Homework 3: 5 October 2017
Traitement Quantique de I'Information

Exercise 1 Orthonormal basis and measurement principle
1) It involves the following checking:
(a|ay = (cosa (x| +sina (y|)(cosalz) +sinaly))
= cos’a +sin®a =1
(ar|ay) = (—sina(z|+cosa(y|)(—sina|z) + cosaly))
= cos’a +sin®a =1
(ar|a)y = (—sina (x| + cosa (y| ) (cosa|z) +sinaly) )

= —sinacosa + cosasina = 0

(RIB) = 3 (4] —i4ol) (o) + b)) = 502+ (~0)i) =1
(D12 = 3 (4ol 4 Gol) () — i) ) = 502 + (i) =1
(RIL) = 5 (el i (o)) () — i l9)) = 5+ (=i)(~9)) =0

2) For each experiment, the possible states just after the measurement would be the corre-
sponding measurement basis with the following probabilities:

Prob(|z)) = |{x]¢)[* = cos6
Prob(ly)) = |(y|v)|” = |(sin )e|* = sin® ¢

where we use €% = cosy + isin so that |¢¥|> = cos? ¢ + sin? o = 1. For the other
probabilities we have:

Prob(|R)) = [(Rl¥)[*

= |75 ((al = o) (cosb ) + (sin0)e )
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Prob(|L)) = |<LI¢>!2

= |5 (el +i o) (cosb ) + (sin0)e )
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Prob(|a)) = [(a]y)[*
= |(cos o (x| + sina (y|) (cos 0 |z) + (sinh)e™ |y)) |2
= ‘cosacos&%—smasm@eﬂz
— |cos arcos 0 + sin asin 0 cos o + i sin avsin @ sin |

— (cos acos 0 + sin avsin 0 cos p)* + (sin o sin 0 sin ¢)°

= cos® avcos® f + 2 cos asin a cos 0 sin 6 cos ¢ + sin® asin® 0
Prob(la)) = [{a[¢)|”
= |(sina (x| + cosa (y|) (cos O |x) + (sinf)e™ ]y>)|2
. . io|2
= ‘—smozcos@—i—cosozsmé’e‘p{
= |—sin a cos @ + cos arsin f cos ¢ + i cos a sin O sin |

= (sinacos @ — cos asin § cos p)” + (cos asin 0 sin ¢)°

= sin® o cos?  — 2 cos arsin av cos 6 sin @ cos  + cos? asin® @

One can verify that these probabilities are normalized to one,

Prob(|x)) + Prob(]y)) = Prob(|R)) + Prob(|L)) = Prob(|a)) + Prob(Ja)) = 1.

Exercise 2 Matrices in Dirac’s notation

1) As {|z),|y)} is a set of orthonormal basis, we have

(v (z[ + 0" (yl) (a]x) + Bly)) = v a(z|z) + 7B (x|y) + 6" a (y|z) + "B (y|y)
=~y'a+6"p.



(alz) + Bly)) (v (2| + 6" (y])
= ay" |z) (z] + ad” |z) (y| + By" [y) (z] + BO" |y) (y|

oy ((1)) (1 0)+as (é) (0 1)+ 8 ((1)) (1 0)+ a5 (‘1)) (0 1)

B (av* oz5*)
~ o s

3)
a= (o)
=ay (é) (1 0)+an ((1)) (0 1)+ an ((1)) (1 0)+anxn <(1)> (0 1)
= a |z) (z] + a2 |z) (y| + a2 [y) (x| + az2 |y) (y]
4) As

la) = cosa|z) +sinaly),

la)) = —sina|z) + cosaly),
we find |z),|y) by linear combination of the above two equations:
cosar|a) —sina|a;) = (cos® a +sin’a) |z) = |z),
sinav|a) + cosarfa ) = (sin® a 4 cos® @) |y) = |y) .
Then we have
|z) (z] = (cosar|a) —sina|ay) ) (cosa{a| —sina{a,|)
= cos’a|a) (a| —sinacosa|a) (a | —sinacosa|ay) (a] +sin®alar) (o,

lz) (y| = (cosa|a> —sinoz|og>)(sinoz<oz| —f-cosoz(ozl])

sin o cos ar|a) (a] + cos? a]a) (ay| —sin® a|ay) (o] —sinacosa]ay) {ay],

)
ly) (x| = (sina]e) + cosaferr) ) (cosa {a| —sina (ay|)
= sinacos a|a) (a| — sin® a|a) (ar| 4+ cos® a|ay ) (a| —sinacosafa) (o |,

) (y| = (sma|a) +COSOé|OzL>)(SIHOz<Oé| + cosa (o |

= sin® a |a) (o] + sinacosa|a) (o) |+ sinacosafay) (o] + cos® a|ar) (ay].
Substituting all these into A, we have
A= ay |z) (x| + ara [7) (Y| + aa1 |y) (2] + az2 |y) (Y]
= (an cos® v + @12 SiN @ cOS @ + @9y sin o cos o + agy sin® a) la) (o]
+ ( — ay1 8in a cos v + agp cos? o — asy sin? a + asg sin o cos a) la) (o) |
+ ( — Gy Sin v cos a — aqo Sin® o + agy cos® o + asgo sin a cos a) la) ) (o

+ (+ aq1 $in? v — aps SIN @ COS (O — @91 SIN (L COS ¢ + A9y OS> a) la ) ey ]
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Therefore, we have

G117 = a1 COS% @ 4 aq9 SN (@ COS @ + a9y SIN v COS (v + a9y SIN> Q,
Q19 = —aqq SIN ( COS (v + 19 COS® (v — @y SIN v + g9 SIN (v COS Q,
{91 = 11 SIN @ COS v — aq9 SIN% v + a9y cos® o + ags Sin v cos a,

(9o = G171 SIN® (v — (19 SIN (v COS (O — @9y SIN v COS (v + a9 cos? .
An alternative approach to find a1, a2, Go1, Goa:

Suppose we replace the matrix notations by |a) = (é) and |a ) = ((1)) such that

> and |y) = sina |a)+cosa |y ) = (:;I;Z) Consider

COS &«

|x) = cosar|a)—sina|ay) = (_ ‘i

the equation

any |o) (| + @z o) (i | + o1 o) (af + @2 o) (o]
= ay |7) (x| + a2 |2) (y| + a1 |y) (x] + ax|y) (y|

In the {|a),|ay)} basis, the L.H.S. equals (?11 (}12> and the R.H.S. equals

a1 Q22

COS . COSs « )
ai . (cos a  —sin a) + aq9 . (sm o coSs a)
—sin« —sino
sin o . sin « )
+ a9 (cos o —sin a) + Q92 (sm o COS a)
CoSs & Ccos o
cos & cosa —sina sin o cosa —sino
(l12) . + (a21 CLQQ) .
—sin o sina  cosQ Cos & slna  Cos
cosa  sin«o ai; Q12 cosa —sino
—sina  cos« as1 Q99 sina  cosa
a19 _
P p!
22

cosa  sin«
—sina cos«

where P = (

). Therefore we find that the usual basis transformation rule

ay aip\ p (@ a2 pa
21 (22 21 (22
Exercise 3 Interferometer revisited

1) Using Exercise 2.3, we have

= [H) (H| +i[H) (V] +i[V) (H] +[V) (V]
R=1i|H)(V|+1i|V)(H].

2) The computation in Dirac’s notation is
1
75
SRS =—|H) (H| —|V)(V].

RS = — (= [H)Y (H|+i[H) (V| +i|V) (H| — V) (V]),



The computation in usual matrix notation is

Y (I [ T R O [ GO B G

3)
SRS|H) = (= |H)(H| = [V){V]) [H) = - |H)
[(H|SRS|H)[* =] - (H|H) " =1
[(VISRS|H)|? = | = (V|H)[*=0

The experimental set-up:

/) D
4) We have
1/1 4\ [0 @\ (e 0 1 4 1 [—eiPr —eiv2  _jeiP1 4 jeiv2
SEDS = 9 (z 1) (z O) ( 0 ei‘”) (z 1) ~ 9 <iei‘”1 —jetr2 —eiP1 _ pip2 )
and
1 _eitpl _ eiSDQ
SRDS|H> = 5 (i€i¢1 o ieiapg) )

which in Dirac notation is

11 12 O 105 R 17D}

SRDS |H) = —% )+ V).

Then we have

ip1 io |2

|(H|SRDS |H) | = |

1 .
=1 |COS 1 —+ i Sin @1 + cos py + i sin @y

DO = = =

((cos 1 + cos pa)? + (sin g1 + sin s)?)
(2 4+ 2 cos ¢ €os pg + 2sin g sin o)

(14 cos(p1 — ¢2))

— cos? Y1 — P2
2




and
o1 i s |2
et — je

[(VISRDS |H) |* = 5

. . . . 2
= — |—sing; + 7 cos p; + sin g — i cos |

N e L N L N

((sin ¢y — sinpa)? + (cos g1 — cos s)?)

(2 — 2 cos g1 €os Yy — 28in ¢ Sin o)

(1 — cos(p1 — ¢a2))

) <901—902)
= sin
2

The experimental set-up:

/) D-

e'¥?

A proof that SRDS is unitary: Recall the notation AT = AT*. We have checked that
SST = S1S =TI and RR" = R'R = I in Homework 2. It is also easy to check DD' = DTD =
I. The product of unitary matrices is unitary, indeed

(UL Us) (UL )T = hUuULUT = UhUf = 1.

(H|SRDS|H) (H|SRDS |v>) .

Remarks: The matrix elements are ((V| SRDS|H) (V|SRDS|V)

o We saw that for a unitary matrix the sum of the modulus squares of rows or columns
equal 1. For example for the first column we have | (H| SRDS |H) |>+| (V| SRDS |H) |* =
1. This expresses the fact that the two probabilities of finding the photon in state (H |
or (V] after the measurement is 1.

e Similarly if we would do an experiment with a photon coming in state |V) when it
enters the interferometer, the probabilities of finding it in state (H| or (V| at the
detectors should sum to 1. This means | (H|SRDS|V)[|* + [(VISRDS|V)|* = 1
which is the sum of the modulus squares of the second column.

e In fact for each of the sum of columns (or rows) that sums to 1, there is an experimental
interpretation.



