermionic zero modes 9§ anticommute with each other,® they define a

basis of differential forms on Ms,, and the above quantities behave as curvature
2-forms.

From (25) we see that the gauge and gravitational contributions to the chiral

anomaly are completely decoupled. The former is determined by the trace over the

1-particle states ¢% |0), and the latter by the determinants arising from the Gaussian

path integral over the bosonic and fermionic fluctuation fields:
z= / 42z / 2"y Tre, o [eczF%cB} detp! [aiaab + RabaT} detp [aﬂsab} (@7
The trace yields simply
Trc,c*ec:‘F%CB = trre’ . (28)

The determinants can be computed by decomposing the fields on a complete basis
of periodic functions of 7 on the circle with unit radius, and using the standard
(-function regularization. It is also useful to bring the curvature 2-form R, into
a block-diagonal form (this can always be done by an appropriate rotation of the
fields &%) of the type

0 M
- 0

=
]
o
|
—~
[\
=)
~—

0 M\
- 0

¢The anticommuting §’s are simply Grassmann variables in a path integral and should not be
confused with the operator-valued fields 1% entering in (16), which satisfy the anticommutation
relations appearing in (19).
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where \; are skew-eigenvalues 2-forms, so that the bosonic determinant decomposes
into n distinct determinants with trivial matrix structure. Proceeding in this way
we find:

det 5! {aﬁéab + RabaT} = (27)~" ﬁ - (30)

@
Il
N

detp [afaab} = (—i)". (31)

The final result for the anomaly is obtained by putting together (28), (30) and (31),
and integrating over the zero modes. The Berezin integral over the fermionic zero
modes vanishes unless all of them appear in the integrand, in which case it yields

[ v = (e (32)

This amounts to selecting the 2n-form component from the expansion of the inte-
grand in powers of the 2-forms F' and R. Since this is a homogeneous polynomial
of degree n in F and R, the factor (i/(27))™ arising from the normalization of (30),
(31) and (32) amounts to multiplying F' and R by i/(27). The final result for the
integrated anomaly can therefore be rewritten more concisely as:

Z= chr (F) A(R), (33)
where
chg (F) = trge'f/2™ (34)
oo T A/ (4m)
A(R) = ;l;ll: sinh[\;/(4m)] (35)

The quantities (34) and (35) are characteristic classes constructed from the cur-
vature 2-forms F' = 1/2F),, dz" A dz” and R = 1/2R,,, dz* A dx", respectively the
Chern character of the gauge bundle and the Dirac genus of the tangent bundle.
They must be understood as power series in their arguments, whose leading terms

are
ch(F):r—i—itrF—#trFQ—Ltng—l—;terl—i—... (36)
2w 2(2m)? 6(27)3 24(2m)* ’
AR)=1+ L 1opey ! L(trRQ)2 PRI (37)
(4m)2 12 (4m)* | 288 360 ’

where r is the dimension of the representation R. In (33), as well as in all the analo-
gous expressions that will follow, it is understood that only the 2n-form component
of the integrand has to be considered.

The anomalous Ward identity (9) for the chiral symmetry can then be formally
written, in any even dimensional space, as

(0 Jb 1) = 2ichr (F)A(R) . (38)
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In 4 space-time dimensions, for instance, (38) gives

R, PRopap) - (39)

- vpo 1
(0, JE) = —ie"P7 | ——tr F,, Fpy + FRYPCRL

1672

2.2. Gauge and gravitational anomalies

Let us now turn to gauge and gravitational anomalies. In this case we are interested
to see whether the effective action defined in (6) is invariant under gauge and general
coordinate (or equivalently local Lorentz) transformations. Differently from the chi-
ral anomaly, gauge and gravitational anomalies can arise only from chiral fermions,
and not from Dirac fermions. They can be computed with the same method as used
above for chiral anomalies, again along the lines of section 11 of Ref. 12. Computed
in this way, however, the anomaly does not automatically satisfy the Wess—Zumino
consistency conditions, because the Gaussian cut-off that is used to regularize the
computation does not preserve Bose symmetry. The resulting anomaly controls
the Ward identity of a classically conserved current or energy-momentum tensor
that differs from the usual one by a functional of the gauge or gravitational fields.
The anomaly associated to the standard currents is called “consistent”, because it
satisfies the Wess—Zumino consistency conditions. The anomaly associated to the
modified current is instead called “covariant”, because it transforms covariantly
under the local symmetry. These two forms of the anomaly contain the same in-
formation, and there is a well-defined procedure to switch from one to the other®3.
To put the covariant anomaly emerging from a computation a la Fujikawa into a
consistent form, it is sufficient to take the leading-order part of it, which contains
n + 1 fields, add the symmetrization factor required for a Bose-symmetric result,
and then use the Wess—Zumino consistency condition to reconstruct the subleading
part. As already anticipated at the beginning of this section, this leads to a very
simple and nice result: the gauge and gravitational anomalies induced by a chiral
fermion are obtained by taking the appropriate Stora—Zumino descents of the chi-
ral anomaly induced by a Dirac fermion. To give the reader a flavor of how this
comes about, we shall sketch below how gauge and gravitational anomalies can be
computed a la Fujikawa.

The anomaly is by definition a variation of the quantum effective action under a
local symmetry transformation. Again, the only potential source of such a variation
is a Jacobian in the integration measure, since the classical action is invariant. The
computation is therefore technically analogous to the one we performed for the
chiral anomaly, except that the transformation law is now different and acts with
opposite signs on 1 and 1. Moreover, in this case, the full Dirac operator contains a
projector P, = 1/2(1+172,41) on definite chirality n = £1, ip,, = i]pP,, and is not
Hermitian. For this reason, we have to use the eigenfunctions ¢;! of the Hermitian
operator (ian)TiE)n to expand v and the eigenfunctions ]! of ian(iE)n)T to expand
.

Let us first consider the case of gauge anomalies. Under an infinitesimal gauge
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transformation with parameter v,, or ’UAB = vO‘TC;4 5, the fermion fields transform
as

é}ﬂ,/}A = 7’UABi/}B, 5U1/_)A = vABi/;B. (40)

This induces a variation of the integration measure given by
[Dz/ﬂ)w} DYDp exp { - / 42y qs"T oI — Gl T )} . (41

As in the case of the chiral anomaly, this formal expression needs to be regularized,
and we can define the integrated gauge anomaly to be

ZgaUge(v) —— }3113) (QSLUQTae*ﬂ(imn)Timn/ngk _ @LvaTaeiﬂim"(im")T/Qgpk)
k

= o i Tr [ Qe /2). (42)

The operator Q8218 is defined in such a way to act as v, 7T on the Hilbert space. A
concrete realization of it within the supersymmetric quantum mechanics introduced
in the previous subsection is

Q5 . uye? (43)

The computation of (42) is similar to that of (15). The only difference is the insertion
of the operator (43) into the trace (28). It is clear from (28) that making this
insertion is equivalent to substituting F' — F' 4+ v in the trace without insertion
and taking the linear part in v of the result. For the leading part of the result
with n + 1 fields, taking the linear part in v differs from taking the Stora—Zumino
descent with respect to the gauge symmetry just by the above-discussed Bose-
symmetrizaton factor.d The non-linear completion specified by the Wess-Zumino
consistency condition is then just the non-linear completion of the Stora—Zumino
descent. Taking into account the factor i/(27) entering the definition of the Chern
character, the consistent form of the integrated gauge anomaly is therefore

B (y) = 27Ti77/

s [chR(F)] “ir). (44)

The case of gravitational anomalies is similar. Under an infinitesimal diffeo-
morphism with parameter €”, the fermion fields transform, modulo a local Lorentz
transformation, as

Seth=—€e"Dyp, b = €Dy (45)

dConsider for example a term with k 4+ 1 gauge fields. The starting point is then the expression
1/(k + 1)!'tr F*+1, Shifting F — F + v and taking the linear part in v yields, at leading order
in the gauge field A, 1/k!tr [v(dA)*]. Taking the Stora-Zumino descent of the original expression
yields instead, again at leading order in the gauge field A, 1/(k 4 1)! tr [v(dA)¥]. This differs from
the former by the factor 1/(k + 1), which is required to Bose-symmetrize the leg on which the
variation is implemented with the other k identical legs.
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This induces the following variation of the integration measure:
5. {Dw)ﬂ — DYDP exp { 3 / 4 e (qbZTe“DuqﬁZ - @ZTG“DM@Z)} . (46)
k
The regularized expression for the integrated gravitational anomaly is then:

75 (e) = — limy (@fe PP Pol2e D, gy, — plem PP ek D, )
k

-1 Bhi% Tr {72n+1Qgrav€7ﬂ(m)2/2} : (47)

The operator Q&Y must act as € D,, on the Hilbert space. Since iz* — D" upon
canonical quantization, we can identify

Q™ — e, it (48)

It is now convenient to exponentiate the action of ®™2V. This is realized in the
Euclidean path-integral representation by adding to the Routhian (22) the term
e, 2*. After going to normal coordinates, and retaining the leading term in 3, one
realizes that the insertion of the exponentiated form of Q' amounts to the shift
Ray — Rap + Daey — Dpe, in the functional integral without insertion. The original
expression (47) is obtained by keeping only the linear piece in €. After adding the
appropriate symmetrization factors and following the same procedure as for the
gauge anomaly to switch to a consistent form of the anomaly, this implements the
Stora—Zumino descent with respect to diffeomorphisms. The consistent form of the
integrated gravitational anomaly is finally found to be

TE () = 2min / chr (F) {A(R)}

Mo,

“ (49)

The above results show that the quantum effective action I'(e,w, A) is not in-
variant under gauge transformations and diffeomorphisms, and correspondingly the
standard gauge current and energy-momentum tensor are not conserved at the
quantum level:

5uT (e, w, A) = / V(D JH) = T8 (1) (50)

0 (e,w, A) = /6V<D#T“”> =78 (e). (51)

It is worth noticing that local Lorentz transformations can also suffer from anoma-
lies, resulting in an energy-momentum tensor that is not symmetric at the quantum
level. However, these are not independent from anomalies in diffeomorphisms, and
it is always possible to switch to a situation in which one or the other of the
anomalies vanish, but not both!3. Correspondingly, the energy-momentum tensor
can be chosen to be symmetric or conserved at the quantum level, but not both
simultaneously.

The Minkowski form of the anomaly is easily derived by Wick rotation. We find
that da®" — ida®, Asy, — —iAg, wan — —iwgy. Moreover, if €122" = 1, after Wick
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rotation €12"~1 = —1, and hence Zp; = —Zg. Since I'yy = i[5, one obtains then
egs. (50) and (51) with an additional factor of ¢ in front of the Z’s.

3. Anomaly-cancellation mechanisms

Anomalies occur as a consequence of UV divergences that cannot be regularized
without manifestly breaking a symmetry, but they represent a computable IR ef-
fect that does not depend on the UV completion of the theory and persists at any
energy scale. As mentioned in the introduction, there is an extremely important
distinction between anomalies in fundamental theories, where the full quantum ef-
fective action can be reliably computed, and effective theories, where this cannot be
done. In a fundamental theory, anomalies must cancel and this puts very restrictive
constraints on the allowed spectra of particles. Examples of such theories are renor-
malizable field theories such as the standard model or its minimal supersymmetric
extension, or string theory. In an effective theory, valid only up to some energy
scale, the situation is radically different. The quantum effective action consists of
two parts: the first is non-local and generated by the quantum fluctuations of the
fields described by the effective theory, and can lead to anomalies. The second is re-
lated to the physics above the scale of validity of the theory and is parametrized by
an infinite set of local non-renormalizable operators with dimensionful coefficients
suppressed by inverse powers of this scale. There is no reason for this part of the
effective action to share the classical symmetries of the effective theory, and it can
therefore have a non-vanishing variation. The variation of the total effective action
can therefore be made to vanish through a cancellation between the two parts of it
related to physics below and above the validity scale.

There are several interesting mechanisms through which an anomaly can cancel.
In the following, we will consider two general classes of these that are available
in effective theories: the Green—Schwarz mechanism?® and, when a spontaneous
symmetry breaking occurs, the possibility of adding Wess—Zumino counterterms
to the action (see e.g. Refs. 24, 25, 26); the generalization of these mechanisms to
orbifold field theory models will be discussed in section 5. Another relevant anomaly-
cancellation mechanism, which we will not discuss in this review, is the anomaly
inflow of Refs. 27. This applies to theories where chiral fermions are dynamically
localized on space-time topological defects, as a consequence of some non-trivial
bosonic background, and consists in the compensation of the localized anomaly
that is induced by the fermions through an inflow of anomaly from the bulk of the
space-time. This inflow of anomaly is provided by certain Wess—Zumino couplings
of tensor fields with the gauge and gravitational fields, similarly to what happens
in the Green—Schwarz mechanism. In fact, the two mechanisms are not completely
independent; see Refs. 28 for an analysis of the relations between them.
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3.1. The Green—Schwarz mechanism

The Green—Schwarz anomaly cancellation mechanism was first discovered by Green
and Schwarz in the context of string-derived effective supergravity theories in 10
dimensions?3. It achieves in a non-trivial and interesting way the cancellation of
gauge and gravitational anomalies, which is guaranteed in the full string theory
by its finiteness, stemming from general principles such as modular invariance?®
or tadpole cancellation3’. Thanks to this mechanism, it has been understood that
field theories with an anomalous spectrum of massless fermions can be anomaly-free,
and thus consistent, in certain particular circumstances. The mechanism involves
antisymmetric tensor fields, and the essential idea is that the anomaly is canceled
by the gauge variation of some counterterms, constructed out of these tensor fields
as well as the gauge and gravitational connections and field strengths.

Before describing the Green—Schwarz mechanism and its generalization to any
space-time dimension, it is necessary to introduce the notion of “reducible” and
“irreducible” forms of the anomaly. As shown in (44) and (49), a generic gauge or
gravitational anomaly can be written in the form Z = 2mi [ MQTLQ&)’ where ng) is the
Stora—Zumino descent of a closed and gauge-invariant (2n+2)-form s, 42, function
of the curvature 2-forms F' and R.° The form Qs,,2(F, R) is said to be “irreducible”
when it cannot be decomposed as a sum of products of closed and gauge-invariant
forms of lower degree. Typical examples are tr R"*! or tr F™*! for a representation
that does not admit a decomposition to lower forms. It is instead said to be “re-
ducible” when Qg,4+2(F, R) can be decomposed as Qap 42 = Q2 Qoy 122k for some
k. Examples of such a type are tr FFtr FrH1=k tr Fktr RPT1=F or tr RFtr RPHIF,

The original Green—Schwarz mechanism in 10 dimensions requires the introduc-
tion of a 2-index antisymmetric tensor field, but we will describe here its general-
ization to 2n dimensions, where a 2[/-index antisymmetric tensor field of the type
Ch it s needed3!. These fields generalize the standard electromagnetic vector
potential® and are conveniently described in terms of 2i-forms Cy;, subject to the
U(1) gauge transformation 6Cy = dAg;_1, with Ag;—1 an arbitrary (21 — 1)-form.
The gauge-invariant field strengths Hj" [**'** = gr1CyP "+ + permutations, are
correspondingly described by the (21 + 1)-forms Ha1 = dCy;.

As will become clear below, only reducible anomalies can be canceled through
the Green—Schwarz mechanism. We shall therefore consider a generic reducible
anomaly of the form

7= 27‘(‘2/ QSB , with an+2 = ng 92n+2—2k . (52)
M.

2n

Following the Stora—Zumino descent procedure reported in Appendix A, the Chern—

®Here and in the following we will refer to gauge symmetries in a broad sense, including in
particular local Lorentz symmetries, in order to treat gauge and gravitational anomalies at once.
fThe “electric” and “magnetic” sources of these fields in 2n dimensions are respectively (21 — 1)-
and (2n — 2[ — 3)-dimensional extended objects.
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Simons form ngl)_ﬂ corresponding to g, 42 is found to be

k n+1—k (0)

0 0
an)-i-l ) IQék)f1Q2n+2—2k + Thrl Dok 97410
0 0
T d(Q;k)—Ian)-i-l—Qk) ’ (53)

where « is an arbitrary parameter taking into account the ambiguity in the defi-
nition of ngl) +1- The numerical factors in (53) are fixed by Bose statistics, which
implies treating all field strengths symmetrically. ;jFrom (53) one derives

1 k 1 n+1l—k 1
Qén) = (n—Jrl — a) ng)72Q2n+2—2k + (Tﬂ + a) Q%an)f% . (54)

The anomaly corresponding to (54) can be canceled by introducing a (2k — 2)-index
tensor field Cy;_o with the following action:

V2r

Cor—2 Qon_2k+2

SAn+1-— k 0 0
27”<n7+1 + 04> Q;k)—lﬂgn)-i-l—Qk] : (55)

The field C5; has dimension n — 1, and the forms Q9; and Qé?il have dimensions

1 2
S:/ {E‘d@“m&wgﬂg@_l‘ +i
Map

2] and 2] — 1. The arbitrary parameter £ therefore has dimension n — 2k + 1. The
action (55) is not invariant under local symmetry transformations. The modified
kinetic term of the field Coi_o makes it clear that the appropriate definition of its
field strength Hop_1 is

Hop 1 = dCoy—2 + v 2”595?_1 . (56)

This field strength can be made gauge-invariant, provided that Cog_o transforms
inhomogeneously under gauge transformations, in such a way as to compensate the

transformations of the Chern—Simons form Qé?c)f 1

5.Cop_n =20l . (57)

In this way d.Hor_1 = 0 and the kinetic term is therefore invariant. However, the
Wess—Zumino coupling Cog—2a,—2r+2 and the last counterterm in (55) transform
non-trivially and lead to a non-vanishing variation of S that exactly compensates
for the 1-loop anomaly (52), independently of the value of &:

5.8 = —27ri/ ol (58)
May,

Although the form of the anomaly (52) and of the last term in (55) depend on the
arbitrary parameter «, the gauge variation of S due to the transformation (57) is
independent of « and thus universal.

The above Green—Schwarz mechanism can be alternatively described in terms
of a “magnetic” (2n — 2k)-form potential Con—ok, dual to the “electric” (2k — 2)-
form potential Cox_o. The relation between the two formulations is defined in terms
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of the corresponding field strengths Hog—1 and ﬁgn,gkﬂ, and corresponds to the
statement that these are Hodge-dual to each other: Hoy—opt1 = i*Hop—1. In terms
of the magnetic potential Cy,_of, the Green—Schwarz action reads

. 1) - V2 2 ~
S = / [ 5 ‘dCQn_Qk + T Qé?72k+1‘ + V21 € Cop_op Qog
Map,

k

. 0 0
—2mi <O‘ - n——I—l) ng)—1an)+1—2k} : (59)

The appropriate definition of the field strength is thus

- ~ V2T
Hyp_opy1 = dCop_2p + N Q;(:B_Qk_l,_l . (60)

As before, this is gauge-invariant, provided that the antisymmetric tensor field
transforms non-linearly:

V2T (M

002k = — 5 on—2k *

(61)

Using these expressions, it is straightforward to verify that the variation of the
action cancels the 1-loop anomaly (52), exactly as in the electric formulation:

5.8 = —27ri/ ol (62)
Mo

Actually, the above two formulations can be shown to be perfectly equivalent. In the
electric formulation, the equation of motion following from (55) reads d* Hax—1 =
fz(\/ﬂ/é) Qon_ok12, whereas the Bianchi identity following from the definition
(56) is dHar—1 = V27 € Qa1 The magnetic formulation is then defined through
the substitution Hap_1 — i*ﬁgn,gkﬂ. The old equation of motion is turned into
the new Bianchi identity dﬁgn,gkﬂ = (\/ﬁ/&) Qon_ok12, whose general solution
is given by (60), the old Bianchi identity is turned to the new equation of motion
d*ﬁgn,gkﬂ = —iv/27m € Qoy, and the old action (55) to the new action (59).

The Green—Schwarz mechanism described above, involving a single tensor field
Cj—9 or its dual égn_gk, can cancel only reducible anomalies of the form Qg9 =
Dok Qapt2—2k, with 1 < k < n. This is clear from egs. (55) or (59), but also from
the fact that the involved forms are physical propagating fields only for 1 < k < n.
Notice in particular that the cases k = 0 or £ = n+ 1, corresponding to irreducible
anomalies, would formally require (—1)-forms or 2n-forms, with field strengths dual
to each other, which are clearly unphysical. Indeed, the top 2n-form has no physical
degrees of freedom, since it cannot have a sensible field strength, and its equation
of motion simply implies that the total charge under it should vanish; its would-be
dual (—1)-form is correspondingly not existing. However, a straightforward gen-
eralization of the basic Green—Schwarz mechanism, involving several physical ten-
sor fields C4; _, or their duals C‘%nf%i, with 1 < k; < n, can cancel anomalies
that are not reducible but can be decomposed into a sum of reducible ones, with
Qonto = Zl Qog,; Qonyo—2k,, each tensor field being responsible for the cancellation
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of one of the terms in the anomaly32. We will see in section 5 that in the case of orb-
ifold field theories many more generalizations are possible, depending on whether
the tensor fields live in the bulk of space-time or are localized at the singularities
of the internal space.

Notice finally that since the anomaly (52) is a 1-loop effect, either the Wess—
Zumino coupling or the Chern—Simons form modifying the kinetic term of the
antisymmetric tensor fields in the actions (55) or (59) must arise at the 1-loop
level, depending on n and k. One of these two terms can therefore be thought of
as being induced by the heavy states associated to the physics in the UV. This
was explicitly verified in string theory, where the microscopic theory is known and
computable. It is important to notice that the Green—Schwarz anomaly cancellation
mechanism cannot work in renormalizable 4-dimensional theories, since the actions
(55) or (59) necessarily contain operators of dimension greater than 4.

3.2. Spontaneous symmetry breaking and anomalies

The analysis of gauge anomalies that we have made so far can also be extended to
spontaneously broken gauge theories. The term “spontaneously broken” is actually
improper for local symmetries, since it is well-known that these are never truly
broken3?, but at most non-linearly realized in a Higgs phase. In the following, we
will restrict for simplicity to the case where the Higgs phase is parametrized by the
vacuum expectation value of some fundamental charged scalar fields — through
which one can construct gauge-invariant operators acting as order parameters —
but most of the considerations that follow are actually of a more general validity.
In particular, they apply also to theories on extra compact dimensions where, as we
will see in the next section, other symmetry-breaking mechanisms, such as Wilson
lines and orbifold projections, can occur.

The fundamental issue we want to address is whether the restrictions imposed
by anomaly cancellation are alleviated in the presence of a spontaneous symmetry
breaking. We will see below that this is indeed the case. For a theory with gauge
group G that is spontaneously broken to a subgroup H, the precise statement
is that the low-energy effective theory below the breaking scale can always be
made consistent through the addition of suitable local counterterms, provided the
unbroken symmetries in H are free of anomalies and some other mild conditions are
satisfied. The required counterterms can be constructed in a systematic way in terms
of the would-be Goldstone bosons ¢ in the coset G/H, the gauge bosons A of the
group G and their field strength F'; they are in general higher-dimensional operators
that make the effective theory non-renormalizable and limit its validity range to the
breaking scale. More in general, an anomaly in a spontaneously broken symmetry
does not lead to any true consistency constraint in an effective non-renormalizable
theory, since it is possible to cure it through counterterms involving a high energy
scale, and the study of such counterterms is therefore relevant also in the framework
of the higher-dimensional theories that are the subject of this review. For simplicity,
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we will consider only gauge anomalies in flat space, following?4:2%:26:34,

All the essential features of the above situation are well illustrated with a very
simple and particular example. Consider a simple U(1) gauge theory in 2n dimen-
sions with a chiral fermion and a complex Higgs field ¢, both of unit charge, and
suppose that ¢ has a non-vanishing vacuum expectation value v/ V2 that completely
breaks the U(1) symmetry. The Higgs field ¢ is most conveniently parametrized as
¢ = pe~?/? with 0 anti-Hermitian. The minimal kinetic Lagrangian of ¢ gives rise to
the kinetic term 1/2|df—vA|? for §, which transforms non-linearly as §¢ = v A under
a U(1) gauge transformation with parameter A. The U(1) symmetry is anomalous,
and the 1-loop effective action I' transforms as

in n
or = —7(71 1 (27r)")\F . (63)
This anomalous variation can however be compensated by adding the local coun-
terterm
" -
bWz = et (64)
The total effective action I' + I'yyz is then gauge-invariant. Notice that the coun-
terterm involves the operator #F2, which has dimension 5 in the 4-dimensional case
with n = 2 and makes, as anticipated, the theory non-renormalizable3®.

It is not difficult to realize that the anomaly cancellation mechanism provided by
the counterterm (64) in the simple example above is nothing but a particular case
of the Green—Schwarz mechanism discussed in subsection 3.1, with n = 2, k = 1,
& ~ v and Cy ~ 6, which in such a situation also implies that the U(1) symmetry
is spontaneously broken. The Green—Schwarz perspective is actually slightly more
general. Indeed, as explained in subsection 3.1, two physically different possibilities
can arise for the shift in the kinetic term of the field # and the Wess—Zumino term:
either the first is already there from the beginning and the latter is induced by
integrating out the heavy modes of the UV, or vice versa. In the first case, the
situation is perfectly analogous to the one described above, with a charged Higgs
field taking a vacuum expectation value. The second situation, instead, corresponds
to an originally neutral field that becomes effectively charged due to the heavy
modes that have been integrated out. In other words, in the first case the symmetry
is spontaneously broken from the beginning and the anomaly is canceled by adding
a Wess—Zumino term, whereas in the second case the Wess—Zumino term is present
from the beginning and it is the symmetry breaking that is added.

The generalization to an arbitrary gauge symmetry G spontaneously broken to
a subgroup H is not totally straightforward. We denote by T4 the whole set of
generators of the Lie algebra associated to G, and with T; and T, those associated
to H and G/H. We then assume that the fermion content of the theory is such that
anomalies arise at most in the broken symmetries in G/H, but not in the unbroken
ones belonging to H, that is:

5.T(A)£0, 5T(A)=0. (65)
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As before, we want to construct a Wess—Zumino term I'yyz involving the would-
be Goldstone bosons ¢ in G/H and the gauge fields A in G, in such a way that
its variation compensates (65) and I 4+ I'yyz is gauge-invariant. To construct such
a Wess—Zumino term, it is convenient to choose the unitary gauge in which all
the ¢’s are constant. This gauge choice is in general achieved through some gauge
transformation U (z) that transforms the G/H-valued fields ¢(x) to constants. This
gauge transformation U is however clearly not unique: two G-valued maps U and
U’ correspond to the same ¢ if and only if they differ by a right transformation h
belonging to H: U’ = Uh. Tt is then possible to use U(x) as a dynamical variable
instead of ¢(z), although this introduces an additional H-gauge degree of freedom
that should eventually decouple. This change of variables is very convenient, be-
cause U transforms covariantly under a gauge transformation as U — U9 = ¢~ 'U,
whereas ¢ does not, and it allows to construct the required Wess—Zumino term for
a generic anomalous quantum effective action I' simply as

Tz (U, A) = T(AY) —T(4). (66)

In this way, the total effective action I'(A) + T'wz(U, A) is automatically gauge-
invariant under all the transformations in G, since

Ty 2 (U9, A9) — Ty 5 (U, A) = [r(AgUg) - r(Ag)} - [r(AU) . r(A)}
- [r(Ag) - F(A)} . (67)

Notice that, as a consequence of the second equation in (65), the Wess—Zumino
term (66) is, as it should, insensitive to the ambiguity in the definition of U modulo
transformations h of H: T'wz(Uh, A) = T'wz (U, A). Parametrizing the anomalous
variation of the latter as in (3), and introducing again the space Mj,  , whose
boundary is the 2n-dimensional space-time Mas,, it can be written more explicitly
as

) 0 0
Pwz(U.A)=2mi [ [0f,(47) - 0, (). (68)
én+1
The above construction can be generalized to the case in which the second
condition in eq. (65) is replaced by the weaker condition that the pure H anomalies

vanish:
6;T(Ag)=0. (69)

Indeed, in such a situation it is possible?*2® to satisfy the second relation in (65) by
adding to the effective action a suitable local functional Ba,(Am, A) of the gauge
fields, provided that G/H is a reductive space, i.e. [T;,Ta] = fiagT”?, which is in
particular true when GG or H are compact groups. In this more general setting, all
perturbative gauge anomalies can be canceled by adding to the action the Wess—
Zumino term I}y, ,(A4,U) = T"(AY) — I"(A), which corresponds to the modified
effective action IV(A) = T'(A) + Ban(Am, A). Once gauge invariance is restored
in this way, it is possible to choose the unitary gauge where ¢ decouples and the
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gauge bosons of G/H are massive. However, the presence of I';, , in a generic gauge
suggests that such a theory is nevertheless non-renormalizable. This has been proved
explicitly using the 't Hooft-Landau gauge in Ref. 26.

A particularly nice physical interpretation of the Wess—Zumino terms can be
given in the case where the microscopic theory with gauge group G contains extra
chiral fermions that make it completely anomaly free and become heavy after the
spontaneous symmetry breaking G — H, thanks to large Yukawa couplings, with
a mass M that is much larger than the breaking scale v. The Wess—Zumino term
that is needed to cancel the anomaly of the remaining light modes is then automati-
cally generated in the low-energy effective theory when integrating out these heavy
fermions®®. The fact that this happens is in fact ensured by ’t Hooft’s anomaly
matching condition®”: anomalies, being long-distance effects, have to match in go-
ing from the fundamental to the effective theory. Possible topological obstructions
or global gauge anomalies will be briefly considered in section 6.

An important constraint on the above anomaly-cancellation mechanism for
spontaneously broken symmetries is that the addition of the Wess—Zumino term in
the action should not break other important symmetries that are possibly present in
the theory. This observation is particularly relevant when studying gauge theories
with compact extra dimensions, where most of the higher-dimensional local sym-
metries are non-linearly realized on scalar fields arising from internal components
of tensor fields in higher dimensions. To illustrate the point, let us consider the sim-
plest example of a U(1) gauge theory on R*x S1. After Kaluza—Klein decomposition,
the 5-dimensional gauge field A, yields an infinite number of 4-dimensional gauge
bosons A, plus an infinite number of charged scalar fields As ,,, and similarly the
5-dimensional gauge parameter A yields an infinite number of 4-dimensional gauge
parameters A,. The gauge transformation laws then become 6,4, , = d,A, and
InAs n = 10y Ay, where v, = n/R in terms of the radius R of the internal dimension.
This clearly shows that from the 4-dimensional point of view there is a linearly re-
alized U(1)¢ gauge symmetry associated to A, o, with a neutral field A5 from the
zero-mode sector, plus an infinite set of spontaneously broken U(1), gauge sym-
metries associated to the A, ,, with would-be Goldstone bosons ¢,, given by the
As ,, and breaking scales v,,, from the non-zero-mode sectors. In the notation of this
section, the original and final gauge groups are therefore given by G = x,U(1),
and H = U(1)g. In the case at hand, the circle compactification always leads to a
vectorial theory and the broken symmetries are never anomalous. However, in sim-
ilar but less trivial situations such as orbifold compactifications, these symmetries
might become anomalous and require the introduction of infinitely many Wess—
Zumino counterterms of the form ¢, F,, Fi. The requirement that these should
satisfy the 5-dimensional Poincaré symmetries implies that these must correspond
to the Kaluza—Klein decomposition of a 5-dimensional Chern—Simons term of the
form eMNPQR A, FypFor. We will see in section 5 that such a term can indeed
play an important role in the cancellation of anomalies in such theories.
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4. Localized anomalies on orbifolds

In this section, we shall generalize the computation of section 2 to the case of
orbifold theories. We shall consider a general orbifold construction defined by start-
ing with a (2n + m)-dimensional space that is the product of a non-compact 2n-
dimensional® space-time Ms,, and a compact m-dimensional internal space K,,.
The orbifold projection is implemented by “gauging” some finite group Zy of ge-
ometrical symmetries of K,,, thereby turning the physical space to Mapim =
My, X Kp,/Zy. The coordinates oM on Mgy, with M =1,...,2n + m, can be
split into the space-time coordinates = on Ms,, with u = 1,...,2n, and the inter-
nal coordinates * on K,,/Zy, with i = 1,...,m. For convenience, we shall often
indicate these two sets of coordinates simply with = and z. If Zy acts non-freely
on K, and has fixed points, the orbifold K,,/Zy fails in general to be a manifold.
Nevertheless, orbifold theories are very appealing, because they provide all the fea-
tures of a compactification on a curved and topologically non-trivial manifold, but
are much more tractable if the original compact manifold K, is simple enough. We
will concentrate in the following on the simplest and also most relevant case, where
K,, is a product of circles or tori, which are themselves obtained by modding out
the Euclidean space R™ with a group of translations 7. In such a case, one can
equivalently construct the orbifold by starting directly from R™ and projecting it
with the larger group generated by the combination of the orbifold transformations
Zy and the translations 7', which is the so-called space group, in contrast to the
group of the sole Zy orbifold transformations, which is called the point group. See
Ref. 1 for more details.

Field theories on orbifolds can be consistently studied at the quantum level,
as low-energy effective descriptions of a more fundamental theory such as a string
theory. Although such higher-dimensional quantum field theories are unavoidably
non-renormalizable, consistency at low energies requires that gauge and gravita-
tional anomalies be absent. As explained in the introduction, one must then study
the quantum realization of the full group G of higher-dimensional local symmetries
and require it to be free of any anomaly. In other words, the quantum effective
action T'(A) should be invariant under local transformations in G with arbitrary
parameter v, (z, z) (o = 1,...,dim G) depending on the space-time coordinates x
as well as the internal coordinates z.» The general form of a possible anomalous
variation of the effective action I' under this kind of transformations is given by

Z(v) = 0,I'(A) = 2mi / Pz d"z AN (x, 2) . (70)

&We take Ma, to be an even-dimensional space, because the study of perturbative anomalies for
odd-dimensional spaces is trivial.

b We are assuming here that the gauge fields propagate on the whole May,4m, so that the gauge
symmetry is local with respect to all the coordinates (z,z). However, this is not necessary, and
we will comment below on the more general situation in which gauge fields are localized on a
subspace of the internal space.
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A related issue is the quantum realization of the subgroup H of symmetries surviv-
ing in the dimensionally reduced theory, defined by discarding all the heavy Kaluza—
Klein modes from the beginning without integrating them out, that is truncating
the theory by retaining only the lower-dimensional zero modes. An anomalous vari-
ation of the corresponding effective action I under a symmetry transformation of
H with parameter v;(z) (i = 1,...,dim H) is then given by

Z(3) = 6T (A) = 2mi / drz AV (). (71)

Although the dimensionally reduced theory crucially differs from the more relevant
low-energy effective theory obtained by integrating out the heavy Kaluza—Klein
modes, the comparison between (70) and (71) proves to be very useful. We call
A(z, z), defined as in (70), the localized anomaly and A(z), defined as in (71),
the integrated anomaly. We will show that fl(m) is indeed related to the integral
over the internal space of A(z, z). If the latter is zero, the former is guaranteed to
vanish, but the converse is in general not true, and this is the crucial new aspect
to be studied in theories with compact extra dimensions. A more precise statement
can be given using the general formalism presented in subsection 3.2. From the
2n-dimensional point of view, the original gauge group is represented by a infinite
number — one for each Kaluza—Klein mode of the gauge fields — of copies of the
higher-dimensional gauge group: G = x,G,. The final gauge group after the orb-
ifold projection is instead a subgroup H of the sole Gy group associated to the zero
modes. Two different kinds of symmetry breaking can be identified. First, a spon-
taneous symmetry breaking G — Gy, involving the non-zero modes of the internal
components of the gauge fields as Higgs fields, and then a truncation of Go — H.
Although the latter truncation is not spontaneous in the sense of subsection 3.2,
the results of that subsection still hold, since possible anomalies associated to the
coset Go/H identically vanish. The condition that (71) vanishes corresponds then
precisely to the condition (69). The arguments of subsection 3.2 then imply that
when (69) holds — possibly thanks to a Green—Schwarz mechanism as discussed in
subsection 3.1 — there should always exist local counterterms allowing the anoma-
lies (70) to be canceled. However, as already pointed out in the introduction and
at the end of subsection 3.2, the non-trivial issue is to understand whether these
counterterms are consistent with all the other symmetries of the theory. On the
other hand, the nature of the counterterms or Green—Schwarz mechanisms that are
required to cancel (70) can be easily understood by explicitly computing (70). This
is the motivation for studying localized anomalies on orbifolds.

We will present below a computation of anomalies in orbifold theories along
the lines of section 2, using Fujikawa’s approach and mapping the problem to the
evaluation of traces of certain supersymmetric quantum mechanical models. The
consistent form of the anomaly can then be derived by using the Stora—Zumino
descent relations, exactly as for smooth manifolds. The only novelty arising from
the singularities introduced by the orbifold projection is that the localized anomaly
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can have not only the expected contribution distributed over all the space Moy, +m,
but also other contributions that are localized at the orbifold fixed points.

4.1. Generalities about orbifold projections

The orbifold projection is defined by a geometric action g representing a symmetry
z — gz of the internal covering space K, and generating the finite group Zy, which
is also embedded into the gauge symmetries of the original theory. The geometric
part of the Zy action on a bulk field ® propagating on the whole space Mo, m,
is fixed by the decomposition of its representation under the tangent space group
SO(2n + m) of Mapip, in terms of SO(2n) x SO(m), where SO(2n) and SO(m)
are the tangent space groups of My, and K,,.! In the special case in which K,,
is 1-dimensional, the geometric action of g on ® corresponds instead to a parity
transformation. The projection acts on the gauge group G through an automor-
phism on its Lie algebra, i.e. through a transformation of the type T4 — P%TB
that leaves the structure constants of the group invariant. When the automorphism
can be written as a group conjugation, P%TB = PTAP~!, with P € G, it is called
inner automorphism; otherwise it is called an outer automorphism (see Ref. 38 for
more details). For simplicity, we will restrict to inner automorphisms, where P sat-
isfies PV = I. The transformation properties of the space-time components of the
gauge fields, being insensitive to the geometric action of g, are uniquely given by
the matrix P:

Au(gz) = PA,(z) P71, (72)

The orbifold boundary conditions (72) break the gauge group G to the subgroup
H that commutes with P; more precisely, as discussed at the end of subsection
3.2, the transformations belonging to H admit a linear realization that involves the
zero modes of A,,, whereas those in G/H are non-linearly realized on the non-zero
modes.

The general gauge symmetry breaking G — H is most efficiently described3%:49
by distinguishing the Cartan generators H; of the Lie algebra G associated to G,
with I = 1,...,rank G, from the remaining ones F4, with A = 1,...,dimG —
rank G. The structure of the algebra is then as follows:

[Hr, Hy] =0, (73)
[Hi,Ea] = pi'Ea, (74)
[Ea,Ep| < Eayp. (75)

The commutation relation (74) defines the root vector p‘f‘ associated to each F4,
and the commutation relation (75) is vanishing whenever the right-hand side does

TRecall that the tangent-space group of a D-dimensional manifold is isomorphic to SO(D) and has
nothing to do with the symmetry group of the manifold itself. The “spin” of a field ® is defined
by its representation under SO(D).
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not exist. Assuming without loss of generality that P is diagonal, its general form
involves only the Cartan generators H; and is parametrized by a vector V; as

P = Vit (76)

The twist vector V; is constrained by the condition PV = I, but is otherwise
arbitrary. The 4-dimensional gauge field can accordingly be decomposed as A, =
AlHp + AfEA. It follows from the commutations relations (73) and (74) that all
the modes Aft are even and lead to a zero mode in (72), whereas the modes Af have
boundary conditions twisted by the phase e?™*V 4. All the non-Cartan generators
for which V - p4 is an integer will lead to zero modes and thus to 4-dimensional
unbroken symmetries. Thanks to (75), all the elements of the group G that admit
zero modes form a subgroup H C G, whose rank coincides with that of G.

The compact manifold K, is in general not simply connected and hence, in addi-
tion to the orbifold boundary conditions (72), one has also to specify the periodicity
conditions of space-time fields around its non-contractible cycles!*!3°. Denoting by
eq the basis vectors of the non-contractible cycles 7, in K, one can impose for 4,
a general boundary condition that is twisted through arbitrary matrices W, of the
gauge group G in the fundamental representation:

Az +eq) = WA (2) Wt (77)

The twist matrices W, can be interpreted® as Wilson lines along the cycles 7,:

Waz’Pexpj{ A, (78)
Ya
where P (not to be confused with the twist matrix P) denotes the usual path
ordering.) Only a subset of the Wilson lines that are allowed on K, give well-defined
Wilson lines on K,,/Zy. The precise consistency conditions for the latter depend
on the explicit form of K, and must be discussed case by case. In subsections 4.2
and 4.3, we will do this in some detail for the simplest 1- and 2-dimensional orbifold
constructions, in which the Wilson lines (78) arise from constant connections and
the path ordering is irrelevant. A general feature distinguishing the solutions to
the Wilson line consistency conditions is that they may or may not depend on
continuous parameters. The first are called continuous and the other discrete Wilson
lines.

Wilson lines represent an additional possibility for gauge symmetry breaking,
since only the gauge fields A, left unbroken by the projection P and periodic
around all the cycles of the internal space admit 4-dimensional massless modes.
The combined gauge symmetry breaking due to the boundary conditions (72) and
(77) can be alternatively understood in terms of the symmetry breaking that is

JRecall that in our conventions the gauge fields are taken to be anti-Hermitian and this explains
the absence of a factor ¢ in the exponent of (78).



28 C. A. Scrucca and M. Serone

locally effective at the various fixed points of the orbifold action.X The crucial
property allowing this reinterpretation is that a generic fixed point z;, is left fixed
by the element ¢g¥ only modulo a suitable translation in the covering space. More
precisely, bringing back the image g*z;, to the original z;, will require some integer
numbers n;,, of translations along the basis vectors e, specifying the cycles v, of
K., so that:

zi, = gz, + Z Ni,a€a - (79)

The numbers n;,, depend on the particular fixed point z;, and are in general
different for different fixed points of the same element g*. Combining (72), (77) and
(79), we deduce that at a given g* fixed point z;,, with associated integers n;, 4,
the effective orbifold projection is implemented by a matrix that is not just P* but
rather

Py, =wa" P (80)

More precisely, this means that only those components of the gauge field that
commute with P;, can possibly have zero modes. The gauge group G is therefore
locally broken at z = z;, to the subgroup H;, of G commuting with P;, at z = z;, .
The globally unbroken gauge group H in 2n dimensions is then the intersection H
of the gauge groups surviving at all the fixed points: H = N;, H;, . Depending on
whether the Wilson lines W, commute or not with the projection P, rank-preserving
or rank-reducing gauge symmetry breaking are possible.! In the following, we will
take into account the possible presence of Wilson lines, and discuss in some detail
their effect on anomalies (see also Ref. 42 for a recent similar analysis).

Charged matter fields can propagate either in the whole space-time Mo, 4, and
be in representations of the full gauge group G (bulk fields) or localized at one of
the fixed points z;, and be in representations of the corresponding subgroup H;,
(boundary fields). Although we have assumed, in writing (72), that the gauge fields
are bulk fields, this is not necessary; in fact they can be localized on some subspace
of the whole space-time, as happens in string theory in the presence of D-branes,
for example. On the contrary, gravity is always a bulk field, of course. As we will
show more concretely below, in such a general orbifold model the localized anomaly
(70) consists of a delocalized piece arising from possible anomalies already present
on the covering space K,, and concerning the full gauge group G, plus additional
pieces localized at the fixed points z;, and concerning the gauge subgroups H;, .

kThe orbifold action may also happen to leave a subspace of the internal space fixed, rather than
a point, in which case one gets fixed planes, rather than fixed points. In the following we shall
restrict to fixed points for simplicity.

IMore generally, a rank-reducing Wilson line symmetry breaking occurs whenever the orbifold
space group is non-Abelian and can be implemented in the gauge group in a non-Abelian way*3.
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4.2. Boundary fermions

The contribution to the anomaly (70) induced by a boundary fermion of 2n-
dimensional chirality 7, living at some fixed point z;, and transforming in a rep-
resentation R;, of the locally unbroken group H;, at z;,, is easily derived. It is
obviously localized at z;, and given by the standard expression in terms of the
gauge and gravitational curvatures:™

Az, z) = nchr, (F)AR) 6" (z — 2,). (81)

The case of a fermion that is localized only on a subspace of the internal space is
more similar to the case of a bulk field, because the orbifold projection affects the
result for the anomaly. The relevant formulae are perfectly similar to those derived
in the next subsections for bulk fields, and we will therefore not discuss any further
this intermediate case. An even more general situation is obtained when the matter
fermion and the gauge fields are localized on different subspaces of the internal
space with a non-empty intersection. In this case too, the relevant formulae do
not present significant new features with respect to the two extreme cases of fields
localized at a point of the internal space or propagating on all of it.

4.3. Bulk fermions on S'/Z»

The simplest example of orbifold construction, with 2n space-time dimensions and
m = 1 internal dimension, is based on a simple circular covering space K; = S*,
which is defined by modding out the real line with coordinate z by the translation
T:2z— z+e, with e = 27R in terms of the radius R. The orbifold projection is
defined by identifying points on the circle S! that are related by a Zo reflection
R : z — —z. There are two fixed points, z; = 0 and z; = 7R, and the physical
part of the internal space is the segment of length 7R that connects them. The Zj
projection is embedded into the gauge group G through an arbitrary matrix P € G
satisfying P? = I.

Consider a bulk Dirac fermion field ¥ in an arbitrary representation R of the
gauge group G in interaction with external gauge and gravitational fields. The
(2n+1)-dimensional Lagrangian before the Zy projection is given by (4). The action
of the reflection on the fields depends on the orbifold matrix P and an overall sign
choice n = (—1)™ for the fermion, where r, = 0,1 can in general depend on the
representation R. The orbifold boundary conditions then read:

U(—z) =ny2n1PrY(2),

mMore in general, the boundary fermion can couple also to gravitational fluctuations in the trans-
verse space Kp,. This happens for instance for a set of fermions transforming non-trivially under
the transverse SO(m) tangent space group. A typical example is given by boundary fermions
arising from a trivial dimensional reduction of a bulk fermion, which transform in the spinor rep-
resentation of SO(m). This is the case of the fermions living on D-branes in string theory**. See
Ref. 45 for the general form of the gauge and gravitational anomaly induced by these fermions.
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A,(—2) = PA,(2)P™", A,(—2)=—PA,(»)P',
9w (=2) = g (2) s Guz(=2) = =9u=(2) s g22(—2) = g22(2) - (82)

In these expressions, P = Prnq and Pr are the twist matrices in the fundamen-
tal defining representation and in the generic representation R respectively. Since
S1 is not simply connected, we also need to specify the corresponding periodicity
conditions. These are in general twisted by a matrix W, and read

U(z+271R) = Wr¥(z),
Ap(z +27R) = WA, W (2),
gun(z +27R) = gun(2), (83)

where W = Weynq and Wy represent the Wilson line in the fundamental represen-
tation and in the generic representation R.

The fixed points z; = 0 and 22 = 7R have n; = 0 and np = 1 in (79), and
the corresponding effective projections are P, = P and P, = WP. Denoting by
H; and H> the associated gauge subgroups, the surviving gauge group in 2n di-
mensions is H = H; N Hy. The gauge twist can be interpreted as a Wilson line
W = exp{$(A.)} = exp{2mR(A.)}, constructed from a non-vanishing (A.) that
is constant and compatible with the boundary conditions for A,. This is possible
as a consequence of the fact that (A.) does not necessarily commute with P and
is moreover defined only up to the equivalence class (A,) = (A,) + ip/R, where p
is any integer, dictated by periodic gauge transformations on S (see e.g. Ref. 46).
The allowed values for W can be determined by noting that the geometrical actions
T and R of the translation and of the Zy action satisfy the relation (RT)? = I.
As a consequence, the generic boundary conditions (82) and (83) on the fields are
mutually consistent only if the corresponding twist matrices P and W satisfy the

relation!*?

(PW)?=1. (84)

Two possibilities can then arise, depending on whether the Wilson line originates
from an even or an odd component of A,. The generators T, of the Lie algebra
of G that correspond to components of A, that are even under both projections
effectively implemented at the two fixed points, and therefore lead to zero modes for
A, are specified, as a consequence of (84) and (82), by the following two conditions:

(P,T,} =0, {WP,T,}=0. (85)

Together, these also imply that [W,T;,] = 0. These Wilson lines are continuous,
since the even fields A7' from which they are constructed can take an arbitrary
constant vacuum expectation values." Due to the first of the conditions (85), W
cannot commute with P, [P,WW] # 0, so that continuous Wilson lines typically

"Recall that no potential for the scalar fields A is allowed by gauge invariance on the orbifold
S1/Zs and thus AT are moduli fields, at least at tree level.
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induce a spontaneous rank-reducing gauge symmetry breaking. On the other hand,
the generators T;, that correspond to components of A, that are odd under both
local projections, and therefore do not lead to zero modes for A,, are specified by
the conditions:

[P.T;] =0, [WP,Ty] =0. (86)

As before, these imply that [W, T;;,] = 0. In this case, the Wilson lines constructed
from the corresponding A are discrete. Indeed, only the two specific values (A™) =
0 and i/(2R) satisfy the odd orbifold boundary condition about each fixed point,
thanks to the fact that a shift by i/R in (A™) is irrelevant, and are allowed. In
this case W commutes with P, [P, W] = 0, so that discrete Wilson lines induce
a rank-preserving gauge symmetry breaking. This can also be understood from
the fact that the orbifold projection acts with opposite signs on A, and A,; the
gauge fields AT are therefore even under both P and WP and the generators
T™ correspond to the unbroken gauge group H in 2n dimensions. This is not a
spontaneous symmetry breaking, but rather a truncation and as such it is more
similar to an orbifold projection (see below). Finally, it can easily be verified that
the remaining components of A,, which are even under one of the local projections
and odd under the other, can never give rise to consistent Wilson lines on S'/Zs.

It is worth mentioning that the orbifold S! /Zs in the presence of a discrete
Wilson line W can be equivalently described in terms of an other orbifold, con-
structed from a circle SY of radius R’ = 2R that is the double cover of the original
S1. Since W2 = I, all fields are periodic around S, and the projection P’ = WP
is now realized through a new independent Z reflection that is orthogonal to the
original Zs reflection and acts as inversion around the point wR’/2 of the circle.
The resulting space is thus an S’ /(Zg x Z}) orbifold.

Let us now come to the computation of the anomaly induced by the fermion ¥ in
the general case in which discrete Wilson lines are allowed. Since the dimensionality
of the whole space is odd, it is not possible to compute the chiral anomaly, as
explained in subsection 2.1, and then apply the Stora—Zumino descent relation.
Rather, one has to consider the local transformations directly, as done in subsection
2.2, but with the difference that the fermion ¥ is in this case necessarily of the Dirac
type. To begin with, it is convenient to consider anomalies on the covering space
My, x St. Proceeding along the lines of subsection 2.2, these are found to be

7 — lim Z (qﬁ;;vaTae—ﬁ(iw)z/Qqﬁk _ SDL’UozTae_B(iDP/Q(Pk) ) (87)
B—0 A

Since the two sets of eigenfunctions ¢ and y, are equivalent, the anomaly vanishes
trivially. Eq. (87) can again be interpreted as a trace for the supersymmetric quan-
tum mechanics defined by (16), but with (z*, %) now taking values in Ma,, x S':

I = lim Tr [(71)F QePH|. (88)
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As in subsection 2.2, (—1)f is the fermion number operator, H = (i[P)?/2 is
the Hamiltonian associated to the Lagrangian (16), and @ is given by (43) and
(48) for gauge transformations and diffeomorphisms, and implements again the
Stora—Zumino descent on the trace computed without its insertion, modulo a Bose-
symmetrization factor. The trace includes a sum over all the Dirac components of
the space-time fermions, which are realized in the standard way from the Clifford
algebra associated to the fermions ¢*, as in (19). The operator 1), on the other
hand, is identified with (—1)f; more precisely, with the normalization of (19) one
has (—1)¥ = v/2¢%. In the perspective of eq. (88), the anomaly vanishes because
each energy level contains equal numbers of components with (—1)f equal to 1 and
—1. In the by-now familiar path-integral representation of the above trace, all the
fermions ¥* and ¢¥ are periodic® in 7 and the vanishing of the anomaly on My, x S*
is due to the fact that the effective Routhian (25) contains only interactions with
an even number of fermionic zero modes, whereas the Berezin integral (32) requires
the insertion of an odd number of zero modes to be non-vanishing.

On the orbifold S!/Zs, we still obtain eq. (87), but the two sets of eigen-
functions ¢ and ¢y are no longer equivalent, because they are now two different
subsets of the unique set of eigenfunctions on S! that have definite and opposite
Z, parity, as required to expand the fields ¥ and W¥. From the first equation in
(82), it follows indeed that the generator g acts as gor(z) = nyent1Por(—2) and
9ok(z) = —my2n+1Per(—2) on the two sets. In order to compute the resulting
anomaly, it is convenient to represent these two relevant sets of eigenfunctions on
S1/Z5 as the subsets of those on S! that are invariant under the orbifold projection.
This is achieved by inserting into the trace over the eigenfunctions of S! the Zs
projector Pz, = (1+¢)/2:

L (=)F Qe (89)

Only the term coming from the part of the projector involving g gives a non-trivial
contribution, the term proportional to 1 being related to the anomaly on S', which
is vanishing. The relevant Euclidean Routhian associated to (89) is

7Z = lim Tr
B—0

1 A 1 . 1 .
R= gound™a™ + sun™ + 2 [uw el wyi
* . 1 *
+CAAﬁIBzMCB—icAcBi/)Mw]—VFﬁEB. (90)

The underlined letters denote flat indices. The periodicity conditions of the fields
XM and 2 in the functional-integral representation of (89) are determined by the
action of the Zs twist g on them. Since g acts as +1 for space-time indices and —1
for the internal index, the fields # and £ are periodic, whereas z* and 1 are
antiperiodic. The action of g on the operators ¢* and c is instead given in terms of
the matrix P as gc*g~! = ¢*P and gcg~! = P~ lc.

°The easiest way to see that 1)* has to be periodic is by using supersymmetry, which relates the
latter to the periodic z*.
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To evaluate (89), we proceed as in section 2.1. The antiperiodic fermion field ¢*
does not admit zero modes. On the contrary, the antiperiodic z* does admit a zero
mode that is quantized to assume the discrete values z; o corresponding to the two
points left fixed by g. After going to normal coordinates, the effective quadratic
Routhian is found to be

1r. . . .
R = 5 [gﬂ«sﬁ + A M Ry (0, 23, 100 )ELEY | — ¢ F (20, 2i, o) e’
1/. . .
+ 5 (&€ 4 208) + (-22) Al peP, (91)

where A2 denotes the background associated to a possible discrete Wilson line
and

1 o
Rﬁz(-rOa Ziy wO) = EREKBQ(:EO; Zz)l/fogl/fo_ ’

F(:EOa ziawo) = %Fﬂz(.’lfo, Zz)woﬁwoz (92)

The last term in (91) originates from the term proportional to A, in (90). For
constant A,, the latter is a total derivative with respect to 7, but its integral
§ @* = 2*(B) — 27(0) does not vanish, since z* is antiperiodic and thus 2*(3) =
—2#(0). Replacing 2*(0) with one of its two zero modes z;, we then find —2z;, as
n (91). Using (79), —2z; can be conveniently rewritten as n;2w R, where n; denotes
the number of translations that are required to identify z; and its Zy image —z;.
The trace over the 1-particles states of the fermion fields c4 can be easily evaluated.
It depends on the orbifold matrix P as well as on the discrete Wilson line W and
yields:

Trc,c* |:P€27rniRcf4AchB ec;‘FABCB:| = trg |:Wn’P€F:| . (93)

The path integral over the fluctuations of the periodic fields is computed as in
section 2.1. The one over the fluctuations of the antiperiodic fields yields instead:

1

det ! [aﬁ} =, (94)
det {67} —2. (95)
The factor of 2 in the fermionic determinant (95) arises in a subtle way. In fact, the
determinant itself would give a factor \/5, but another factor v/2 must be added
in the fermionic measure when passing from the Hamiltonian to the Lagrangian
formalism, since (—1)F = /217,

Putting the above results together, the consistent form of the (2n+1)-dimensional
localized gauge and gravitational anomalies is finally found to be

Az, 2) = g 3" ehr(PL F)AR) 8(2 — 2) (96)

i=1,2
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where P, is the effective projection at each fixed point z;, i.e. Pp = P and P, = WP,
and

chr (P, F) = tr [R-eiF/ W} . (97)

The anomaly (96) is the sum of two contributions localized at the orbifold fixed
points z;. It is interesting to observe that these contributions can be interpreted
as the anomaly arising from the chiral fermions that would survive the projection
implemented by P; at the point z;. In fact, if taken on its own, P; would break
the gauge group G to a subgroup H;, with the representation R of G decomposing
into the representations R;, of H;. Since P; commutes with all the generators of
H;, it acts as (—1)"™ with integer r;, on the representations R;, arising from the
decomposition of R under the G — H; symmetry breaking. Each representation
Ri, is then counted in (96) with the sign n(—1)", which corresponds to the 2n-
dimensional chirality of the surviving fermion. This makes it possible to rewrite
(96) in terms of the anomaly A;(z,2) induced by the massless fields that would
survive the orbifold projection associated to the fixed point z;, which depends on
those gauge fields that would survive that same projection. The result is simply

1
A = AT, 25 - Zi).
(z,2) .Z 5 Ai(2,20)0(2 = 2) (98)
i=1,2
On the other hand, the 2n-dimensional anomaly obtained by integrating (96)
over the internal dimension is given by

A(z) = chr (P, F) A(R) . (99)
In this case P = P(1 4+ W)/2 and F is the field-strength of the gauge fields com-
muting with P and W and defining the unbroken gauge group. Again, since P
commutes with all the generators of H, we have chg (P, F) = >, m chg, (F), where
1 are the 2n-dimensional chiralities of the surviving fermions in the representations
R; of H, arising from the decomposition of R. The integrated anomaly (99) then
coincides with the anomaly induced by the massless 2n-dimensional fermion zero
modes, as expected.

The above general results are best illustrated with the simplest case G = U(1)
with P = 1, so that H = U(1). The allowed discrete Wilson lines are then given
by W = £1. The case W = 1 corresponds to a model where the projections at
the two fixed points z; = 0 and zo = wR act in the same way and preserve a
fermion zero mode of the same chirality 7; this implies that 4; and As in (98)
are equal. This result for the basic S'/Zs model was derived in Refs. 48, 49. The
case W = —1 corresponds instead to a model where the projections at the two fixed
points z; = 0 and z3 = 7R preserve fermion zero modes of opposite chiralities 7 and
—n; A1 and A, are then equal in magnitude but opposite in sign. The integrated
anomaly (99) vanishes since P = 0 in (99); indeed, no massless fermion survives
the projection. This result was derived in Ref. 50 within the equivalent formulation
of this model as an S'/(Zy x Z}) orbifold, as described before. It has also been
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shown in Ref. 51 that these results are valid not only for flat orbifolds, but also
for warped ones, with a non-trivial metric profile: the warp factor always cancels in
both the localized and the integrated anomaly. Another interesting class of models
is obtained when G = SU(N + K) and P is such that H = SU(N) x SU(K) x U(1).
There are then various possibilities for W, among which W = I. This situation has
been studied in Refs. 52, 53. A detailed study of anomalies on a 7-dimensional space
based on an Sl/Zg orbifold has been performed in Ref. 54.

4.4. Bulk fermions on T?/Zyn

The next orbifold construction we consider is based on a toroidal covering space:
K, = T?. A torus T? is described by three real parameters and is obtained by
identifying points in the complex plane that are related by the two translations
T; : z — z + e; along the basis vectors e; = 27R and ey = 27 RU, where R
is a radial parameter and U is the complex structure of the torus. The orbifold
T?/Zy is obtained by further identifying points related by the rotation R : z —
7z, where 7 = €?™/N_ There exist consistent constructions for N = 2,3,4,6, for
which 2-dimensional lattices with non-trivial discrete rotational symmetries exist.
The case N = 2 is consistent for arbitrary R and U and corresponds to a rather
straightforward generalization of the 1-dimensional case of subsection 4.3. The cases
N = 3,4,6 are instead consistent only when the complex structure of the torus
is equal to the orbifold twist: U = 7, or other equivalent discrete choices. The
fundamental domain of these T?/Zy orbifolds can be chosen to be a polygon of
surface |e1 X ea|/N connecting the different fixed points. The number of such points

that are left fixed by the k-th power ¢g* of the generator g of Zy is given by

Ny, = {2 sin (%k)r (100)

It is therefore necessary to distinguish sectors labeled by different k = 0,1,..., N—1.
However, since gV =% = (g*)~!, the k and N — k sectors have the same fixed-point
structure and can be treated together, so that the physically distinct sectors are
labeled by k = 0,1, ...,[N/2], where [N/2] denotes the integer part of N/2. The Zy
projection is embedded as usual in the gauge group through an arbitrary matrix P
of G satisfying PN = 1I.

We consider a (2n + 2)-dimensional complex fermion ¥ of chirality p in an
arbitrary representation R of the gauge group G and in interaction with external
gauge and gravitational fields. The action of the Zy rotation on the spinor indices
is specified by the SO(2) ~ U(1) representation under the internal tangent space
group. For a fermion of spin 1/2, this is a phase 7%, where s = £1/2 defines the
two 2n-dimensional components with chirality +1. The orbifold action on the gauge
degrees of freedom is implemented by the matrix P and can involve a phase n of
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the form n = 7Y/2*™  with r, = 0,1,..., N — 1.P One then has

\P(Tz) = T]TSPR\I/(Z> ,

Au(t2) =PA,(2) PY, A(r2) =7 'PA.(2) P!, As(tz) =7PAs(2) P71,
Guv(T2) = gw( z), Gux(T2) = TﬁlguZ(Z)v Guz(T2) = Tguz(2),
9:2(12) = 7729.2(2), g22(72) = T2g22(2), g22(72) = g22(2) - (101)

Similarly, the actions of translations around the two independent cycles of T2 are
encoded in boundary conditions that are in general twisted by two Wilson lines W3
and W5 of the gauge group G:

U(z+e,) = Wor¥(2),
Am(z +eq) = WoAn (2) Wit
gun (2 +eq) = gun(z). (102)

The notation for the twist and Wilson line matrices is as in subsection 4.3. The
Wilson lines are specified by the possible constant connections that can exist
around the two independent cycles v, specified by the basis vectors e,: W, =
exp {eq.(A;) + c.c.}. Exactly as in the S'/Zy case, the constant background value
(A.) can be compatible with the orbifold boundary conditions, thanks to the equiv-
alence relation (A,) = (A,) + 2mip, /e, on T?, with p, two arbitrary integers. The
consistency conditions constraining the matrices P and W, are in this case quite se-
vere. Indeed, the geometric actions of R and T, satisfy the relations (T, R?)N/4 = T
for each integer ¢ = 1,..., N/2 such that Zy/, is a subgroup of Zy, i.e. N/q is
integer, and [T7, T3] = 0. These imply the conditions

(W, POYNG =T, [Wy,Ws]=0. (103)

There is an additional condition depending on how the basis vectors e, are mapped
within each other by the rotation. For N = 2, each e, is reflected to —e,, and thus
RT, = T, 'R, but this does not lead to any new condition. For N = 3, 4,6, since
U = 7, one has Re; = ey, and hence RT; = T> R. This leads to the condition

WP = PW,, for N =3,4,6. (104)

As for the case analyzed in subsection 4.3, there can can be continuous Wilson lines
with [W,, P] # 0, associated to a constant connection of a field with a massless
mode, or discrete ones, with [W,, P] = 0, where the constant connection corre-
sponds to a discrete deformation of the model. We again focus on discrete Wilson
lines. Since these commute with P, (103) implies that they have to satisfy the rela-
tion W2 /% = T for each q. The above conditions leave the following possibilities for
discrete Wilson lines in the various models. For N = 2, the two Wilson lines W, are
independent and satisfy W2 = I. For N = 3,4, 6, they are instead identified by the
condition (104), Wi = Wy = W, and satisfy respectively W3 = [, W2 = LW = I.

PNotice that this phase is actually necessary to have a Zy action with gV =1 on all fields.
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In other words, there can be two independent Zs Wilson lines in the Zs model, a
Zs; Wilson line in the Z3 model, a Z, Wilson line in the Z4 model, and no Wilson
lines at all in the Zg model. As before, the presence of discrete Wilson lines induces
a distinction between the projections occurring at the various fixed points z;, in a
given sector k, with iy = 1,..., Nk, depending on the numbers n;,1 and n;, 2 of T}
and T5 translations that are needed to relate z;, and its image szik' As a conse-
quence of the presence of the discrete Wilson lines, the effective Zy projection at
each fixed point z;, 9 will then involve the matrix P;, = W, *'W, *' P¥. Again, it
is interesting to notice that a T2 /Z N orbifold model with a Z’N discrete Wilson line
can be equivalently understood as a freely acting orbifold of the type T?/(Zy x Z'y).
In this case, a precise map between the two constructions is more difficult to define,
because of the non-trivial complex structure of the T2. See Refs. 55, 56 for some
explicit constructions of string-derived Zy X ZQV orbifolds.

The computation of gauge and gravitational anomalies proceeds as in the pre-
vious example. Since in this case the total space-time dimensionality is even, it is
again possible to relate them to the chiral anomaly in two more dimensions, as
explained in section 2. To be precise, we embed the (2n + 2)-dimensional space-
time My, 10 = My, x T?/Zy into an auxiliary (2n + 4)-dimensional manifold
M2n+4 =52x Moy, 42 and compute the chiral anomaly Z induced on M2n+4 by a
Dirac fermion in a representation R of GG and with phase 7 in the orbifold twist. The
corresponding (2n + 2)-dimensional gauge and gravitational anomaly induced on
Mopt2 by WU is then deduced through the usual Stora—Zumino descent procedure,
and the quantity A entering in (70) is defined by the relation Z = f/\7lzn+4 A.

Proceeding as in section 2, one finds for the chiral anomaly a straightforward
generalization of eq. (15):

N-1
Z= }}ILI%)% Z Tr [72n+5 g" efﬁ(ﬂD)Q/Q} . (105)
k=0

The trace in (105) is taken over the eigenfunctions on T2, which are then projected
on the eigenfunctions on T?/Zy, thanks to the Zy projection operator Pz, =
>4 g% /N, and ya,45 is the chirality matrix in 2n+4 dimensions. As a consequence,
Z naturally splits into the sum of N contributions Zj with £ = 0,1,..., N — 1:
Z = 1/N ), 2. Correspondingly, the quantity A parametrizing the gauge and
gravitational anomaly (70) can be decomposed as a sum of N contributions Ay,
defined by the relation Z; = f/%nH Ay, as

Az, z) = % Z Ap(z, 2) . (106)
k=0

Since the space-time dimensionality is even, the delocalized contribution from the
k = 0 sector and the localized contributions from the k& # 0 sectors are in gen-

9Notice that some of the points z;, coincide, since the same fixed point zg is generally fixed under
more elements of the orbifold action.



38 C. A. Scrucca and M. Serone

eral both non-vanishing. Once again, the anomaly (105) is computed as the high-
temperature limit of a partition function. The relevant Routhian is given in (90)
with an obvious reinterpretation of the notation. It is convenient to compute sep-
arately the contributions Ay in (105), for which the periodicity conditions of the
various fields are specified by the action of g*. The space-time components z* and
" are periodic, the internal components z* and 1* are twisted by 7—%, and % and
¥? by 7%, and finally ¢g*c*¢~* = ¢*P* and g*cg~* = P *¢.

In the sector & = 0, all the fields are periodic and insensitive to the orbifold
projection. Proceeding exactly as described in section 2, we thus get the standard
form (33) of the chiral anomaly:

Ao(z,2) = pchr (F) A(R). (107)

Notice that discrete or continuous Wilson lines cannot modify the result (107),
because Ay must coincide with the standard anomaly in a (2n + 2)-dimensional
non-compact space in the decompactification limit and this leaves no room for
additional corrections. From a technical point of view, their absence is due to the
fact that all the fields with internal indices are periodic, so that the terms in (90)
that involve the gauge connection vanish at quadratic order in the fluctuations.
Notice also that (107) is obviously independent of the twist n of V.

In the sectors with k # 0, the fields with internal indices have periodicity condi-
tions that are affected by the orbifold as described above. The fermions * do not
admit zero modes, whereas the bosons z* admit some in correspondence of any of
the Ny, fixed points z;, of the g element. After expanding in normal coordinates,
one finds the following effective quadratic Routhian:

1r. . . ) .
R = 3 [0+ MM+ Ry (0, 210, Y0)€2E2) — AP (w0, 24y, 0) ”
= . 1,- . -
SO 0 |+ a7 - DAy +ec]f . (108)

The curvatures R,,,, and F' are defined as in (92), with an obvious adaptation of the
notation. The last terms in (108) take into account possible discrete Wilson lines
and originates from the term proportional to Az and its complex conjugate in the
generalization of (90). As in the S1/Zy case, (7% — 1)z;, can be most conveniently
written as n;,1e1 + n;,2e2. The trace over the 1-particle states of the fermion fields
ca can then be easily evaluated. One gets

Tre,cr {P%CEKT’“—U%AﬁB+C-C-}CBeCZF‘z‘scB} = trr [W, S W, PRF L (109)

The path integral over the periodic fields is computed as in section 2.1, whereas the
one over the fluctuations of the twisted fields can be computed using the (-function
regularization and yields:

‘det;} [83] ‘L

()

]_2 = — (110)
] = /Ny. (111)

‘det,rk {87}
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Putting all the contributions together, we finally find

Ap(z,2) = Z 1N chr(Ps, ,F) A(R) 8@ (2 — 2;,) . (112)

kzkl

The total anomaly (106) is, as expected, the sum of a contribution from the
k = 0 sector that is distributed over the whole space-time, and contributions from
the sectors k # 0 that are localized at the Ny fixed points z;, of the elements g*
of the orbifold group. The factor 1/N has the role of averaging the contributions
coming from the Ny different fixed points of g¥. The localized anomaly (112) can
be understood as the total anomaly coming from the chiral fermions surviving

each projection P;

5 - The contribution localized at z;, involves a Chern character

twisted by the matrix P;, that represents the projection that is active at that
point, which taken on its own would break the gauge group G to a subgroup H;,,
with the representation R decomposing into the representations Ry, of H;,. This
contribution comes along, as expected, with the overall phase n as well as the factor
N, ; / 2, which can be rewritten in terms of phases as

NP =i 3 (2s)rte. (113)

s==£1/2

In this form, N, ,i/ ? s recognized to count the 2n-dimensional chiral components

s = £1/2 of the (2n + 2)-dimensional fermion with opposite overall signs 2s, where

the phase 7% is nothing else than the Zy action on the spinor indices, as dictated

by (101). On the other hand, the matrix P;

ik
of the surviving group H;, and acts as a phase "

commutes with all the generators
" with integer 1, on Ry, .
The twisted Chern character occurring at the fixed point z;, then decomposes as
chr (P, F)=>" i, i cth (F). Each representation R;, is thus counted with
a total phase correspondlng to the sum of the phases plcked up by the two chiral
and antichiral components of each fermion under the orbifold twist acting at the
fixed point: 3 . 1/ Uk(QS)TkSTk”ik. This makes it possible to rewrite (106) in
terms of the anomaly Ay induced by the massless fields of the unprojected theory
and the anomalies A; induced by the massless fields that would survive the orbifold
projection associated to all the distinct fixed points z;, which depends on those

gauge fields that would survive that same projection. The result is simply

Az, z) = Ao —i—z:UZ (z,2) 6P (2 — z). (114)

The sum now runs over all the distinct fixed points z; of the orbifold. In the absence
of discrete Wilson lines, the coefficients o; in (114) can be written as

g Net o
o (34ritry) @k’
o; = > r(z ek’ (115)
N k'=1 V NQik,

where ¢; is defined in such a way that Zy/,, is the maximal orbifold subgroup that
leaves the point z; fixed, r; characterizes the action of the gauge twist on each
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representation and r, is the integer entering in the definition of 7. The numerical
values of the coefficients o, are reported in table 1 of Ref. 57 for all possible values
of r and r, = 0, in our notation. In the presence of Wilson lines, the value of r
differs between fixed points of the same orbifold subgroup.

The 2n-dimensional anomaly is obtained by integrating the (2n+2)-dimensional
anomaly computed above and dividing by a factor of ¢, because of our convention on
the chiral gamma matrices in various dimensions (see the beginning of subsection
2.1). The result can be written in the form

A(z) = pchgr (P, F) A(R). (116)

The twist matrix appearing in this expression is P = 1/N )", nklel/Q > Py
where the sum over k runs only on the twisted sectors k # 0. It is straightforward
to verify case by case that the above matrix can in fact be rewritten as P = PrPr,
where Pr = 1/N >, 77’“N,i/2P’c is the index associated to the orbifold projection
that counts each fermion component with a sign related to its chirality, whereas Py
is the projector associated to the Wilson line twists that keeps only fields periodic
on T2. The projector Pr does not need to contain the k& = 0 term because Nj
would vanish in that sector, reflecting the fact that the corresponding states occur
in pairs of fermions with opposite chiralities. The projector Py depends on the
model: it is given by 1/4(1+ Wq)(1 + W3) for N =2, 1/3(1+ W + W?) for N = 3,
1/2(14+ W) for N =4, and 1 for N = 6. This rewriting makes it obvious that only
the fermionic zero modes surviving both the orbifold projection and periodic on T2
do contribute to the integrated anomaly, as must be. See Ref. 58 for an analysis of
anomalies in six dimensions.

4.5. Bulk fermions on higher-dimensional orbifolds

There exist many orbifold constructions with 2n space-time dimensions and m > 2
internal dimensions. We will not attempt at a general classification of the various
types of known constructions, but rather make a few comments on Zy orbifold
models based on even-dimensional tori Ko = T'%, since these are particularly simple
and interesting in the context of both string theory and higher-dimensional field
theories. Orbifolds of the form T2 /Zy for I > 1 can exist for more values of N
than those available for [ = 1 and represent a straightforward generalization of the
T?/Zy case discussed in subsection 4.4. The action of the twist on the ! complex
internal coordinates z; is now defined by a vector v; such that z; — e2™"i/Nz;
with j = 1,...,1. A new feature of these orbifolds with respect to the T?/Zy case
is the possibility that entire hyperplanes be left fixed by the orbifold action. These
fixed planes arise whenever v;k/N is an integer for some k and v;, since the orbifold
action is then trivial along the j-th torus. Denoting by nj the number of complex
dimensions in the sector k such that kv;/N is an integer, the number of fixed planes
of dimension 2ny, is given by a product of expressions like (100) for all the remaining
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n — ny, internal T2’s:

N nﬁk 25 (”k”j') 2 (117)

= sin [ —=— )| .
Jj'=1

The orbifold action on the various 2n-dimensional components of the (2n + 21)-
dimensional fermion is specified by a vector w; encoding the weights under the
[ U(1) subgroups of the SO(2l) internal tangent space group. The (2n + 2I)-
dimensional anomaly induced by a (2n + 2[)-dimensional fermion with chirality
p can be computed as in subsection 4.4, and the result is:

Ao(z, 2;) = pchr(F) A(R),

Ny,
Anle, ) = g D0 N e (P, F) AR Sz 1) (118)
ir=1
The matrices P;, define once again the local projection at the fixed point/plane z;, ,
constructed from the twist matrix P and the allowed Wilson lines on the orbifold.
By manipulations similar to those performed in the last subsection, one can show
that the integrated anomaly arising from (118) coincides with the one induced by
the massless 2n-dimensional modes of the fermion. See Refs. 56, 59, 60 and Ref. 61
for studies of localized gauge and gravitational anomalies in orbifold theories derived
from string theory and M-theory.

4.6. Inequivalent regularizations

An important remark is now in order. The anomalies (98), (114) and (118) have
been derived with a specific heat-kernel regularization scheme. A crucial property
of this scheme is that it is independent of the internal directions and therefore pre-
serves automatically any symmetry related to the latter. In particular, it preserves
the symmetry relating all the fixed points of a same kind in the absence of localized
matter or discrete Wilson lines that explicitly distinguish them, and the results
derived so far for the anomalies have this symmetry. Using instead a different regu-
larization scheme that does not manifestly preserve this kind of symmetry, leads in
general to anomalies that are distributed in a different way over the internal space.

The simplest example of a regulator that does not respect the symmetry among
the fixed points is a Pauli-Villars fermion with a piecewise constant mass term%2:63,
Let us consider the S'/Zy orbifold of subsection 4.3 with G = U(1) and W = —1,
for which the integrated anomaly vanishes, since no light fermions survive. The
heat-kernel regularization leads in this case to a distribution over the two fixed
points with equal magnitude and opposite signs, whereas the Pauli—Villars regular-
ization yields a strictly vanishing anomaly at each fixed point. The reason is that,
in addition to the same anomaly that is found within the heat-kernel regularization
scheme, also a Chern—Simons counterterm that exactly cancels it is generated. In
this example, which as already mentioned can be reinterpreted as an S'/(Zy x Zj)
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orbifold, there is formally no global symmetry that can distinguish between the two
regularizations; see Ref. 62 for a discussion. However, the discrete Wilson line inter-
pretation makes it clear that this model is naturally connected to the S!/Zy model,
which has a global Z, symmetry interchanging the fixed point and privileging the
heat-kernel regularization.

The above example shows that, as usual, different regularizations produce results
for the anomaly that differ by the variation of local counterterms that can be added
to the action. We will study such terms in the next section, together with the more
general question of when and how a generic higher-dimensional anomaly can be
canceled.

5. Anomaly cancellation on orbifolds

In this section we shall address the issue of anomaly cancellation in orbifold theories
with 2n space-time dimensions and m internal dimensions. When m is even, there
can be anomalies originating in the unprojected theory. These fall into the class
described in section 2 and the question of their cancellation therefore follows the
general discussion of section 3. In addition, the projected theory has in general
anomalies that are localized at the fixed points of the orbifold action. As explained
in section 4, these localized (2n + m)-dimensional anomalies are determined by
the content of chiral fermions that would survive the projection that is effective at
the given fixed point, in contrast to the 2n-dimensional anomaly defined by their
integral, which is instead determined by the content of chiral fermions surviving
the full orbifold projection. At first sight, the cancellation of (2n + m)-dimensional
anomalies is a much stronger constraint than the cancellation of 2n-dimensional
ones. However, we will see that there are in this case also new possibilities for
canceling anomalies, besides the obvious extensions of the mechanisms exposed in
section 3. The main issue concerning the cancellation of anomalies on orbifolds is
then to investigate the physical relevance of those anomalies that integrate to zero,
as well as the new cancellation mechanisms that are available for them.

A (2n + m)-dimensional anomaly that is localized at the fixed points in the
internal space can be canceled through various generalizations of the Green—Schwarz
mechanism described in section 3.1, depending on its form. The most general form
of such a localized anomaly is:

T = 2ri / %)y With Qopimin = > 0005, ). (119)
Monim ;
The sum runs over the orbifold fixed points z;. The i-th term involves the m-form
§i = 6(M (2 — z)dz' A ... Adz™ supported at z;, and the 2n-form Q5 involving
traces with respect to the gauge group H; surviving at that point. Finally, the Stora—
Zumino descent of QS '+ is defined to be -, 5t XY Notice that the m-forms 6,
are trivially closed, d&?, = 0, but not exact. Indeed, globally well-defined (m — 1)-
forms 7}, _; such that d;, = dn;,_; cannot exist, since the integral [, d;, = 1 does
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not vanish. The 2n-dimensional anomaly corresponding to (119) is instead given by

7= 2m'/ wg}) , with wapqo = ZwénH . (120)
Moy, 3
It depends on the sum of the descents of the forms wj,, , , obtained from the original
forms Qf,,, by retaining only the 2n-dimensional zero modes of the gauge and
gravitational fields and re-expressing all the traces with respect to the surviving
gauge group H.

A 2n-dimensional anomaly of the form (120) can be canceled through a Green—
Schwarz mechanism if it is reducible from the 2n-dimensional point of view. This is
the case if the form wa, 42 defining it can be factorized as woy, 12 = worwapno—o for
some k, the descents wégl) 1 and wg}) having the general form given by egs. (53) and
(54). On the other hand, we will see below that a (2n + m)-dimensional anomaly
of the form (119) can be canceled through a Green—Schwarz mechanism if it is
reducible from the (2n + m)-dimensional point of view. A first case where this
happens is of course when all the Q% 1o are separately reducible from the 2n-
dimensional point of view, and so

Q£n+m+2 = Z 5:71 Z2k1 én+272ki . (121)

A second interesting case, which is a particular case of (121) but is worth to be
considered separately, arises when all the Q% 12 are commonly reducible from the
2n-dimensional point of view, with the integers k; all equal to some common k, and
the forms Q% are all equal to some gy, so that

leanrerz = Z 57inQZkQ§n+2—2k : (122)

Finally, a third important case is achieved when all the Q% 12 are obtained by
simply restricting at the various fixed points z; a single form {29,425 — defined in
all of the space Man4+m and involving traces with respect to the original gauge
group G — that is Q§n+2 = ¢iQ2n+2 at z;. In such a situation, we can rewrite the

integrand ), (51-(2;(,?) of (119) as 5m9§33, where 4, = >, ¢;0%,. This is reducible
from the (2n 4+ m)-dimensional point of view, provided that the closed form §,, is
also exact and can be rewritten in terms of some form 7,1 as é,, = dn;,—1, so that
it behaves in all respects as a standard §2,,. A necessary and in fact also sufficient
condition for this to happen is that fém = 0, implying that ) . c¢; = 0 and that
the corresponding 2n-dimensional anomaly vanishes. The general form of such an
anomaly then is

O o = D CibQanya, With Y ¢ =0, (123)

We shall now describe separately the different types of Green—Schwarz mechanisms
that can cancel the above three types of anomalies. Note that the same mechanisms
can be easily generalized to the case in which the anomaly is localized at fixed
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planes, rather than fixed points. For simplicity, we will however restrict to the case
of fixed points.

5.1. Green—Schwarz mechanism with localized forms

Whenever the (2n 4+ m)-dimensional anomaly is of the type I of (121), it can be
canceled through a straightforward generalization of the standard Green—Schwarz
mechanism described in section 3.1, which involves localized forms CékﬁQ at all
the points z; where the anomaly is non-vanishing. The relevant action is a sum of
actions of the same type as (55), restricted at the fixed points z;, and reads:

i |1 i o) |2 V2T i
S= Z 5m[ §’d02ki72 + V21 Qz(ki)ql +1 g k2 Q9 —ok,+2

M2n+7n
An+1—Fk (0 i(0
_gm(in Ly a) Qggcglggyﬂm] . (124)

The parameters &; are arbitrary and have dimensions equal to n — 2k; + 1. Going

through the same steps as in section 3.1, it can be easily verified that the variation
of S cancels the anomaly:

5.5 =—2miy | o, [ngiggn_%i] “ (125)
i I Mongm

At energies much below the compactification scale, the effective Green—Schwarz
action reduces to a collection of actions of the form (55) for the various form fields
and the zero modes of the gauge and gravitational fields. The case of a globally
vanishing anomaly does not present any special feature with respect to the general
case of a globally non-vanishing anomaly, apart from the fact that this effective
action is then gauge-invariant from the 2n-dimensional point of view. Notice in
particular that for the case k; = 1, corresponding to a mixed U(1) anomaly, eq. (124)
implies that the 2n-dimensional U (1) symmetry is necessarily realized non-linearly.
In the unitary gauge, in which the mixing between the fields C¢ and the gauge field

© vanishes, the gauge field has a mass term proportional

involved in the forms w;
to Y, |wi(0)|2. The U(1) symmetry is therefore always spontaneously broken’®, as
soon as the anomaly is non-vanishing at one of the fixed points, and independently
of the value of the integrated anomaly. © One combination of the C{ fields is eaten
by the gauge boson and the remaining independent linear combinations remain as
massless axions with non-vanishing couplings to the form wy,,.

As in section 3.1, there exists an equivalent dual description involving the mag-

netic form Cj, ., which are dual to the electric forms C%, , from the point of

'A similar situation occurs when the U(1) anomaly is localized on a fixed plane, and integrates
to zero from the lower-dimensional point of view. In this case, the Green—Schwarz mechanism
that cancels this anomaly leads again to the spontaneous breaking of the U(1) factor. In such a
situation, the mass of the U(1) photon is proportional to the compactification scale®4.
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view of the 2n-dimensional space-time, with the action

SZ/

M2n+m

/o
&i

. ki 0 0
2o 2 )l 0 | (120)
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n+1

5.2. Green—Schwarz mechanism with bulk forms

A (2n + m)-dimensional anomaly of the type II of (122) can be canceled also by
a different generalization of the standard Green—Schwarz mechanism described in
section 3.1, involving a single form Cy,_» propagating in the bulk?*®26:59:57 The
Green—Schwarz action must then be taken as follows:

2 \or , .
S:/ [ ’dC’gk 2+ V2real) 1] AL Za;nc%,g b oo
Montm 5 -
(n+1— 3 i
—271'1( )25 Qg?c 1 2(7?+1 2k:| ‘ (127)

In this case a single arbitrary parameter £ with dimension equal to n+m/2—2k+1
appears, and the variation of the action cancels the anomaly independently of its
value:

— —2mi Z 5 [Q%an_%} “ (128)

M2n+m

To gain a better understanding of the physical implications of the action (127),
let us examine in this case too the Green—Schwarz effective action valid at energies
below the compactification scale. Since the involved form is now a bulk field, the
effective action for its light zero modes must be derived by carefully integrating out
its heavy modes. The bulk form Cs;_o leads to 2n-dimensional zero modes that
consist of a (2k — 2)-form ¢y o arising from the component Cjjaj,_o of Cox_» with
only space-time indices, plus possibly other forms with lower degree, arising from
the original bulk form when some of the indices are taken to be internal, depending
on the details of the orbifold projection. Notice now that only the former will
have a kinetic term that is non-trivially affected by the 2n-dimensional zero mode
wé?c) , of the Chern—Simons form Qg;c)fp and the latter will therefore be completely
irrelevant for anomaly cancellation in the low-energy limit. The effective Green—
Schwarz action is thus obtained through a simple dimensional reduction, without
any non-trivial effect from heavy modes. Defining also wan_skt2 = Y., Wh, _opias
and the volume V of the internal space, the 2n-dimensional effective action obtained
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by dimensional reduction is then found to be®

2 27
Seff:/ [ ’dCQk 2+ V2 Eeﬂwgk 1’ +z§e—302k_2w2n—2k+2
Map

n+1—k
_27m'(::7+1 +a)w§§? W Qk] : (129)
The new arbitrary parameter is given by £ = ¢V1/2 and has dimension n—2k+1.
Differently from the previous case, the fate of the anomalous U(1) when k = 1
depends on whether the integrated form wa,,_ox12 vanishes or not. If wy, _ox4+2 # 0,
the axion ¢y is eaten by the gauge field, which gets a mass, and the U(1) symmetry
is non-linearly realized; if instead wo,—2x42 = 0, the corresponding axion coupling
in (129) vanishes, ¢y remains neutral under gauge transformations, and the U(1)
symmetry is linearly realized.

Once again, there exists an equivalent dual description in terms of a magnetic
form C‘gner,gk, which is dual to the electric Cor_o form from the (2n + m)-
dimensional point of view. The relevant action is given by

1 ~ #(0)
S = / |: _}dOQn-i-m—Qk + — Q (n
M2n,+m, 2 Z ? 2k+

—2ms (a - —> 251 Qéﬁl 1 ;S?H 2k:| ‘ (130)

In this case, the magnetic formulation involves singular interactions proportional

to |6%,]? and has to be treated with some care. However, since this formulation
is equivalent to the electric formulation (129), where such singular terms do not
arise, physically relevant quantities are not expected to be singular. In fact, the
role of the singular terms in (130) is to cancel the singular behavior induced by
those components of the form C‘gner,gk that are odd under the orbifold projection
and have only massive Kaluza—Klein modes from the 2n-dimensional point of view.
This point is best elucidated by studying as before the 2n-dimensional low-energy
effective action S below the compactification scale. The bulk form C~’2n+m,2k
leads to 2n-dimensional zero modes that consist of a (2n — 2k)-form ¢a,,— ok arising
from the component C~’J_2n+m,2k of C‘gner,gk with 2n — 2k space-time indices
and m internal indices, plus possibly other forms of higher degree depending on
the orbifold projection. It is this (2n — 2k)-form ég,—ox that will have a kinetic
term that is non-trivially affected by the 2n-dimensional zero modes w;(fz% 4y of

the Chern-Simons forms QX% and the other zero modes will be irrelevant for

2n—2k+1 &
anomaly cancellation in the low-energy limit. The bulk form Co;, 4., —2k leads also to
2n-dimensional non-zero modes. In particular, one finds a set of m (2n+m 1-2k)-

forms an)er 1—op J = L,2,...,m, arising from the components C||2n+m,2k of

SWe normalize the 2n-dimensional zero modes ¢ and w of the (2n 4+ m)-dimensional forms C' and
Qasc:V’lme Candw:V’lfM Q
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C‘gner,gk with 2n—2k+1 space-time indices and all the internal indices but the j’s
one, i.e. m — 1 internal indices. Owing to the factors 8% appearing in the modified
kinetic term, these heavy modes 6&2 4+m_1_2) have a non-trivial mixing with the

light mode ¢a,,—2x and the Chern—Simons forms w;(r?l% 41, and must be carefully
integrated out. This can be done directly in the (2n+m)-dimensional theory and at
the classical level, by using the equations of motion of the forms C~'||2n+m,2k, where
space-time derivatives are neglected with respect to internal derivatives, since they
would lead to higher-derivative effects suppressed by the compactification scale. The
relevant Lagranglan for the CHQner o s is obtained from the modified kinetic term
after decomposing an+m 2k into the components C||2n+m o and CLgner 2k, and
splitting similarly the exterior derivative into a space-time part d) and an internal
part d,, so that ngn+m ok = d||CL2n+m ok + dLCHQnJFm ok Retaining only the
zero modes wQ(fiQk 41 of the (212(7?)72,c 1 the approximate equations of motion for

é||2n+m_2k then read

di” (dLCHQner ok + 4 Clonsm—ok + ~—— Z‘Uzn 2k+1 m) =0. (131)

In component form, these represent a set of m independent equations. More pre-
cisely, the j’s equation, which is associated to that component C'HQner,Qk that has
all the internal indices but the j’s, takes the form of a derivative d; with respect to
27 of the bracket.

The general solution of all the m equations is obtained by setting the con-
tent of the bracket equal to a constant (2n + m — 2k + 1)-form Dayim—2k+1,
with m internal indices, that does not depend on the internal coordinates. This
form can be fixed by considering the integral of the resulting equation over all the
m internal directions. The integral of the first term vanishes, that of the second
yields V1/2d|‘(&J_2n 2tVm), and that of the third yields (\/ﬂ/f)w% 241> Where,
as above, woy,_ogt2 = Z w2n 2kt 2 and V,,, = dz'A...Adz™ is the volume form for
the internal space. This must be equated to the mtegral of the constant form, which
is VDoptm_okr1. We then deduce that Doy im_opt1 = V’l/QdH(&un,ngm) +

(V2 /€) wé?l)i%ﬂ, so that the solution of the equations is

d¢é|\2n+m—2k = —d| (CVJ_Qnerka - Vfl/Qéﬂn,kam)

Ve i ~1 (0)

T ( Wzn 2k+16m 4 w2n72k+1Vm) ‘ (132)
Plugging (132) back into the Lagrangian and integrating over the internal space,
one finds an effective Green—Schwarz action that is free of singularities, as expected:

- 1) V2T . -
Seff = / { §‘d02n—2k + I w;?l) 2k+1‘ +iV21 € Ggp o wo
M.

2n

. k 0 0
—2mi (0‘ - n—Jrl)wék) 1W§n)+1 2k:| : (133)
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As a consistency check, note that the effective actions (129) and (133) are dual
to each other from the 2n-dimensional point of view, with cog—2 and ¢ay, 2 being
electric and magnetic potentials for the same physical interaction.

The situation encountered above, namely the occurrence of singular contact in-
teractions that take care of the bad behavior induced by fields that vanish at the
fixed points, but have non-vanishing interactions localized at these points through
their internal derivatives, is perfectly analogous to the one encountered for 5-
dimensional supersymmetric theories compactified on a S'/Zy orbifold. The rel-
evant odd bulk field, which couples through a derivative to the boundary fields and
leads to a bad behavior that is canceled by singular counterterms, is represented by
a real pseudoscalar field ¥ in the case of gauge interactions, and by a real vector
field Ap; — the graviphoton — in the case of gravitational interactions. These fields
are required by the bulk supersymmetry and have a kinetic term that is exactly of
the type encountered in eq. (130). In these cases, the cancellation of singularities
is guaranteed by the existence of an off-shell version of the theory that is mani-
festly free of any bad behavior associated to the fixed points. The cancellation of
singularities has been explicitly verified at the tree level, as above, as well as at the

1-loop level%3.

5.3. Green—Schwarz mechanism with top bulk forms

Let us finally come to the case of a globally vanishing (2n+m)-dimensional anomaly
of the type III of (123). This can be canceled with a new type of Green—Schwarz
mechanism that has no 2n-dimensional analogue and involves a single form Co,
propagating in the bulk®6. The relevant Green—Schwarz action is given by

V2r

S =
13

1 2
§‘d02n+\/27r59§?3+1 iYL Con | (134)

Moaonitm |:
In this case, the arbitrary parameter £ has dimension —n+m/2—1. The last term in
(134) is a source term for those components of Cy,, that have only space-time indices.
The equation of motion of the latter therefore reads d*Hop11 = fz(\/%/g) Om.-
The integrability condition for such an equation requires that f 0m = 0, namely
that &,, be not only closed but also exact and can be written as d,, = dn,,_1." This
implies that ), ¢; = 0, as assumed in (123). Stated in other words, it is possible to
have in this case a non-trivial action for the 2n-dimensional top form. Indeed, the
usual requirement that the total charge of its sources should vanish is substituted
by the milder requirement that the integral of the charges over the internal space

tFor m > 1, ny,—1 is given by complicated modular functions of the internal coordinates, breaking
translational invariance. In the case m = 2, for example, the 1-form 7n; can be written as *d | Ag,
where *d | is the 2-dimensional dual of d; and Ag is the torus Green function satisfying the
Laplace equation d | *d | Ag = d2, with a éé—function source of magnitude ¢; at each fixed point
z;. A similar situation was encountered in Ref. 66.
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should vanish. It is easy to verify in the usual way that the variation of (134) cancels
the anomaly:

5.5 = 727Ti/ S5 (135)
Montm

A globally vanishing anomaly can therefore be canceled through a Green—Schwarz

mechanism that is formally the generalization of the one working for reducible

anomalies to the case ¥ = n + 1 with o = 0. This implies that even localized

anomalies that are irreducible from the 2n-dimensional point of view can be can-

celed, provided that their integrated form vanishes.

The physical interpretation of the above-described mechanism depends on the
number m of extra dimensions. For m = 1, namely Mg, 11 = Ma, X Sl/Zg, the
top form C5, does not have any propagating degree of freedom." The form Cy, is
then an auxiliary field and can be integrated out at the classical level by using its
equation of motion dCs,, = —v/27 ¢ Qg?l)ﬂ —i(v/21/€) *no in the action (134), after
having rewritten the term §;Cs,, as —1odC, through an integration by parts®®°7.
The resulting action reads:

™ 2 .
Scs:/ {—2|n0| +2mi QY |- (136)
Mapt1 £

The first term produces just an irrelevant infinite constant, whereas the second term
is a Chern—Simons counterterm with an odd coefficient 7y given by a piecewise con-
stant function of the internal coordinate that jumps at the fixed points, which
cancels the anomaly. This shows that the cancellation mechanism involving the
top form is in this case completely equivalent to a bulk Chern—Simons counterterm
letting the anomaly at one fixed point flow to the other fixed point to cancel the op-
posite anomaly that occurs there. Notice finally that the low-energy Green—Schwarz
effective action below the compactification scale is obtained by integrating (136)
over the internal dimension, with ngl) 1 substituted with its zero mode wQ?L +1- The
resulting action is trivially gauge-invariant, since the Chern—Simons term integrates
to zero due to the fact that 7y does so.

For m > 2, the top form C5, does have propagating degrees of freedom. This
implies that the cancellation mechanism is not completely equivalent to a simple
Chern—Simons counterterm, since extra physical degrees of freedom remain in the
theory®”. This is particularly clear in the equivalent magnetic formulation, which
exists only for m > 2 and involves a magnetic form C‘m,g that is dual to the electric
form Cy,, from the (2n 4+ m)-dimensional point of view. The dual action reads

_ 1) - 2 2 .
S = / E’dcm_2+Tﬂ. Nm—1| +iV2w€ Cr_o an+2+2ﬂ'i nm_lQé?l)Jrl (137)
]\/12n+77L

“Recall that the number of physical degrees of freedom of a k-form in D dimensions is given by
(D—-2)(D—-3)...(D—k—-1)/k
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Since the kinetic term of Cy,_o does not involve any gauge field, Cy_s is perfectly
gauge-invariant and the only variation of (137) comes from the last Chern—Simons
term, which cancels the anomaly, as in the electric formulation.

It is worth mentioning that the above way of realizing an interaction with a
piece-wise constant coupling through a non-dynamical top form as auxiliary field, is
extremely relevant in theories with local supersymmetry. Indeed, it has been shown
in Ref. 67, in the context of 5-dimensional supergravity theories compactified on
S1/Zs, that this is the only way to introduce such interactions without spoiling
local supersymmetry at the fixed points.

5.4. Anomaly cancellation in string-derived orbifold models

All the considerations of section 4 on localized and integrated anomalies, as well as
the various generalized Green—Schwarz mechanisms described above, can be applied
to any orbifold field theory. In general, anomaly cancellation must be imposed for
consistency and represents a severe constraint on model building. In the particular
case of string-derived models, on the other hand, the cancellation is guaranteed
by the fact that the underlying microscopic string theory is a finite theory and
therefore free of any anomaly. It can then be explicitly verified that the cancella-
tion mechanisms required to cancel the quantum anomalies of the light modes is
automatically generated by integrating out the heavy modes. General techniques
allowing a precise analysis of the cancellation mechanism that takes place from a
low-energy field-theoretical perspective have been developed both for heterotic®®
and unoriented strings®®. These techniques have recently been generalized and ap-
plied to study anomaly cancellation in orbifold models from a higher-dimensional
perspective, i.e. locally in the internal space®6:99.

It is also interesting to note that the auxiliary supersymmetric quantum me-
chanical system, which we have so extensively used in the anomaly computations,
naturally arises when evaluating anomalies in string theory. In particular, it can be
shown%®:6% that the leading anomalous 1-loop (n+1)-point functions that need to be
computed in 2n dimensions, are nicely encoded in the odd-spin-structure partition
function of a 2-dimensional world-sheet o-model in the presence of gauge and grav-
itational backgrounds. Correspondingly, the contribution of the zero-energy states,
which are the only ones that are relevant to anomalies, is encoded in the super-
symmetric quantum mechanical system arising from the dimensional reduction to
1 dimension of this 2-dimensional o-model, which coincides with the one we used.”

6. Non-perturbative anomalies

The perturbative gauge and gravitational anomalies that we have considered so far
concern local symmetry transformations connected to the identity, and can there-

VMost likely, this supersymmetric quantum mechanics should arise also in the direct evaluation
of field theoretical anomalous amplitudes along the lines of Ref. 70.
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fore be infinitesimal. In general, however, there can be additional non-perturbative
gauge and gravitational anomalies concerning symmetry transformations topolog-
ically non-trivial and disconnected from the identity, that hence exist only in a
finite form and cannot be infinitesimal. The latter can occur both for gauge sym-
metries and for diffeomorphisms (or local Lorentz transformations). They are also
called global anomalies and were first discovered by Witten” in an SU(2) model in
4 dimensions. Differently from perturbative anomalies, the non-perturbative ones
cannot be directly detected through perturbative Feynman diagram computations,
and this explains their name. A general discussion of gauge and gravitational global
anomalies lies beyond the aim of this review. In the following, we will recall some
basic features of the former in flat space, and advise the reader interested in the
latter to see Ref. 72.

Let us begin by examining which gauge groups G can lead to global gauge
anomalies in a 2n-dimensional flat Euclidean space-time R?". We consider gauge
transformations g(x) that reduce to the identity at infinity, so that they repre-
sent maps from S?" (the 2n-dimensional sphere) into the gauge group G. Such
gauge transformations are classified by the 2n-th homotopy group of G, denoted
by 7o, (G). If the latter is trivial, all the gauge transformations are connected to
the identity and no global anomalies can arise. On the contrary, if it is not, there
exist classes of topologically non-trivial gauge transformations that can potentially
be anomalous. Denoting by 49 = g~'Ag + ¢~ 'dg the gauge-transformed connec-
tion obtained from A through such a non-trivial gauge transformation g, a global
anomaly can occur if the effective action — which is defined modulo physically
irrelevant multiples of 27 as in (6) — changes under the finite transformation g by
an amount I'(A9) — I'(A) that is not a multiple of 27ri:

I'(AY) —T'(A) # 2min. (138)

If the situation (138) occurs, the quantum effective action and all the correlation
functions of gauge-invariant operators it describes are not well-defined, and the the-
ory is thus inconsistent” ." As perturbative gauge anomalies, also non-perturbative
gauge anomalies can be induced only by Weyl fermions in even-dimensional space-
times and through the imaginary part of the Euclidean effective action, since Dirac
fermions always allow for a manifestly gauge-invariant regularization. Computing
the contribution of a Weyl fermion to the transformation (138) for a generic gauge
group G is, however, a complicated mathematical problem. It can be addressed
essentially in two different ways: either, as was originally done in Ref. 71, by study-
ing the evolution of the spectrum of the Dirac operator when the gauge connec-
tion is varied from A to AY, or by embedding the homotopically non-trivial gauge

transformation ¢ into a larger group G O G, where the global anomaly (138) is

WTo be precise, (138) leads to an inconsistency only if A and AY are connected in field space
without passing infinite action barriers. Otherwise, it is possible to define a sensible quantum
effective action by restricting the functional integral to topologically trivial gauge configurations
only.
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reinterpreted”® ™ as a perturbative gauge anomaly for the group G. We shall adopt
here this second point of view, following the general treatment of Ref. 74.

It should be clear that asking whether a theory is afflicted by global anomalies
or not is a meaningful question only when all perturbative anomalies cancel, the
former being defined in terms of homotopy classes and hence modulo local gauge
transformations. Consider then a gauge theory with group G in 2n dimensions, with
a generic spectrum of Weyl fermions that is free of perturbative anomalies and that
we symbolically denote by [¢]. Following Refs. 73, 74, we will map the computation
of the non-perturbative anomaly induced by [¢] in such a theory to the computation
of perturbative anomalies in another theory, with gauge group G containing G, such
that o, (G) is trivial even if 7y, (G) is not, and a spectrum [¢] of chiral fermions that
reduces to the original spectrum [¢] under the decomposition G — G, modulo extra
singlets. This auxiliary theory is by construction free of non-perturbative anomalies,
but must have perturbative ones, since these are the only quantities to which the
non-perturbative anomalies of the original theory can map to. These perturbative
anomalies of the auxiliary theory that encode the non-perturbative anomalies of
the original theory can again be computed using Fujikawa’s approach and looking
at the integration measure D[1)]D[¢)] of the functional integral representation of the
effective action. The variation of this measure under a finite gauge transformation
ge G is given by

DD = e~ "= @A) DYDY, (139)

where [19] denotes the j-gauge transformed of [¢)], A and F' are the connection
and field strength of G and Twz(g, /1, F ) is the Wess—Zumino action obtained by
integrating (50). The explicit form of 'y can be obtained, as in (68), by extending
the fields to a (2n + 1)-dimensional ball Bs,11 whose boundary is the space-time
sphere S2":

Pz (g, 4) = 2ni [ [04),(A47) - 0, ()] (140)
Bant1

For simplicity of notation, the Chern—Simons form appearing in (140) corresponds
actually to a sum of the basic Chern—Simons forms, defined as in Appendix A, in
the same representations of G of the associated chiral fermions [¢)]. Let us now
consider the subclass of gauge configurations A and F' that are in G and the sub-
class of gauge transformations § that reduce to some transformation g of G on
0Bs,+1 = S?". Notice that this includes all the transformations of G, and in par-
ticular the homotopically non-trivial ones we are interested in. The Wess—Zumino
action (140) for these configurations therefore encodes also the variation of the ef-
fective action I'(A), obtained by integrating out our original fermion spectrum [¢]
under a homotopically non-trivial gauge transformation g of G:

['(A%) —T(4) =Twz(9,4). (141)

Equation (141) allows a mapping of the global anomaly (138) for G to the per-
turbative anomaly under gauge transformations of G that reduce to g € G on
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0Bsy,+1. The evaluation of the right-hand side of (141) is however still a non-trivial
mathematical problem, in general.

The simplest non-trivial case where global anomalies can arise in 4 dimensions
is™ for G = SU(2), since 74[SU(2)] = Zz. The simplest anomaly-free spectrum is
in this case [¢)] = 19, where 9 is a Weyl doublet of SU(2). We can now apply
the procedure described above by taking G = SU(3) (since m[SU(3)] = 0) and
[1)] = w3, where 13 is a Weyl triplet of SU(3). The right-hand side of (141) can
then be evaluated using homotopy considerations based on exact sequences (see
Ref. 74) or by an explicit construction of the gauge transformations g and § as in
Ref. 75. When g belongs to the trivial element of 74[SU(2)], it of course vanishes,
whereas for g belonging to the non-trivial element of 74[SU(2)] one finds

'(A9) — T(A) = i (142)

This shows that an SU(2) theory with one or any odd number of Weyl doublets
is non-perturbatively inconsistent. Generalizations to other groups or dimensions
can be found in Refs. 74, 76. Global gauge anomalies have also been studied for
theories that have an anomalous spectrum of fermions and are free of perturbative
anomalies thanks to a Green—-Schwarz mechanism, in Ref. 77. Finally, global gauge
and gravitational anomalies in string-derived theories have been studied in Ref. 72
(see also Refs. 78).*

Global anomalies in spontaneously broken symmetries can be canceled with the
help of a generalization of the mechanism reviewed in section 3.2 for perturbative
anomalies®*. The main issue in doing this is the possible topological obstruction
in extending locally defined quantities to globally defined ones. The question is
whether the modified Wess—Zumino term I'y;,(A,U), which must be added in
order to cancel the perturbative anomalies, is globally well defined and whether the
new action is invariant under homotopically non-trivial gauge transformations. This
has been studied in Ref. 34, where it was shown that I';,,(A4,U) can be globally
defined and cancels the possible global gauge anomalies of the theory, provided the
following two conditions are met. First, the spectrum of fermions must be such that
there are no global anomalies for the unbroken group H. Second, there has to exist
a group G O G, with an(é) = 0, such that the fermion spectrum of the theory
can be extended to the group G without generating further anomalies for G.Y

The cancellation of global anomalies provides additional constraints on the pos-
sible chiral fermion spectrum in a theory. For instance, it has been argued in Ref. 79
that the number of generations of ordinary quarks and leptons could be understood
by requiring global anomaly cancellation of the standard model gauge group, if all
standard model fields propagate in 6-dimensions.

*For global gravitational anomalies, there exist no generalization of the procedure outlined above
for the gauge case, and one has to rely on a more direct analysis of the spectrum of the Dirac
operator.

Y¥The latter condition arises in this fashion when global anomalies are studied as in Ref. 74.
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Also higher-dimensional theories defined on orbifolds should be free of any global
anomaly. For this kind of theories, one might actually have more constraints than
in theories defined on flat spaces, owing to the non-trivial topology of the internal
space. But very little is known about this.

6.1. Parity anomalies in odd dimensions

In an odd number of space-time dimensions, the Dirac operator is always Hermitian
and there cannot be any perturbative or non-perturbative gauge or gravitational
anomaly. This is best understood by observing that a gauge-invariant Pauli—Villars
regularization is always available in an odd number of dimensions.” However, a mass
term in 2n+ 1 dimensions violates the parity symmetry defined by the inversion of a
single space-time direction, and a Pauli—Villars regulator therefore leads in general
to a parity-violating effective action. Whenever this is the case, there is a parity
anomaly'?80:81 To be more precise, this means that it is not possible to retain
at the quantum level both the parity and the gauge symmetry. Ignoring subtle
global issues (see Ref. 17 for a precise discussion), it is possible to switch from a
gauge-invariant but parity-violating effective action to a gauge-violating but parity-
invariant effective action, through a suitable local Chern—Simons counterterm. The
latter is parity odd and invariant under small gauge transformations but in general
not under large ones. In other words, a parity anomaly can be traded for a global
gauge anomaly and vice versa®?.

Parity symmetries are particularly relevant to odd-dimensional orbifolds, since
they may be part of the orbifold action. Whenever this is the case, a parity anomaly
on the covering space might lead to some inconsistency, since in the orbifold theory
the parity symmetry becomes a discrete “gauge” symmetry. However, although it
is quite obvious that requiring that there appear no parity anomaly in the covering
space is a sufficient condition (see e.g. Ref. 82 for a discussion), it is not clear
whether this condition is also necessary. In order to verify this, one would have to
look for a possible anomalous violation of the selection rule imposed by the orbifold
projection directly in the orbifold theory.
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A. Descent relations and Chern—Simons forms

In this appendix, we provide the explicit construction of the forms Qg 42, ngl) 11

and Q;}B entering the Stora—Zumino descent relations, as explained at the begin-
ning of section 2. For simplicity we consider here only the gauge case, but similar

“The only exception are theories in 8n + 1 dimensions with an odd number of Majorana fermions,
where it is not possible to construct mass terms for all of them?!2.
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considerations apply for the gravitational case as well. We closely follow section
3.C of Ref. 13, adopting the same, convenient, differential-form notation with the
same conventions. The gauge field A is a 1-form and its field-strength is the 2-form
F = dA + A?%, which satisfies the Bianchi identity DF = dF + [A,F] = 0. As
explained in the main text, the relevant starting point is a gauge-invariant (2n+2)-
form Qg,12(F). This is exact and therefore defines a Chern—Simons (2n + 1)-form
through the local decomposition Qopio2(F) = dQant1(A, F). Finally, the gauge
variation of the latter defines a 2n-form s, (4, F) through the transformation law
51)9271—1-1 (A, F) = ngn(’U, A, F)

To begin with, let us introduce the relevant formalism. We shall need to define
a family of gauge transformations g(z, ) depending on the coordinates z* and on
some parameters 6%. These gauge transformations change A and F' into

A(z,0) = g (2,0)(A(z) + d)g(,0), (A1)
F(2,0) = g~ (x,0)F(x)g(z, ). (A.2)

We can then define, besides the usual exterior derivative d = da*0,, with respect
to the coordinates x*, an additional exterior derivative d = d#*9, with respect
to the parameters 6%. These two operators anticommute and are both nilpotent,
d? = d> = 0. This implies that their sum A = d + d is also nilpotent: A2 = 0.
The two operators d and d naturally define two transformations parameters v and
0 through the expressions:

v(x,0) = g~ (z,0)dg(z,0), (A.3)
o(x,0) = g~ Y(x,0)dg(x, 0) . (A4)

It is straightforward to verify that

lo=—0>, dA=—Do, dF = —[b, F]. (A.5)

These equations show that d generates an infinitesimal gauge transformation with
parameter ¥ on the gauge field A and its field-strength F. Interestingly enough,
these can also be interpreted as BRST transformations, the ghost fields being iden-
tified with 9. At this point, it is possible to define yet another connection A4 and
field-strength F as

A= g ' (A+A)g=A+4, (A.6)
F=AA+ A =g 'Fg=F. (A7)
The crucial point is now that A and F are defined with respect to A exactly in the

same way as A and F are defined with respect to d. Therefore, the corresponding
Chern—Simons decompositions must have the same form:

Q2n+2(F) = AQan+1(A, F), (A.8)
Qant2(F) = dQani1(A, F). (A.9)
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On the other hand, (A.7) implies that the left-hand sides of these two equations
are identical. Equating the right-hand sides and using (A.6) yields:

(d+ d)Qans1(A+ 0, F) = dQans1(A, F). (A.10)

In order to extract the information carried by this equation, it is convenient to
expand Qa,,11(A + 0, F) in powers of ¥ as

Q2n+1(le+ﬁ’p) Q2n+1(A’F) +Q$n)(ﬁagap) +Q ety ( aAaF)a (All)

where the superscripts denote the powers of v and the subscript the dimension of
the form. Substituting this expansion in (A.10) and equating terms with the same

power of ¥, we finally find the Stora—Zumino descent relations'®:

dQY), +dQ%) =0,
dQSY +aQ) | =o,

AQ(Qn) +dQ(2n+1) _ 07
dQ™ =o. (A.12)

The operator d makes it possible to understand in a simple way why the Stora—
Zumino descent represents the most general non-trivial solution of the Wess—Zumino
consistency condition (1). For the case of gauge anomalies we are considering here,
Z(v) = [tr(va(A)), the latter reads

Oy, | tr(vaa(A)) — 0y, [ tr(via(A)) — /tr([vl,vg] a(A)) =0. (A.13)

The two transformations with parameters v; and vy can be incorporated into a
family of transformations parametrized by ' and 6%, with parameter ¢ = v,df*.
In this way, v, = ¢710,9. At 6% =0, g(z,0) = 1 and therefore A(z,0) = A(x) and

F(z,0) = F(x c). At that point, d generates ordinary gauge transformations on A
and F, with d = d#*6,,. The condition (A.13) can then be multiplied by d6'd6?

and rewritten as
/tr({) da(A)) + /tr(f)Q a(A) =0. (A.14)

Since dv = —92, this can be rewritten simply as:

d/tr(ﬁa(A)) ~0. (A.15)

The Wess—Zumino consistency condition is therefore the statement that the anomaly
is d-closed, d T (0) = 0. It is clear that the trivial d-exact solutions Z(d)= =d Jf(A

terms of a local functional f(A) of the gauge field correspond to the gauge Varlatlon
of local counterterms that can be added to the theory, and the non-trivial anomalies
emerging from the non-local part of the effective action are therefore encoded in the
cohomology of d. From the second relation appearing in the Stora—Zumino descent
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relations (A.12), we see that the general non-trivial element of this cohomology is of
the form Z(8) = [ QS}). With the above definitions, we have Qa2 = dQY, | and
5,Q%) | = —dQSY). We can therefore identify Qon10 < Qaonta, Q50 — Q)
and Q) — —QY.

Let us now compute the explicit expressions of the forms that are relevant to
gauge anomalies. The starting point is the (2n 4 2)-form characterizing the chiral
anomaly in 2n + 2 dimensions:

Qani2(F) = tr F™HH. (A.16)

This is a closed form, as it should, since dF = dAA — AdA = —[A, F] and therefore
d(tr F**1) = —tr [A, F"*1] = 0. To derive its first descendent, Qg(33+1(A, F), let us
consider a continuous family of connections A;, with field strengths F; = dA; + A2,
which linearly interpolate between 0 and A for ¢ € [0, 1]:

Ay =tA, Fy=tF + (1> —t)A?. (A.17)
It is easy to verify that
OF, =dA+ [A, Al = DA, (A.18)
and thus, using the Bianchi identity D:F; = 0,

d, tr Ftn+1 = (n+1)tr [3tFt Ft”} =(n+1)tr [DtA Ft"}

= (n+1)tr {Dt(AFt”)} = (n+1)dtr [AF;}. (A.19)
Integrating this result over ¢ finally yields
1
tr Pt = (4 1) d/ dt tr [A Fg}} . (A.20)
0

The Chern—Simons form associated to (A.16) is therefore given, modulo exact forms,
by the expression:

1
QY (A F)=(n+ 1)/dttr {AFt”} . (A.21)
0

To compute the second descendent, Q&) (v, A, F), we use the result (A.21) to deter-
mine the left-hand side of (A.11). Defining for convenience Fy = tF+(t2—t)(A+1)2,
this reads

Qans1(A+0,F) = (n+ 1)/1dttr [(AJrﬁ)Fﬂ . (A.22)
0

The quantity we are after is then found by expanding in powers of ¢ and retaining
the linear order. Defining the symmetrized trace of generic matrix-valued forms
w; = w]t* as
1
str(wy ... .wp) = wa‘l A ANwy? Z tr(E ..., (A.23)

perms.
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we find
1

o, A, F) = (n+1) [ dtstr [@Ft" +n( —t)A[A, 0] F[H}

= (n+1) dtstr{ (B 4+ n(e = 1) (e[4, A By~ = A[A4,, 1))

= (n+1) [dtstr [v (Ft" F(t—1)8F" +n(l — t)d(let”_l))} (A.24)

/
= (n+1) / dtstr [0 B +n(t = 1)((0F, — dA) FP '+ AdFp ) )|
J:
In the third equality we have used the identities D, F;*~! = dF" ' +[A;, F/ '] =0
and 0;F; = dA + t[A, A]. After integrating by parts, the first and second term in
the last line of (A.24) cancel. Setting 6 = 0 finally gives:

Wy, A, F) = n(n+1) /1dt (1—t)str [vd(AFt”’l)} . (A.25)
0

In order to give a concrete example, let us derive the contribution of a Weyl
fermion with chirality n = £1 to the non-Abelian gauge anomaly in 4 dimensions.
In this case, we have to start from Qg = ch(F)|g = —i/(4873)tr 3. Taking into
account the sign flip required by our definitions, equation (A.25) leads then to

QP (v, A, F) =

1
—str [vd(AF - S4%) . (A.26)
Using (44) and taking into account the coefficient arising from the expansion (36),
we obtain the following anomalous variation of the effective action:

§,T(A) = 7247;2 / dhastr [vd(AF - %A3)} . (A.27)

The generalization of the above relations to the gravitational case is straight-
forward, particularly when dealing with local Lorentz transformations. In this case,
we must simply substitute A and F' with the spin connection w and the curvature

R, and consider infinitesimal SO(2n) local rotations.

B. N =1/2 o-model in 2 dimensions

In this appendix, we show that the supersymmetric quantum mechanical system
(16) can be constructed as a 1-dimensional truncation of the supersymmetric 2-
dimensional o-model introduced in Ref. 83 to describe the heterotic string. The
construction is based on the so-called N' = 1/2 superspace, namely a superspace
involving a single Grassmann variable 6, associated to a Majorana—Weyl fermionic
supercharge ), which has one real component in 2 dimensions. The relevant chiral

superfields are®3

B = M+ Gyt
CA =ct 4R, (B.1)
Ch = ch +0F%, (B.2)
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where 1* are chiral (left-handed) world-sheet spinors and space-time vectors, with
p=1,...,2n, ¢ and ¢4 are complex antichiral (right-handed) world-sheet spinors,
transforming respectively in the representation R of the gauge group G and its
conjugate R, with A =1,...,dimR, and finally F§ and F4 are complex auxiliary
fields. The superspace covariant derivative and the supercharge are defined as

0 0

D =— +1i60, — + 00, B.3

20 +i Q=1 50 + (B.3)
where & = 0/0z = 0, + 0, and 0 = 3/0Z = 9, — O, are the holomorphic and
anti-holomorphic derivatives with respect to the complex coordinates z, z. The La-
grangian is defined as

L(®,C,C*) = /d@[ L 0,0 (®) DD DD cg(DcA+A;j‘B(q>)qucB)] , (B.4)

where g,,,, is the metric of the 2n-dimensional target space My, and Aﬁ 5 =Ay TA,
is the connection of the gauge bundle, with the matrices T, satisfying the commu-
tation relations [To,Tg] = 7,375 Integrating over the Grassmann variable ¢ and
solving for the auxiliary fields F§ and F4, the component expression of the La-

grangian is found to be:

1 o i i
I wAav o m v v 01T
L= 902" + Zgut (81/; . )

+ich (8CA JrAfB 8x“cB) LBty A W B (B.5)
where
Fi =040 —0,A% 5 + [A, A (B.6)

The on-shell supersymmetry transformations of the various fields are given by
ozt = ieyp, oYt = —edzt
oet = iecBAﬁBw“, ey = fiec}}AfAz/)“. (B.7)

The trivial dimensional reduction of the Lagrangian (B.5) to 1 dimension is obtained
by discarding the o-dependence of the fields. Introducing the new field ¢* = efj i,
the Lagrangian reduces to (16), the supersymmetry transformations become

dat = jeebh?, oY = fe(e h + = [1/)1,,1/16] eMbw ac)
oet = iecBAﬁBefl‘w“, ochy = zecBA Ae“z/J , (B.8)
and the supercharge simplifies to

Q= —egyti, . (B.9)
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