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PROBLEM 1.
(a) From the multinomial formula, for any non-negative x1, ..., zx with z14---+zx =1
we have
n n
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(b) From (a), for any non-negative x1, ..., z, that sum to 1,

n
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Choose now x; = n;/n to obtain the desired result.

(c) Consider the following code: given (uq,...,u,), compute ny,...,ng. Describe each
of the n; € {0,1,...n},i=1,... K — 1, using [log(1 4+ n)] bits in the usual binary
encoding of integers (no need to describe ny since the n;’s sum to n). At this moment
the decoder will know that the sequence u1, ..., u, belongs to Sy, . ., and thus with
further [log | Sy, x|l bits we can describe which element of S, ., We were given.

An alternative solution consists of verifying that the given codeword lengths sat-
isfy the Kraft’s inequality: let ¢y := (K — 1)[log(n + 1)] and #1(ug,...,u,) =

----------

[log Spy..ny | (with ny, ..., nk as before) so that the codeword lengths are

E(ul, . ,un) = 60 —+ El(ul, . ,un).
Then,
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The last sum contains at most (n + 1)K_1 terms: for each of ny,...,ng_q there are
at most (n + 1) choices and once (n1,...,ng_1) is chosen there is but a single choice

for ng. As 2% > (n + 1)K~ we see that the Kraft’s inequality is satisfied and a
prefix-free code with the specified lengths exists.

(d) We have
0< E[D(X1,.... Xi)|(pa, - -, o)) = Z B[X;log(X,/1)] =

— Elh(Xy,..., X +ZE Jog(1/ ) = —E[h(Xq, ..., X0)] + h(p, - ., i)



(e) Let N; be the number of occurrences of the symbol i in the sequence Uy, ..., U,. By
(c) and (b)

length(C,,(Uy, ..., Uy)) < (K —1)[log(1 +n)] + [nh(Ny/n, ..., Ng/n)]
< K+ (K —1)log(l+n)+nh(Ni/n,...,Nk/n)

Note that E[N;] = np; where p; = Pr(U = i), and thus by (d) we have

%E[Iength(cn(Ul, LU < K+ (K —1)log(l+n)

n +h(p177pK)

Noting that H(U) = h(ps,...,pk), we demonstrate what was asked.

Observe that in constructing the code C,, we did not use any knowledge of the statistics
of U, but for i.i.d. sources, we see that for large n the code performs as well a code
that is designed with the knowledge of the statistics. The ‘universality penalty’ we
pay is O((K logn)/n).



PROBLEM 2.

(a)

Since {X; : i € Z} is stationary, (Uy,...,U,) = (f(X1),..., f(X,)) has the same
statistics as (f(Xgt1)y- -y f(Xksn)) = (Ugs1s -+, Uksn). Thus the process {U; : i €
Z} is stationary. Consequently, the sequence a; is non-increasing, and lim; a; exists
and is equal to the entropy rate of the process {U; : i € Z}.

Since {X; : ¢ € Z} is Markov, conditional on X; the sequence (Xa,..., X;41) is in-
dependent of Xgy. Since (Us,...,U;41) is a function of (Xs,..., X;y1) we thus see
that conditional on X7, the sequence (Us,...,U;+1) is also independent of Xj. Con-
sequently, I(Xo; Us,...,U;1]X1) = 0.

By stationarity b; = H(U;11|U;, . .., Us, X7). Thus,
bi — H({Uin|U;, ..., Uz, X1, Xo) = 1(Xo; Uisa|Us, . .., Uz, X1).

But from (b) and the chain rule we have

i+1
0=1(Xo;Us, ..., U1 X1) = Z 1(Xo; Uj|U27 U, Xa)
=2
and conclude that each term in the sum above, in particular I(Xo; U;11|U;, . . ., U, X71),

equals zero. We thus find that b; = H(U;1|U;, ..., Us, X1, Xo) as claimed.

From (c) and the fact that U; is a function of X,

bi = H(Ui+1|Ui7 R U27X17X0) = H<Ui+1‘Ui7 SRR UlaXlaXO)
< H(Ui+1’Ui7 R U1>Xo) = bit1.

Observe that d; = I(Xo; U;|Uy, ..., U;—1). So d; > 0, and by the chain rule Y | d; =
[(Xo: Us,...,Uy).

Since a; > a;4;1 (see comments in (a)) and b; < b1 (by (d)), diz1 = air1 — bip1 <
a; — bl = d,

From (f) and (e)

Thus lim,, ., d,, = 0. Consequently, lim,, . b, = lim,, . a,.

A process {U; : © € Z} as in this problem is called a ‘hidden Markov process.’
Observe that for a stationary process the sequence a,, converges to the entropy rate
H from above, but in general there is no way how large one should take n to get a
good estimate of H. We now see that for hidden Markov processes we have another
sequence b, that converges to H from below, and taking n = log|X|/e guarantees
that b, < H < a, with a,, — b,, < e.



PROBLEM 3.

(a)

(b)

Note that when W # wgy, we have W' = W, and when W = wy we have W' = wou
for some u € Y. Thus

length(W') — length(W) = 1(W = wy).
Thus E[length(W’)] — Ellength(W)] equals Pr(WW = wy) = po.
We have

1
HW p(wou) log — polog —
; ( ) Po

The first sum equals

g Opl(u) = Do [logpi0 + H(U)],

> pop(u)

consequently H(W') — HW) = poH (U).

The only dictionary with & = 1 interior node is D = U. For this dictionary
length(W) =1 and H(W) = H(U) so S; is true.

Any dictionary D’ with k + 1 interior nodes is obtained from a dictionary D with k
interior nodes by the construction described in the problem. Consequently, from (b),
hypothesis S, and (a)

H(W') = HW)+poH(U) = Ellength(W)|H(U)+poH(U) = E[length(W")|H(U)

proving Ski1. The statement that Sy is true for all £ then follows by induction.

In class we had proved this relationship between H (W), H(U) and E[length(1V)] by
a more complicated proof than the one described in this problem.



