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Foreword

Statistical physics, over more than a century, has developed powerful techniques
to analyze systems consisting of many interacting “particles.” In the last twenty
years it has become increasingly clear that the very same techniques can be
applied successfully to problems in engineering such as communications, signal
processing, or computer science.

However, there are several hurdles which one encounters when one tries to
make use of these methods.

First, there is the language. Statistical physics has developed over the last
150 years with the aim of providing models and deriving predictions for various
physical phenomena, such as magnetism or the behavior of gases. This long
history, together with the specific areas of their original application, has resulted
in a rich language whose origins and meaning are not always clear to someone
just starting in the field. It therefore takes a considerable effort to learn this
language.

Second, except for extremely simple models, the “calculations” which are nec-
essary are often long and daunting and frequently use little tricks and conventions
somewhat outside the realm what one usually picks up in a calculus class. A good
way of overcoming this difficulty is to start with a familiar example, casting it
in terms of statistical physics notation, and by then going through some basic
calculations.

Third, and connected to the second point, not all methods and tricks used in
the calculations are mathematically rigorous. Some of the most powerful tech-
niques, such as the cavity method, currently do not have a mathematical justifi-
cation. In the “right hands” they can do miracles and give predictions which are
currently not possible to derive with any classical method. But a newcomer to
the field might quickly despair in trying to figure out what parts are mathemat-
ical rigorous and what parts are “most likely correct” but cannot currently be
justified. Both worlds are valuable. The cavity or replica method give predictions
which would be very difficult to guess. These predictions can then be used as a
starting point for a rigorous proof. But it is important to cleanly separate the
two worlds.

Our aim in writing these notes is not to give an exhaustive account of all there
is to know about statistical mechanics ideas applied to engineering problems.
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Several excellent books already exist. We in particular recommend (Nishimori
2001, MacKay 2003, Mézard & Montanari 2009).

Our aim was to write the simplest non-trivial account of the most useful sta-
tistical mechanics methods so as to ease the transition for anyone interested in
this strange put powerful world. Therefore, whenever we were faced with an op-
tion between completeness and simplicity, we chose simplicity. On purpose our
language changes progressively throughout the text. Whereas at the beginning
we try to avoid as much jargon as possible, we progressively start talking like a
physicist. Most of the literature uses this language, so you better get used to it.

We decided to structure our notes around three important problems, namely
error correcting codes, compressive sensing, and the random K-SAT problem.
Although we will introduce basic versions of each of these problems, we only
introduce what is necessary for our purpose. It goes without saying that there
are countless versions and extensions that we do not discuss. In fact, we hope
that the reader is already somewhat familiar with these topics and accepts that
these are important problems worth while studying. Using the basic versions of
these problems we explain how they can be cast in a statistical physics framework
and how standard concepts and techniques from statistical physics can be used
to study these problems. This allows us to introduce the necessary terminology
step by step, just when it is needed.

The notes are further partitioned into three parts. In the first part, com-
prised of Chapters 1-4, we introduce the problems, some of the language, and we
rewrite these problems in the language of statistical physics. In the first chapter
of the second part, namely Chapter 5, we then introduce the main protagonist,
a message-passing algorithm which is also know as the belief-propagation algo-
rithm. The remaining chapters of the second part, namely Chapters 6-9.3, contain
the analysis of the performance of our three problems under this low-complexity
algorithm. We will see that, in many cases, even this simple combination yields
excellent performance. Finally, in the third part, consisting of Chapters 11-13,
we get to the perhaps most surprising part of our story. Our aim will be to study
the fundamental behavior of these three problems without the restriction to low
complexity algorithms. I.e., how well would these systems work under optimal
processing. The surprise is that the same quantities which appeared in our study
of low-complexity suboptimal message-passing algorithms will play center stage
also for this seemingly completely unrelated question.

Although we follow essentially the same pattern for each of the three problems,
we will see that they are not all equally difficult.

Error correcting coding is perhaps easiest, and in principle most of the question
one might be interested in can be answered rigorously. In this case we are dealing
with large graphically models which are locally “tree like.” It is therefore perhaps
not so surprising that message-passing algorithms work well in this setting and
that the performance can be analyzed.

Compressive sensing follows a similar pattern but introduces a few more wrin-
kles. In particular, the story of compressive sensing is leading to the so-called
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AMP algorithm. The surprising fact here is that message-passing works very
well, and that its performance can be predicted, despite that the relevant graph-
ical model is not sparse at all but rather is a complete tree. The key observation
is that every single edge contributes very little to the global performance. AMP
can still be analyzed rigorously but the required computations are quite lengthy.
We will give an outline of the whole story, but we will not discuss every single
step in detail. Once the basic idea is clear, the interested reader should be able
to fill in missing details by studying the pointers to the literature.

The hardest problem is without doubt the random K-SAT problem. We will
only be able to present a partial picture. Many interesting and very basic ques-
tions remain open.

Many people have helped us in creating these notes. In the Spring of 2011 we
gave a series of lectures on these topics at EPFL to mostly a graduate student
population. We would like to thank Marc Vuffray, Mahdi Jafari, Amin Karbasi,
Masoud Alipour, Marc Desgroseilliers, Vahid Aref, Andrei Giurgiui, Amir Hesam
Salavati for typing up initial notes for some lectures. In addition we would like
to thank Mike Bardet who typed up further material as well as Hamed Hassani
who has since contributed material to several of the chapters.

Nicolas Macris, Lausanne, 2017
Riidiger Urbanke
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Models, Questions, and Overview

This chapter introduces three problems: error correcting coding, compressive
sensing, and random constraint satisfaction. All three problems play a funda-
mental role and have emerged as important paradigms in their respective dis-
ciplines: communications, signal processing, and theoretical computer science.
Although the three problems are quite different, it turns out that essentially the
same concepts and tools from statistical physics can be used to analyze and make
quantitative predictions. It is no coincidence that statistical physics provides a
unifying point of view on these problems. Indeed, they all involve the study of
probability distributions, over a large number of random variables, with a struc-
ture akin to the probability distributions studied in the framework of statistical
physics.

The connections between statistical physics, computation and information are
not new, and were already recognised a decade after Shannon’s 1948 foundational
article on information theory (a few historical pointers are given in the Notes
at the end of the chapter). Such connections were pushed towards engineering
problems in communications and signal processing during the late 1990’s and
flourished since then, and it seems already impossible to review the whole subject.
We concentrate on three essential models which form our guiding line, and should
provide the reader with the necessary basis to understand the literature and solve
further problems. In each domain of interest the models are paradigmatic, have
important practical applications, and beautifully connect to some of their cousin
statistical physical models. As is often the case with paradigms the models are
simple enough that they can be formulated from scratch, and almost no prior
knowledge in any of the above mentioned disciplines is needed.

In the next three sections we define each problem and outline a few funda-
mental questions that will be addressed in the next chapters. We then present a
high level overview of the developments in the next chapters. If the discussion
sounds difficult to follow at first, for one that is not familiar with the subject,
we hope that refering back to it will help to grasp the general picture.
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Models, Questions, and Overview

Coding

Error correcting codes

Codes are used to reliably transmit information across a noisy channel. The
basic idea is to add some further bits to the information to be transmitted and
to use these extra redundant bits to reconstruct the original information from
the “noisy” observation.

A binary block code C of length n is a collection of binary n-tuples, C =
{zM . MY where 2P, 1 < i < M, is called a codeword, and where the
components of each codeword are elements of Fo = ({0,1},, x), the binary
field. The number of codewords is hence M = |C| the cardinality of C. The rate
of the code is defined as %. This is the ratio of the number of information
bits per transmitted bit.

We will soon talk about various channel models, in other words, various math-
ematical models that describe how information is “perturbed” during the trans-
mission process. In this respect it is good to know that for a large class of such
models we can achieve optimal performance (in terms of the rate we can reliably
transmit) by limiting ourselves to a simple class of codes, namely linear codes.

A linear binary block code is a subspace of F7, the vector space of dimension
n over the field Fo. Equivalently, a binary block code C is linear iff for any two
codewords z(® and z(), we have (¥ — z(9) ¢ C. In particular (¥ — z(® = 0
the vector with all-zero components always belongs to a linear code. Since C is
a subspace, it has a dimension, call it k, 0 < k < n. Hence |C| = 2¥, and the
rate of C is equal to % All codes which we consider in this course are binary and
linear. Therefore, in the sequel we sometimes omit these qualifiers. We will view
vectors x as column vectors. For row vectors we write gT.

It will be convenient to represent a linear binary code C of length n and
dimension % as the kernel (or null space) of an (n — k) x n binary matrix of rank
n — k. Such a matrix is called a parity-check matrix and is usually denoted by H.
Every binary linear code has such a representation (because any linear subspace
is the null space of some matrix). So equivalently, we may write

C={zeFy:Hz=0}

for some suitably chosen (n — k) x n binary matrix H of rank (n — k).

A few remarks might be in order. First, once we have convinced ourselves that
there is at least one such matrix, it is easy to see that there are exponentially
many (in n — k) such matrices since elementary row operations do not change
the row space and hence the code defined by the matrix. All these matrices
define the same code, and are equivalent in this sense. But the representation of
the code in terms of a bipartite graph, which we will introduce shortly, and the
related decoding algorithm, do depend on the specific matrix we choose and so
our choice of matrix is important.

Second, and somewhat connected to the first point, rather than first defining
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a code C and then finding a suitable parity-check matrix H, we typically specify
directly the matrix H and hence indirectly the code C.

It can then happen that this matrix does not have full row rank, i.e., that its
rank is strictly less than n — k. What this means is that the code C contains
more codewords than 2F. Since this will happen rarely, and since having more
codewords than “initially planned” is in fact a good thing, we will ignore this
possibility and only count on having 2¥ codewords at our disposal.

The factor graph associated to the parity-check matrix H (of a code C)

Assume that we have a code C defined by the (n — k) x n binary parity-check
matrix H. We can associate to H the following bipartite graph G. The graph
G has vertices V U C, where V' = {z1,...,2z,} is the set of n variable nodes
corresponding to the n bits (and hence to the n columns of H), and where
C ={c1,...,cn_r} is the set of n — k check nodes, each node corresponding to
one row of H. There is an edge between x; and c¢; if and only if Hj; = 1. The
parity-check matrix H and the graph G encode the same information. But we
will see that G is the natural starting point for introducing the low-complexity
decoding algorithms.

EXAMPLE 1 (Factor Graph) Consider the following parity-check matrix,
1 0 0 1
H=|0 11 1
0 011
The factor graph corresponding to H is shown in Fig. 1.1. O

1 T2 x3 T4

C1 C2 C3

Figure 1.1 The factor graph corresponding to the parity-check matrix of Example 1.

Gallager's ensemble and the configuration model

A common theme in these notes is that instead of studying specific instances of a
problem we define an ensemble of instances, in other words a set of instances en-
dowed with a probability distribution. We then study the average “performance”
of this ensemble, and once the average is determined, we know that there must
be at least one element of the ensemble with a performance at least as good as
this average. In fact, in many cases, with extra effort one can show that most
elements in the ensemble behave almost as good as the ensemble average.
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For coding, we focus on a specific ensemble of codes called the (d,, d..)-regular
Gallager ensemble introduced by Gallager in the 1960’s. Rather than specifying
the codes directly, we specify their factor graphs. The ensemble is characterized
by the triple of integers (n,d,,d.) such that m = n‘é—: is also an integer. The
parameter n is the length of the code, d, is the variable node degree, and d. is
the check node degree.

We describe the ensemble by explaining how to sample from it. Pick n variable
nodes and m = nfsz check nodes. Each variable node has d, sockets and each
check node has d. sockets. Number the d,n variable sockets in an arbitrary but
fixed way from 1 till d,n. Do the same with the d.m check node sockets. Pick a
permutation 7 uniformly at random from the set of permutations on d,n letters.
For s € {1,...,d,n} insert an edge which connects variable node socket s to
check node socket 7(s) € {1,...d.m}.

If, after construction, we delete sockets (and retain the connections between
variable and check nodes) then we get a bipartite graph which is the factor
graph representing our code. To this bipartite graph we can of course associate a
parity-check matrix H. But note that in this model there can be multiple edges
between nodes. Can such a graph be meaningfully interpreted as representing a
code?

A moments thought shows that the natural interpretation of such a graph in
terms of a parity-check matrix H is to say that H has a 1 at row j and column
1 if there are an odd number of connections between constraint j and variable
1. Otherwise it has a 0 at this position. In practice multiple connections are not
desirable and more sophisticated graph generation algorithms are employed. But
for our purpose the typically small number of multiple connections will not play
a role. In particular, it does not play a role if we are interested in the behavior
of such codes for very large instances.

The above way of specifying the Gallager ensemble is inspired by the config-
uration model of random graphs. This particular ensemble is a special case of
what is called a low-density parity-check (LDPC) ensemble. This name is easily
explained. The ensemble is low-density since the number of edges grows linearly
in the block length. This is distinct from what is typically called the Fano ran-
dom ensemble where each entry of the parity-check matrix is chosen uniformly
at random from {0, 1}, so that the number of edges grows like the square of the
block length. It is further a parity-check ensemble since it is defined by describ-
ing the parity-check matrix. We will see that a reasonable decoding algorithm
consists of sending messages along the edges of the graph. So few edges means
low complexity and, even more importantly, we will see that the algorithm works
better if the graph is sparse.

For many real systems, LDPC codes are the codes of choice. They have a very
good trade-off between complexity and performance and they are well suited for
implementations. “Real” LDPC codes are often further optimized. For example,
instead of using regular degrees we might want to choose nodes of different
degrees and the connections are often chosen with care in order to minimize
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complexity and to maximize performance. We will ignore these refinements in
the sequel. The most important trade-offs are already apparent for the relatively
simple regular Gallager ensemble.

Encoding, Transmission, and Decoding

The three operations involved in the coding problem are encoding, transmission
over a channel, and decoding. Let us briefly discuss each of them.
Encoding: Given a binary linear block code C of dimension k, we can encode
k bits of information by our choice of codeword, i.e., by choosing one out of
the 2% possibilities. More precisely, we have an information word u € F%, and
an encoding function g : F§ — C, which maps each information word into a
codeword.

Although this function is of crucial importance for real systems, it only plays
a minor role for our purposes. This is true since, as we will discuss in more detail
later on, for “typical” channels, by symmetry the performance of the system is
independent of the transmitted codeword. We therefore typically assume that
the all-zero codeword (which is always contained in a binary linear code) was
transmitted. Also, in terms of complexity, the encoding operation is not a dif-
ficult task. One possible option is to write the linear binary code in the form
C = {Gu : u € F§}, where G is the so-called generator matrix and where u is
a binary column vector of length k& which contains the information bits. In this
form, encoding corresponds to a multiplication of a vector of length k£ with anxk
binary matrix G and can hence be implemented in O(k X n) binary operations.
In practice the code is often chosen to have some additional structure so that
this operation can even be performed in O(n) operations. We will hence ignore
the issue of encoding in the sequel.

Transmission over a Channel: We assume that we pick a codeword z uni-
formly at random from the code C. We transmit z over a channel. This channel is
a physical device that takes bits as inputs, converts them into a physical quan-
tity, such as an electric or optical signal, transmits this signal over a suitable
medium, such as a cable or optical fiber, and then converts the physical signal
back into a number that can be processed, perhaps a voltage which is measured
or the number of photons that were detected.

During the transmission the signal is distorted. This distortion is either due
to imperfections of the system or due to unpredictable processes such as thermal
noise. Instead of considering this potentially very complicated process in all its
detail we use a simple mathematical model that summarizes the end-to-end effect
of all these physical processes. We call this mathematical model the “channel
model.”

Formally, the channel has an input alphabet. We will always assume that the
input alphabet is binary, X = {0,1}. The channel also has an output alphabet
Y. Two common cases are ) = {0,1} and J) = R. We assume that the channel
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is memoryless, which means that it acts on each bit independently. We further
assume that there is no feedback from the output of the channel back to the input.
In this case the channel is characterized by a transition probability p(y | 2) where
Y€ Y™ is the output and where

ply | z) =[] oy | ). (1.1)
i=1
This product form accurately models the relationship between channel input and
output only if the channel is memoryless and there is no feedback.

The following three channels are the most important examples, both from a
theoretical perspective, but also because they form the basis of real-world chan-
nels. These are the binary erasure channel (BEC), the binary symmetric channel
(BSC) and the binary additive white Gaussian noise channel (BAWGNC).

0 0 0 0
€ €

E E
€ €

1 1 1 1
1—¢ 1—e€

Figure 1.2 Binary erasure and symmetric channels with parameter €. Both channels
have binary inputs. The output alphabet for the BEC is ) = {0, E, 1} and for the
BSC Yy ={0,1}

BEC. The BEC is a very special channel with output alphabet ) = {0, E, 1}.
As depicted in Fig. 1.2, the transmitted bit is either correctly received at the
channel output with probability 1 — € or erased by the channel with probability e
and thus, nothing is received at the channel output. The erased bits are denoted
by “E”. For example, if x = 1 is transmitted then the set of possible channel
observation is {1, E}. We can write the transition probability in the somewhat
formal way

p(ylz) = (1 —€)d(y —x) + ed(y — E).

BSC. The output of the BSC is binary ) = {0,1}. As seen in Fig. 1.2 the bit
is transmitted correctly with probability 1 — e or flipped with probability e. The
transition probability is

p(yle) = (1 —€)d(y —x) +ed(y — (1 — z)).
BAWGNC. The output is a real number J) = R. When = € {0,1} is sent the

received signal is y = x + z with z a Gaussian random number with zero mean

2

and variance o2. With these conventions the “signal to noise ratio” is ¢—2 and

the transition probability

(y—x)?

plyle) = (VZmo)~le™ 57
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One might wonder if these three simple models even scratch the surface of the
rich class of channels that one encounters in practice. Fortunately, the answer is
yes. Communications theory has built up a rich theory of how more complicated
scenarios can be dealt with assuming that we know how to deal with these three
simple models.

Decoding: Given the output y we want to map it back to a codeword z. Let
Z(y) denote the function which corresponds to this decoding operation. What
decoding function shall we use?

One option is to first pick a suitable criterion by which we can measure the per-
formance of a particular decoding function and then to find decoding functions
which optimize this criterion. The most common such criteria are the block er-
ror probability P [Z(Y) # X], and the bit error probability L 37" | P [z;(Y) # X;]
(capital letters X and Y denote random variables associated to the channel in-
put and output). The decoding functions that minimize these two criteria are
the block MAP and the bit MAP decoder. For generic codes, no algorithms are
known that implement these decoders in less than exponential time. We will
discuss this in more detail in Chapter 3.

In practice, due to complexity constraints, it is typically not possible to im-
plement an optimal decoding function but we have to be content with a low-
complexity alternative. Of course, the closer we can pick it to optimal the better.

Shannon Capacity

So far we have defined codes, we have discussed the encoding problem, the process
of transmission, the decoding problem, and the two most standard criteria to
judge the performance of a particular decoder, namely the block and the bit
error probability.

It is now natural to ask what is the maximum rate at which we can hope
to transmit reliably, assuming that we pick the best possible codes and the
best possible decoder. Reliably here means that we can make the block or bit
probability of error as small as we desire. In fact, it turns out that the answer is
the same whether we use the block error probability or the bit error probability.

In 1948 Shannon gave the answer and he called this maximum rate the capac-
ity of the channel. For binary-input memoryless output-symmetric channels the
capacity has a very simple form. If the input alphabet is binary and the output
alphabet discrete, and if p(y|z), z € X = {0,1} and y € Y, denotes the transition
probabilities, then the capacity of the associated channel can be expressed (in
bits per channel use) as

Carannar = H(p(10) + 5p(10) = {ZHECO) + SHGED} (1)

where H(q(-)) denotes the entropy associated to a discrete distribution ¢(y),
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y € YV . By definition

H(q(-)) == qly)logs qy). (1.3)

yey

Let us illustrate Shannon’s formula for the three important channels introduced
above.!

For the BEC the distribution entering in the first entropy on the right hand side
of (1.2) is ¢(0) = g(1) = $(1—¢) and g(E) = e. This gives H(q(-)) = (1—€)+ha(e)
where ha(€) = —elogy e — (1 — €)logy (1 — €) is called binary entropy function.
We still have to subtract the bracket which is the average of two entropies. For
the first of these g(z = 0) = p(0]0) = 1 — ¢, ¢(1) = p(y = 1/0) = 0, and
q(E) = p(E|0) = €, so H(p(-|0)) = ha(e). Similarly H(p(:|1)) = ha(e). The
average is ha(€) and we conclude that the Shannon capacity of the BEC is

CBEczl—e

That the capacity is at most 1 —e for the BEC is intuitive. For large blocklengths
with high probability the fraction of non-erased positions is very close to 1 —e.
So even if we knew a priori which positions will be erased and which will be
left unperturbed, we could not hope to transmit more than n(1 — €) bits over
such a channel. What is perhaps a little bit surprising is that this quantity is
achievable: we do not need to know a priori what positions will be erased and
still can transmit reliably at this rate.
The capacities of the BSC and BAWGNC are given by the formulas,

Hoo G?yj Yy o1
Cpsc = 1 — ha(e), Cpawene = 1 — n dy Toro log, (1 +e>2 " %7).

Their derivation is left as an exercise for the reader.

Questions

For the purpose of communication we are interested in codes that allow trans-
mission close to capacity using only low-complexity encoding and decoding al-
gorithms and have a very low probability of error. So perhaps the most natural
question is if the types of codes we discussed are suitable for this purpose. The
answer is a resounding yes, and indeed these are the codes that are used in all
practical systems. In order to arrive at this answer we will have to answer a se-
quence of related questions: What (low-complexity) decoding algorithm should
we use? How can we analyse the performance of such codes and how does the
performance depend on the code parameters?

We will be able to derive a fairly complete and satisfying picture. We will in

1 These three channels belong to the important class of symmetric binary input memoryless
channels. For such channels the capacity formula can be simplified down to

Crehannel = 1 — Zyey p(y|0) logo (1 + zg}é; ). The sum stands for an integral when the

output is continuous. See exercises.
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particular see that, as the code length tends to infinity, the performance exhibits
a “threshold” behavior as shown in Fig. 1.3. I.e., we will be able to decode with
high probability if the channel quality is above this threshold, but will fail with
high probability if the channel quality is below this threshold. We will further
be able to determine this threshol for various decoding algorithm and so be able
to compare it to the Shannon limit.

A

ns
ni

ny < ng < nNjg

P(success)

Bad Channel Quality Good

Figure 1.3 The probability of decoding error for a transmitted message versus the
channel quality. As the blocklength of the code gets larger, we expect to see a sharper
and sharper transition between range of the channel parameters where the system
“works” and where it “breaks down.”

Compressive sensing

Traditionally “sensing” and “compression” are two separated operations. E.g.,
if you take a photo, you first measure (sense) the light that impinges on the
image sensor of your camera. Modern cameras have image sensors with millions
of pixels and each pixel value measures various spectral components at a high
resolution (at least 8 bits). As a result, the “raw” image of a modern camera
is a large file. But you also know that you can compress an image significantly
without a noticeable loss of quality. This is so since the various pixel values are
not independent quantities but are highly correlated. This begs the question
whether it is really necessary to collect a large amounts of data if at the end a
much smaller amount suffices. In other words, can we combine the sensing with
the compression step? Indeed, we can, and this idea is known as compressive
sensing.

Basic problem

Here is perhaps the simplest version of compressive sensing.
Let 2™ € R™ representing an “input signal” that we want to capture. We
assume that the number of non-zero components?

™o = [{ilz}" #0,i=1,...,n}| <k

2 This is not a norm (it is not homogenous, i.e., scaling the signal does not scale the
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of the signal is at most a (fixed) fraction of n, so k = xn with £ < 1 (and usually
much smaller than one). Such signals are called k-sparse. The signal is captured
or measured thanks to an m X n “measurement matrix” A with real entries,
1<m<n,m=punwith0 < p<1,

g —_ Agin.

We think of y € R™ as the result of m linear measurements, one corresponding
to each row of A. Our basic aim is to reconstruct the k-sparse signal 2 from
the least possible measurements y.

We know that at least one solution exists, namely z'®, because the measure-
ments y have been produced by this input signal. But since m < n, and in fact
m is typically much smaller, we cannot simply solve the undetermined linear
system of equations since the solution will not be unique. But we know in addi-
tion that z has at most k non-zero entries entries with k£ < n (we do not know
which of these entries are non-zero), and it could conceivably be the case that
among k-sparse vectors the solution is unique. Therefore, we determine if the set
of possible signals, namely

{z: Az = y and llzllo < k}. (1.4)

has cardinality one. If this is the case we may in principle be able to reconstruct
our signal unambiguously.

One way to ensure the unicity of the solution is to take a measurement matrix
A satisfying a Restricted Isometry Property (RIP). We say that A satisfies the
RIP(2k, o) condition if one can find 0 < doi, < 1 such that

(1 =d2p)llzll2 < |Az|l2 < (1 + d21)||z]|2, for all 2k-sparse vectors x € R™.
(1.5)

It is not difficult to see that when this condition is met, then the set (1.4) contains
a unique element given by

zO(y) = argmin@:A@:yHQHO' (16)

Indeed, first notice that evidently AZ,(y) = y so we only have to prove unicity.
Suppose z'(y) is another element in (1.4). Then, since both z'(y) and z4(y) are
k-sparse, their difference is 2k-sparse. The left hand inequality of the RIP(2k, §)
condition states (1 — 8)[l2’(y) — Zo(w)z < 42'(y) — AZo(®)l2 = lly — yll2 = 0.
which of course implies z'(y) = Z,(y).

Solving the optimization problem (1.6) essentially requires an exhaustive search
over (Z) possible supports of the sparse vectors, which is intractable in practice.
One avenue for simplifying this problem is to replace the “¢y norm” in (1.6) with

the ¢; norm. In other words we solve the conver optimization problem,

El (y) = argming:Ag:y”£H1' (17)

“norm”) but it is common to use the notation || - ||o for reasons that will become clear
shortly. It is also common to abuse language and call it a “/p-norm”.
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Note that this problem is convex since the function ||z||; is convex on R™ and
the domain {z : Az = y} is convex also. The following is one of a series of
fundamental results.

THEOREM 1.1 (Candés and Tao 2006) If A satisfies the RIP(2k, da1) condition
with da < /2 — 1, then the solution of (1.7) is unique and identical to (1.6).

This important result says that, for suitable measurement matrices, instead
of solving the ¢y problem, it suffices to solve the ¢; problem which is a convex
optimization problem, instead of the combinatorial search £y problem. There is
a prize we pay for going from ¢y to /1, at least in terms of what the theorem
guarantees. For the ¢y problem we only need do, < 1, whereas for the £; problem
we need dg < V2 — 1.

We will not prove Theorem 1.1 here but only offer some intuition through
a simple toy example. Suppose that n = 3, so z = (v1,22,23)7, and that we
perform a single measurement y = a1x1 +asxs+asxs. This equation corresponds

BOoo+~

D<p<l p=

Figure 1.4 The ¢, balls

to the plane in figure 1.4. We seek to find a point on this plane, which minimizes
(2} + 25 + 25)Y/P, p > 0. The case p = 0 is to be understood as the number
of non-zero components of (z1,x2,z3). As shown in figure 1.4 the solution is
found by “inflating” the “¢,-balls” around the origin until the plane is touched.
It is clear that for a plane in generic position the solution is the same for all
0 < p < 1. In particular it is the same for p = 0 and p = 1. Note also that for
0 < p <1 the solution only has a single non-zero component, so is “sparse”. In
contrast, for p > 1 the solution changes with p and all components are non-zero.

Note when p = 1 there are non-generic measurement matrices corresponding
to planes parallel to the faces of the ¢;-ball for which the solution is not unique;
it is therefore clear that the matrix should satisfy some conditions that excludes
these non-generic cases.
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But what matrices satisfy the RIP condition (1.5)7 It should come as no
surprise that a matrix satisfying the RIP condition should have a number of rows
m at least as large as k. In fact one can show that necessarily m > Csklog % for
a suitable constant Cs > 0. It is not easy to make deterministic constructions of
“good” measurement matrices approaching such bounds. The RIP condition is
not the only possible condition that allows to replace the ¢y by the ¢; norm, but
again they are not easily handled.

However the toy example naively suggests that in fact all we migth need are
random measurement matrices. This is indeed a fruitful idea, at least in the
asymptotic setting n, m — +oo with k = %,u = 7 fixed. This is the route we
will follow in the sequel, very much in the spirit of random coding constructions.

Ensembles of Measurement Matrices

The m x n matrix A will be taken from the Gaussian ensemble where the matrix
entries are independent identically distributed Gaussian variables of zero mean
and variance 1/m. As in coding we will consider the asymptotic regime of a
large system size. This corresponds to n,m,k — +oo with sparsity parameter
K= % and measurement fraction y = 7 fixed. Note that each line of A has an
expected ¢o norm O(1). This amounts to say that the average energy consumed
per measurement is normalized to O(1).3

One can show that there exists positive numerical constants ci, ce such that
for m > 16 ?klog(<) matrices from the Gaussian ensemble satisfy the RIP
condition with overwhelming probability 1 — exp(—cod?m). We therefore do not
attempt to construct specific matrices but are content with typical random Gaus-
sian matrices. More general ensembles are also possible.

We also extend the ensemble formulation to the signal model. The simplest
signal distributions assume that the components x; are independently identically
distributed according to a law of the form

po(z) = (1 — K)d(x) + Kdo(z), reR (1.8)

where ¢o(x) is a continuous probability density. Depending on the model or
the application ¢g(z) is known or unknown. The most realistic assumption for
applications is to consider that ¢g(z) is unknown, and in that case we call S,
this class of sparse signals.

Noisy measurements and LASSO

A somewhat more realistic version of the measurement model takes noise into
account,
y = Az + 2.

3 Tt is perhaps more natural to choose a scaling 1/n for the variance of A but the present
equivalent choice makes our life simpler in Chapter 8.
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Here z is a noise vector typically assumed to consist of m identical indepen-
dently distributed zero-mean Gaussian random variables with variance of o2.
Because measurements have unit average power, the “signal to noise ratio” of
the measurement model is 1/02.

Again our aim is to reconstruct a k-sparse signal with as few measurements as
possible. The matrix A is chosen from the random Gaussian ensemble and the
signal from the class S,.

If we ignored the sparsity constraint then it would be natural to pick an
estimate Z(y) which solves the least-squares problem min, ||Az — y||3. Solutions
are well known,

Z(y) =Aty+ (I -A"Au, weR™,

where AT is the Moore-Penrose pseudo inverse,* but in general these solutions
are not k-sparse.

To enforce the sparsity constraint, we can add a second term to our objective
function, and attempt to solve the following minimization problem,

Zo(y) = argming (|| Az — ylI3 + Allzllo), (1.9)

for a properly tuned parameter A. Unfortunately this minimization problem is
intractable, again because it requires an exhaustive search over the (Z) possible
supports of the sparse vectors.

We saw in the noiseless case that replacing the “/y norm* by the ¢; norm
is a fruitful idea. We follow the same route here and consider the following

minimization problem
,(y) = argmin, (| Az — y|3 + A1) (1.10)

This estimator is called the Least Absolute Shrinkage and Selection Operator
(LASSO). Again A has to be chosen appropriately. This estimator can in principle
be calculated by standard convex optimizaton techniques, which is already a big
improvement over exhaustive search.

Although the LASSO estimator is popular, its a priori justification is not so
straightforward. Our discussion suggests that in the noiseless limit it reduces to
the pure ¢; estimator which we know gives for a certain range of parameters the
correct solution of the £y problem. This is one possible justification. In Chapter
3 we also discuss a more or less ”Bayesian justification“ of the LASSO in a
setting where the signal distribution is not known, but only the parameter x is
assumed to be known. Interestingly, the analysis of the LASSO in Chapter 8
yields an exact region for the £y-¢; equivalence in the (k, u) plane. The frontier
of this region is known as the Donoho-Tanner curve who originally derived by

4 In the standard setting of linear estimation where m > n and if A has linearly independent
columns then AT A is invertible and AT = (AT A)~1A. The solution of least squares
Z(y) = (AT A)~1 Ay is then unique. See the exercises for the general definition of the
Moore-Penrose pseudoinverse, which always exists.



20

Models, Questions, and Overview

methods of combinatorial geometry of polytopes. All this is ample justification
for studying the LASSO in detail.

Graphical representation

Analogously to coding one can set up a graphical representation for the mea-
surement matrix. We associate to A a bipartite graph G with vertices V U C,
where V = {z1,...,2,} is the set of variable nodes corresponding to the n signal
components and C = {e¢1,...,¢np} is the set of measurement nodes each node
corresponding to a row (a measurement) of A. There is an edge between z; and
¢; if an only if Aj; # 0. For the random measurement matrices discussed above
this will essentially always be the case and therefore the graph is simply the
complete bipartite graph depicted in figure 1.5.

FIGURE

Figure 1.5 The factor graph corresponding to a random Gaussian 2 X 4 measurement
matrix.

We could attribute a "random weight“ to the edges, but we will seldom need
to do so. Therefore, unlike coding, here the graph is always the same. At this
point the graphical construction may seem slightly trivial and arbitrary, but it
will turn out to be a very useful way of thinking. The reason is that, much as in
coding theory, we will develop iterative algorithms exchanging messages along
the edges in order to reconstruct the signal.

Questions

We will consider the asymptotic regime where the total number of signal com-
ponents n tends to infinity while the fractions of non-zero components k = k/n
and of measurements p = m/n are kept constant.

For given sparsity x, we want to determine the smallest fraction p of measure-
ments so that with high probability we can recover £ from the measurements
Y, assuming we have no limitations on the computational complexity. This sets
a theoretical limit on the minimal amount of measurements.

We then want to answer the same question given that we restrict ourselves to
low-complexity algorithms.

Finally, we would like to design, if possible, compressive sensing schemes
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which achieve the theoretical limits on the fraction of measurements under low-
complexity algorithms.

Satisfiability

SAT problem

Suppose that we are given a set of n Boolean variables {1, ..., z, }. Each variable
x; can take on the values 0 and 1, where 0 means “false” and 1 means “true”.
We define a literal to be either a variable x; or its negation Z;. A clause is a
disjunction of literals, e.g.,

c=x1Vx2V T3

where the operation “V” denotes the Boolean “or” operation. An assignment
is an assignment of values to the Boolean variables, e.g., x1 = 0, 3 = 1, and
x3 = 0. Such an assignment will either make a clause to be satisfied or not
satisfied. For example the clause x1 V xo V T3 with assignment x; = 0, x5 = 1,
and x3 = 0 evaluates to 1, i.e., the clause is satisfied. A SAT formula, call it F,
is a conjunction of a set of clauses. For example, consider the SAT formula

F:(Il\/l‘g \/.fg)/\(QZQ\/f4)/\SC3.

where “A” is the Boolean “and” operation.

The basic SAT problem is defined as follows. Given a SAT formula F', de-
termine the satisfiability of F, i.e., determine if there exists an assignment on
{z1,...,2,} so that F is satisfied. This is the SAT decision problem. If such an
assignment exists we might also want to find an explicit solution.

Why would anyone be interested in studying this question? Perhaps surpris-
ingly, many real-world problems map naturally into a SAT problem. For example
designing circuits, optimizing compilers, verifying programs, or scheduling can be
phrased in this way. The bad news is that Cook proved in 1973 that it is unlikely
that there exists an algorithm which solves all instances of this problem in poly-
nomial time (in n). More precisely, the SAT decision problem is NP-complete.

We say that a formula F' is a K-SAT formula if every clause involves exactly
K literals. E.g., (x1 Voo VZ3) A (2 Va3V T4) is a 3-SAT formula. The following
facts are known. The 2-SAT decision problem is easily solved in a polynomial
number of steps. Problem 1.6 discusses a simple algorithm called unit-clause
propagation which solves a 2-SAT decision problem in at most 2n steps and
produces a satisfying assignment if one exists. On the other hand for K > 3 the
K-SAT decision problem is NP-complete.

Graphical representation of SAT formulas

Given a SAT formula F', we associate to it a bipartite graph G. The vertices
of the graph are V.U C, where V' = {z1,...,z,} are the Boolean variables and
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C ={ec1,...,cp} are the m clauses. There is an edge between z; and ¢; if and
) ) J

only if z; or Z; is contained in the clause c;. Further we draw a “solid line” if ¢;

contains x; and a “dashed line” if ¢; contains Z;.

EXAMPLE 2 (Factor Graph of SAT Formula) As an example, the graphical
representation of F'= (z1 V 23V T3) A (z2 V 23 V T4) is shown in Fig. 1.6. O

T ) z3 T4

e

C1 Co

Figure 1.6 The factor graph corresponding to the SAT formula of Example 2.

Ensemble of random K-SAT Formulas

Just like in the coding and compressed sensing problems, rather than looking
at individual SAT formulas, we will define an ensemble of such formulas and we
will then study the probability that a formula from this ensemble is satisfiable.
In particular, we will stick to the behaviour of random K-SAT formulas.

The ensemble F(n,m, K) is characterized by 3 parameters: K is the number
of literals per clause, n is the number of Boolean variables, and m is the number
of clauses. Notice that with K variables we can form (;) 2K clauses by taking K
variables among 21, . . ., 2, and then negating them or not. We define F(n, m, K)
by showing how to sample from it. To this end, pick m clauses c1, ..., ¢, inde-
pendently, where each clause is chosen uniformly at random® from the (;)QK
possible clauses. Then form F' as the conjunction of these m clauses. In other
words, the ensemble F(n, m, K) is the uniform probability distribution over the
set of all possible formulas F' constructed out of n Boolean variables by choosing
m clauses.

Threshold behavior

Now let us consider the following experiment. Fix K > 2 (e.g., K = 3) and draw
a formula F' from the F(n,m, K) ensemble. Is such a formula satisfiable with
high probability? It turns out that the most important parameter that affects
the answer is a = 7*. This ratio is called the clause density. Like in coding and
compressed sensing we are interested in the asymptotic regime where n, m — 400
and « is fixed.

Fig. 1.7 shows the probability of satisfiability of F' as a function of both n and

5 Choosing a clause with or without replacement yields two different enesembles which are
for all pratical purposes equivalent in the large size limit
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a. As we see from this figure, as n becomes larger the transition of the probability
of satisfiability becomes sharper and sharper. This is a strong indication that
there exists a sharp threshold behavior, that is, there exists a real number a(K)
such that

lim P[F is satisfied] =

lim. { 1, a<as(K), (1.11)

0, a>asK).

Here P[—] is the uniform probability distribution of the ensemble F(n,m, K)
with 7 = « fixed.

As the density «a increases one has more and more clauses to satisfy, so it
intuitively quite clear that the probability of satisfaction decreases as a function
of . However the existence of a sharp threshold is much less evident, let alone its
computation. Such a threshold behavior was conjectured based on experiments
in 1992. For many years this was proved only for K = 2 for which «a4(2) = 1.
For K > 3 Friedgut proved that there exists a sequence as(K,n), n € N, such
that for all e > 0

lim P[F is satisfied] = L o< (l=eas(K,n),

A { 0, a> (1+eaas(K,n). (1.12)

This result leaves open the possibility that the sequence of thresholds a4 (K, n)
does not converge to a definite value as n — +o0o. Even though this result does
not settle the story completely, it is of considerable importance if we want to find
bounds on the threshold. E.g., suppose that we have an algorithm that allows
to find solutions of random K-SAT formulas with uniformly positive probability
(uniformly with respect to the size n of the formulas) for some range of densities,
say o < (alg(K). Then invoking the threshold behavior (1.12) guaranteed by
Friedgut’s theorem we conclude that the formula is almost surely satisfiable for
a < aug(K).

The proof of a sharp threshold behavior (1.11) was proved recently for K large
enough (very large but finite), but for small K’s (except K = 2) a proof is still
a challenging problem and might require a new set of ideas.

The underpinnings of this proof for large K'’s rest on the statistical mechan-
ics methods which also give the means to compute a4(K) (for example it is
known that a,(3) ~ 4.259 to three decimal places). As we will see these meth-
ods yield much more information than just the threshold value. We will uncover
various other threshold behaviors, related not only to the satisfiability of ran-
dom formulas, but also to the “nature” and “organisation” of the solution space.
Understanding the nature of these threshold behaviors in K-SAT is an order of
magnitude more difficult than in coding theory and compressed sensing.

Random max-K-SAT

In the K-SAT decision problem, one is given a formula and is asked to determine
if this formula is satisfiable or not. An important variation on this theme is
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the maz-K-SAT problem. In this problem one is interested in determining the
mazimum possible number of satisfied clauses where the maximum is taken over
all possible 2™ assignments of variables z1,...,z, € {0,1}". Of course it is
equivalent to determine the minimum possible number of violated clauses where
the minimum is taken over all assignments of variables. We adopt this perspective
in the sequel because it makes the contact with traditional statistical mechanics
questions clearer.

We will be interested in the random version of max-K-SAT which we know for-
mulate more precisely. Take a formula at random from the ensemble F(n, m, K).
This formula contains m clauses labelled ¢q, ..., ¢p. If we let 1.(x) be the indi-
cator function over assignments that satisfy clause ¢ (the function evaluates to 1
if x satisfies ¢ and 0 if z does not satisfy ¢) then the maximum possible number
of satisfied clauses is

max » 1l (z) (1.13)

In the random max-K-SAT problem we want to compute

1 m
lim —E[ max 1., (g)] (1.14)
m—+oo m ze{0,1}" ]
where the expectation is taken over the ensemble F(n, m, K) (the existence of the
limit has been proven by methods that we will study in Chapter 12). Equivalently
we want to compute the average of the minimum possible number of violated
clauses

m

1 :
0= L 251 e @) (115)

We define the maz-K-sat threshold as
a5 max(K) = sup{aje(a) = 0} (1.16)

We will give a non-rigorous computation of (1.15) and (1.16) in chapters 16 and
17. In fact, the recent proof for the sharp threshold behavior (1.11) (for very
large K) has its origin in such statistical mechanics computations.

Intuitively one expects that as max(K) = as(K). It is an exercise to show that
one must have a5(K) < os max(K). However the converse bound is not immedi-
ate because one could conceivably have a finite interval Jas(K), s max (/)| where
e(a) = 0 and at the same time a sublinear fraction of unsatisfied clauses. Never-
theless it is widely believed this does not happen and that as(K) = a5 max(K).
At least we know that this is true for K = 2 and for large enough K.

Questions

One would like to determine if the random K-SAT problem exhibits a threshold
behaviour, and if so, determine this threshold .



1.4

1.4 Notes 25

One wants to find low-complexity algorithms which are capable of finding
satisfying assignments, assuming such assignments exist, and determine up to
what clause density they work with high probability.
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Figure 1.7 The probability that a formula generated from the random K-SAT
ensemble is satisfied versus the clause density a.

Perhaps surprisingly, many of the above questions do not yet have a rigorous
answer and the satisfiability problem is by far the hardest of our three examples.
Nevertheless we will derive non-trivial statements about this problem and if one
admits non-rigorous methods, the problem is fairly well understood.

Notes

The theory of error correcting codes is a very large subject which dates back
to the 1940’s. General references are (Berlekamp 1984, Blahut 2003, Lin &
Costello 2004). Although Shannon’s channel coding theorem used the concept
of random codes, the first ”"practical” code constructions were deterministic and
used algebraic tools. Random Low-Density Parity-Check codes were first pro-
posed by Gallager (Gallager 1962, Gallager 1963) who also proposed efficient
decoding algorithms and methods to analyse them. This theory did not find im-
mediate applications due to limitation in computing power. A revival of Gal-
lager’s ideas occurred after the invention of Turbo Codes (Berrou, Glavieux
& Thitimajshima 1993, Goff, Glavieux & Berrou 1994) and the rediscovery of
LDPC codes (MacKay & Neal 1996, MacKay 1999). We have only presented
the construction of regular Gallager ensembles. Such constructions are inspired
by the configuration model of random graphs (Bollabds 1998). Ensembles of bi-
partite graphs with irregular degrees were introduced in (Luby, Mitzenmacher,
Shokrollahi, Spielman & Stemann 1997, Luby, Mitzenmacher, Shokrollahi &
Spielman 2001) and by choosing appropriate degree distribution one gets ex-
cellent codes with capacity close to Shannon’s limit. The factor graph represen-
tations were introduced by (Tanner 1981) and have become ubiquitous.

The traditional basis of digital signal processing is the Whittaker, Nyquist,
Kotelnikov, Shannon sampling theorem which states that band limited signals
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can be reconstructed when sampled at a rate at least twice the bandwidth A
short history of this theorem whose various aspects were discovered many times
can be found in (Lukke 1999). While this theorem applies to any band lim-
ited signal, it was already realised long ago, notably in (Caratheodory 1907),
that much fewer samples are needed when the number of Fourier coefficients
is limited and the frequency range large. The use of the ¢; norm for recon-
structing ”impulsive signals” from a limited number of observations goes back
at least to (Beurling 1938). These and other works predated the modern com-
pressive sensing paradigm that emerged from a series of important recent papers
(e.g Candes 2006a, Candes 20066, Candes, Romberg & Tao 2006, Candes &
Tao 2006, Donoho 2006). These works introduced the ”restricted isometry prop-
erty” and proved fundamental theorems in the spirit of Theorem 1.1 in noiseless
as well as noisy settings. Variants of the restricted isometry property as well as
constructions of suitable measurement matrices have been intensively explored.
We refer to the reviews in the book (Eldar & Kutyniok 2012) for further infor-
mation. The LASSO dates back to the 1990’s and was first introduced in the
context of linear regression models (Tibshirani 1996, Chen & Donoho 1995). It
is also referred to as ”Basis Pursuit Denoising”.

The satisfiability problem is one of the most important paradigms of com-
plexity theory (Garey & Johnson 1979, Papadimitriou & Steiglitz 1982). The
3-SAT problem was the first of a long list which was shown to be NP com-
plete (Cook 1971). Traditionally computer scientists have been interested in the
worst case analysis of this and similar problems. Interest in the random version
of such problems is more recent and was largely motivated by the ”experimen-
tal” discovery that typical random K-SAT formulas exhibit a phase transition
(Mitchell, Selman & Levesque 1992). A threshold behaviour was first proven in
the important work by (Friedgut 1999), and the existence of a sharp threshold
separating a satisfiable from an unsatisfiable phase in the limit of an infinite
number of variables has been proved for large enough K (Ding, Sly & Sun 2014).
An excellent reference discussing various aspects of computational complexity is
(Moore & Mertens 2011).

As stated in the introduction, the connections between statistical physics,
information theory and computer science have been recognised early on. Al-
ready one decade after Shannon laid the foundations of information theory
(Shannon 1948), Jaynes discussed connections between this theory and some of
the basic principles of statistical mechanics (Jaynes 1957), and Brillouin wrote
a classic book applying information theory concepts to a wide array of physi-
cal problems, e.g., in thermodynamics, measurements and the physical limits of
observations (Brillouin 1956). Ever since there have been numerous fundamen-
tal investigations on the physical aspects of computation and information. One
line of thought led to the concept of a ”quantum computer”, see (Loyd 2000)
for a review. Here we are concerned with a completely different thread that
originated in the 1980’s, namely analogies between ”combinatorial optimisa-
tion problems” and ”spin glasses”. Such connections were explicitly put for-
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ward in (Hopfield 1982) and (Fu & Anderson 1986) and a set of early refer-
ences can be found in (Mézard, Parisi & Virasoro 1987a). This school of thought
has flourished since then in many areas (e.g, neural networks) and since the
late 1990’s some of the most successful developments have occurred in commu-
nications, signal processing and random constraint satisfaction problems (e.g
Nishimori 2001, MacKay 2003, Mézard & Montanari 2009).

1.1 SHANNON CAPACITY FOR BINARY INPUT SYMMETRIC MEMORYLESS CHAN-
NELS. Derive the capacities of the BSC and BAWGNC from Shannon’s general
formula (1.2).

A binary input memoryless channel is said to be symmetric if one can find a
bijection 7 : Y — Y acting on the output alphabet such that p(y|1) = p(7(y)|0).
For the BSC we have 7(0,1) = (1,0), for the BEC 7(0, E,1) = (1, E,0), and for
the BAWGNC 7(y) = —y. So these three channels are symmetric.

Show that for general symmetric channels Shannon’s capacity formula can be
written as

p(y1)>
Ccannezl—g 0) lo 1+
h 1 yeyp(y| ) g2( p(y‘o)

If the output alphabet is R (e.g., the BAWGNC) the sum is interpreted as an
integral. Check the special cases of the BEC, BSC, BAWGNC.

1.2 CONFIGURATION MODEL. The aim of this problem is to write a program
that can sample a random graph from the configuration model introduced in
section 1.1. Your program should take as input the parameters n, m, d,, and d.,
it should then check that the input is valid, and finally return a bipartite graph
according to the configuration model. Think about the data structure. If we run
algorithms on such a graph it is necessary to loop over all nodes, refer to edges
of each node, be able to address the neighbourd of a node via a particular edge
and store values associated to nodes and edges.

1.3 NORMS AND PSEUDO-NORMS. Let ||z|l, = (31, |#4]P)!/P for p > 0. Let
also ||z]lo = #(non zero 1, ..., x,) and ||z|lcc = max; |z;|. Show first that ||z]o =
lim, o ||z]|p, and ||2]|co = limp—1oo ||2||p- Explain why | - ||, is a norm for 1 <
p < +o00 and is not a norm for 0 < p < 1 (this is why for 0 <p < 1 we call it a
pseudo-norm). Hint: refer to the figure 1.4.
1.4 LEAST SQUARE ESTIMATOR. Show that the minimizer of ||y — Az||3+ o z|?
where A is a real matrix and o > 0 fixed, is equal to Z(®) (y) = (ATA+a) tATy
and is unique. When the matrix A has linearly independent columns (this is only
possible if m > n) then AT A is invertible and lim,_o(AT A+ a)~! = (AT A)~L.
Thus when A has full column rank the minimizer of ||y — Az||3 is the least square
estimator Z°(y) = (ATA)~1ATy.

It is possible to prove, and we will admit it here, that lim,_,o(AT A4+-a) 1 AT =
AT always exists for any real matrix A. It is also possible to show that this
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is the unique matrix which satisfies the four conditions: (i) AATA = A, (ii)
ATAAT = At (iii) (AAD)T = AAT, (iv) (ATA)T = AT A. The matrix A7 is
called the Moore-Penrose pseudoinverse of A.

Prove that the Moore-Penrose pseudoinverse always solves the least square
problem in the sense that

~LS ~LS
ly — Az|3 > |y — A2 ()3, 2"°(y) = ATy

Note that equality is satisfied for z = Aty + (I — AT A)u for any w. Thus in
general the least square minimiser is not unique. Show that if A is has full column
rank the minimizer is unique and equal to Z° (y) = (ATA)~1ATy.

1.5 Po1ssoN MODEL. An important model of bipartite random graphs is the
Poisson model. For example the random K-SAT problem is often formulated on
this graph ensemble. Pick two integers, n and m. As before, there are n variable
nodes and m check nodes. Further, let K be the degree of a check node. For
each check node pick K variables uniformly at random either with or without
repetition and connect this check node to these variable nodes. For each edge
store in addition a binary value chosen according to a Bernoulli(1/2) random
variable.

This is called the Poisson model because the node degree distribution on the
variable nodes converges to a Poisson distribution for large n. This is also the
case for the formulation in Section 1.3 which is equivalent in the asymptotic
limit.

Write a program that takes n,m, K as input parameters and outputs a graph
instance from the Poisson model. Again, think of the data structure.

1.6 UnNIiT CLAUSE PROPAGATION FOR RANDOM 3-SAT INSTANCES. The aim
of this problem is to test a simple algorithm for soving SAT instances. Generate
random instances of the Poisson model. Pick n = 10° and let K = 3. Let «
be a non-negative real number. It will be somewhere in the range [0,5]. Let
m = |an] the largest integer smaller than an. For a given « generate many
random bipartite graphs according to the Poisson model. Interpret such bipartite
graphs as random instances of a 3-SAT problem. This means, the variables nodes
are the Boolean variables and the check nodes represent each a clause involving
3 variables. Associate to each edge a Boolean variable indicating whether in this
clause we have the variable itself or its negation.

For each instance you generate, try to find a satisfying assignment in the fol-
lowing greedy manner. This is called the unit clause propagation algorithm:

(i) If there is a check node of degree one in the graph (this corresponds to a
unit-clause), then choose one among such check nodes uniformly at random.
Set the variable to satisfy it. Remove the clause from the graph together with
the connected variable and remove or shorten other clauses connected to this
variable (if the variable satisfies other clauses they are removed while if not they
are shortened).
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(ii) If no such check exists, pick a variable node uniformly at random from the
graph and set the corresponding litteral to 0 or 1 uniformly at random. Remove
this variable node from the graph. For each constraint node connected by an
edge to this litteral do the following. If the clause is satisfied then remove the
edge and the clause (or constraint). If not, then remove only the edge.

Continue the above procedure until there are no variable nodes left. If, at the
end of the procedure, there are no check nodes left in the graph (by definition
all variable nodes are gone) then we have found a satisfying assignment and we
declare success. If not, then the algorithm failed (although the instance itself
might very well be satisfiable).

Plot the empirical probability of success for this algorithm as a function of «.
Roughly at what value of o does the probability of success becomes close to 07



Basic Notions of Statistical
Mechanics

There is a special class of probability distributions called Gibbs distributions
which plays a prominent role in the analysis of our models. We show in the next
chapter how Gibbs distributions arise quite naturally in the context of coding,
compressed sensing and satisfiability. However, many insights and useful analo-
gies can be gained by understanding why Gibbs distributions play a prominent
role in the description macroscopic physical systems. It is the goal of this chapter
to expound on the second point. This also gives us the opportunity to introduce
some of the language and standard notions and settings of statistical mechanics.

Statistical mechanics describes the macroscopic (large scale) behavior of sys-
tems that are composed of a very large number of “elementary” degrees of free-
dom. For example condensed matter systems have a huge' number of atoms,
molecules, magnetic moments or spins, etc. Similarly, we are interested in the
behavior of our models when the number of transmitted bits, of signal compo-
nents or literals is very large.?

In macroscopic physical systems a precise knowledge and description of the
microscopic dynamics of each degree of freedom, say by solving Newton’s differ-
ential equations for the positions and velocities of all molecules, is just impossible.
Fortunately this is usually not required in order to derive macroscopic proper-
ties of the system. The general approach of statistical mechanics is to replace
the microscopic dynamical description by a statistical one, based on appropriate
probability distributions. A wuniversal probabilistic description - given by Gibbs
distributions - is known for systems that have reached the state of “thermo-
dynamic equilibrium”. It is not easy to precisely define what thermodynamic
equilibrium is; it is enough to think of it as a state of matter where the temper-
ature, pressure and chemical potential are homogeneous so that heat currents,
mechanical stresses, and particle currents are all absent. It turns out that the
precise nature of the underlying microscopic dynamics is largely irrelevant, e.g.,
whether it is deterministic or random, except for the existence of quantities that
are conserved under the dynamics (a typical example of a conserved quantity is
the energy of the system). In fact even the existence of a dynamics is not needed,
or at least it is not explicitly needed. This is noteworthy because in our models

1 For an order of magnitude, 1cm? of helium at normal conditions of 1atm and 0° C
contains 2.7 x 109 atoms.
2 Here “large” depends on the the technology used. For example ...
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no natural dynamics is a priori given, and if for some reason we choose one, this
choice is not unique.

We warn the reader that Gibbs distributions do not describe systems that are
not in thermal equilibrium; such systems are said to be “out of equilibrium”
and their fundamental probabilistic descriptions, assuming they exist, are not
yet elucidated. Such systems range from the simplest stationary heat or electric
flows all the way to living systems.

Thermodynamic equilibrium can be characterized as a state of “maximal dis-
order” compatible with whatever “conserved quantities” are relevant. This gives
us a clue into the nature of the Gibbs distributions: these are the distributions
that maximize an entropy functional (in fact Shannon’s entropy) under the con-
straints provided by the conserved quantities. The notion of conserved quantity
might not be familiar to the reader, but this should not be a problem because
the most important one (and the one that is relevant to us) is the energy or
Hamiltonian of the system. One can just think of this quantity as some sort
of cost function. We already encountered one such cost function in the satis-
fiablity problem, namely the minimum possible number of violated clauses. In
compressed sensing the mean square errors (penalized by the ¢y or £1 norms) are
also cost functions.

To lay the foundations on a concrete footing we will first describe “toy” models
of statistical mechanics, which as it turns out, belong to its most fundamental
paradigms. Based on these models we illustrate a simple derivation of Gibbs dis-
tributions from a mazimum entropy principle. We then define standard notions
of free energy, marginals, correlation functions, thermodynamic limit and pro-
vide a first introduction to the concept of phase transition. There is no unique
way to introduce Gibbs distributions and the main body of this chapter goes
along a short path. But one should note this path uses the notion of Shannon
entropy which itself is not an obvious primary object for physical systems. The
founding fathers of statistical mechanics deduced Gibbs distributions from more
primary principles. The interested reader will find a derivation along such lines
in the last section; the impatient reader can skip it without harm.

Lattice gas and Ising models

The lattice gas and Ising models are very simple to formulate and have taught
us surprisingly much about statistical mechanics; their importance cannot be
understated. There is an immense body of theory that is known about such
models which we completely omit here (some of it is briefly reviewed in Chapter
4, Section 4.9). These models will serve us well to get a rapid and concrete
derivation of the Gibbs distribution. This section introduces their Hamiltonians
or cost functions, first in the traditional language of statistical mechanics, and
then with a “factor graph” representation.
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Figure 2.1 Left: a particle configuration in the lattice gas model. Full circles represent
occupied sites x; = 1 and empty circles unoccupied sites x; = 0. There can be at most
one particle per lattice site. Right: a magnetic configuration of the Ising model.
Positive signs indicate “up spins” s; = +1 and negative signs “down spins” s; = —1.

Lattice gas model

Consider a discrete d-dimensional grid (see Figure 2.1; naturally, d = 3 is an
important case but other values of d are of also of great relevance both theo-
retically and practically). Particles occupy the vertices of this grid with at most
one particle occupying any single vertex. We call V. = {xz1,...,2,} the set of
vertices and E the set of edges formed by pairs of nearest neighbord vertices.
The configuration of the system is described by a vector = (z1,- - ,x,) where
x; = 1 if an atom is present at vertex ¢ and z; = 0 if vertex ¢ is empty. Let us
introduce a cost function usually called the Hamiltonian. Physically this function
gives the energy cost associated to a configuration z. We define

H(g) = — Z Jij{L‘iJJj — Zﬂixi- (21)

{igteE iev

where J;; and p, are in R. Each edge {¢,j} is counted once in the sum (so
{i,7} = {J,1}). Only neighboring atoms “interact” and their “interaction energy”
is —J;; (because when vertices ¢ and j are occupied z; = x; = 1, and their
intercation energy is —J;;x;x; = —Jij5).

In the canonical model J;; = J and p; = p are constant, with J < 0 cor-
responding to a repulsive interaction and J > 0 to an attractive interaction
between neighboring atoms. The real number p is an energy cost associated to
the presence or absence of a particle. For example in two dimensions the grid
may model the surface of some material which absorbs some vapour and one
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may think of p as a binding energy between the atoms of the vapour and the
surface. This kind of energy is called a “chemical potential”.

Canonical Ising model

The canonical Ising model introduced by Lenz and Ising in 1928, is one of the
oldest and best studied models of statistical mechanics. We will refer to it in many
occasions. In this model the degrees of freedom describe “magnetic moments”
localized at the sites of a crystal. For our case these sites are the vertices of a d-
diemensional grid with vertex set V and edge set E. In the Ising model we retain
only “up or down directions” for the magnetic moments. These are modeled by
Ising spins which are binary variables s; = £1, ¢ € V. The Hamiltonian is

H(§) = — Z JijSiSj — thsz (22)
{i,j}€E i€V

where s = (s1,...,$,) and Jij, hs are in R. In the canonical Ising model J;; =
J and h; =

interaction) neighboring spins lower their energy when they “align” in the same

15
h are constant throughout the lattice. For J > 0 (ferromagnetic

direction” (s; = s;) while for J < 0 (anti-ferromagnetic interaction) they lower
their energy by “anti-aligning” (s; = —s;). Here h has the interpretation of a
“magnetic field” applied on the system and biases the “direction” of the magnetic
moments.

Mathematically speaking the lattice-gas and Ising models are equivalent. One
can go from one to the other simply by performing the change of variable

1
z; = 5 (1—si), or s;=1-2z; = (-1)"

and redefining the various “interaction constants” J;;, u, h;.

General Ising models

It is common to formulate the Ising model on general graphs G = (V, E) with
vertex set V = {1,...,n} and edge set E C V x V. Motivations for such a gener-
alisation are diverse. In statistical or condensed matter physics the graph may be
a regular grid or lattice representing an underlying crystalline structure. It may
also represent an approximation of continuous space in various dimensions. But
there are also important applications of the model in other disciplines, e.g., im-
age processing, neural networks, learning, social networks. For such applications
the graphs do not necessarily have a spatial structure and may just be arbitrary.
A general Ising model has the Hamiltonian (2.2) where now the vertex and edge
sets refer to an arbitrary graph G = (V, E).

EXAMPLE 3 The canonical Ising model has V = Z¢ N [—% 4 where d is
L

the “spatial dimension” and L is an odd integer. The box [-5, 5]¢ is centered
at the origin and encloses L? vertices. Vertices i € V are vectors with integer

ST

5]
L
2
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components and {i,j} € E consist of all nearest neighbord pairs, |i — j| = 1.
Further, h; = h for i € V and J;; = J for {i,j} € E. The model is called
ferromagnetic when J > 0 and anti-ferromagnetic when J < 0. (]

EXAMPLE 4 In the Curie-Weiss model G is the complete graph on n vertices.
There are n(n — 1)/2 edges with interaction constant J;; = J/n, J > 0. In
addition the magnetic field is taken constant h; = h. This an important “exactly
solvable” model which we treat in detail in Chapter 4. g

EXAMPLE 5 In the Ising model on a tree G is a (finite) tree, in other words
a graph without loops. An important “exactly solvable” consists The case of a
regular tree of degree k (except for the leaf nodes which have degree one) and
Jij = J > 0, h; = h constitutes an important fully solvable model which we
analyze in Chapter 4. (|

General binary spin systems

So far all examples have involved “pairwise interactions” between spins s; and s;
linked to by and {i, j}. We can consider more general models with “multi-spin in-
teractions” (and this occurs all the time in coding and satisfiability for example).
For example on a grid the four spins of elementary loops (called “plaquettes”)
may interact through a term

— > Jijmisisjsks
(i,5,k,1)EP
in the Hamiltonian, where P is the set of all elementary plaquettes of the grid
and Jijkl e R.
The most general binary spin model has a Hamiltonian of the form

His)=—> Ja]]s (2.3)
ACV  i€A

where J4 € R and the sum over A C V = {1,...,n} carries over all possible
subsets of V' (the power set with 2V elements). The most general lattice gas
has a similar Hamiltonian. The pairwise Ising models correspond to the choice
Ja=h#0for A= {i}, i€V and Jy = J;; #0 for all A= {i,j} € E the set
of edges, and J4 = 0 otherwise. If we add a plaquette interaction we also have
Ja = Jijiuw # 0 for all A= {i,j,k,1} € P the set of all plaquettes.

The factor graph representation is a convenient representation of general hamil-
tonians (2.3). Here the factor graph is a bipartite graph with “variable nodes”
associated to spin variables si,...,s, (or lattice gas variables z1,...,z,) and
“function nodes” associated to subsets A C V with J4 # 0. The factor graphs
associated to the Ising and lattice gas models on a grid, as well as the one with
plaquette interactions added, are illustrated on Fig. 2.2. Note that the factor
graph itself does not represent the underlying physical lattice but rather is a
convenient summary of the various interactions present in the model. We will
come back to this representation is more details in Chapter ?7.
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FIGURE

Figure 2.2 Left: factor graph of the canonical Ising model. Right: factor graph of a
spin system with pair and plaquette interactions.

In Chapter 3 it will become clear that the LDPC codes and K-SAT models
have cost functions that are of the form 2.3. For compressed sensing the “spins”
are real numbers and one talks about ”continuous“ or ”scalar “ spins.

Gibbs distribution from maximum entropy

The Gibbs distributions date back at least to the beginning of the 20th century,
and presenting the historical derivations of Maxwell, Boltzmann, Gibbs, Einstein
and others would lead us much too far (see the notes for references). In the decade
following Shannon’s 1948 paper, Jaynes in 1957 showed that one can derive Gibbs
distributions from a ”maximum entropy principle“. This is the route we take here
because it is economical and serves our purpose well.

Let p(z) be a probability distribution which is supposed to describe the ther-
mal equilibrium state of a macroscopic system with degrees of freedom x =
(z1,...,2n). Here we keep in mind the lattice gas, Ising or generalized spin sys-
tems for concreteness (with |V| = n), but it will soon be clear that the develop-
ment here is very generic. The question is: how should we choose this probability
distribution?

This probability distribution must describe typical configurations of the de-
grees of freedom. If the system were to be completely isolated from the rest of
the universe then certainly its energy would be conserved. There could also be
other relevant conserved quantities depending on the nature of the system but
for our purposes we ignore these more general cases. In reality the system has
reached thermal equilibrium through its interactions with the environment, so
it is not isolated and the energy is not strictly conserved. However in thermal
equilibrium there are no macroscopic fluxes of energy between the system and
its environnement, and we assume that the average energy is fixed. Thus p(z)
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should satisfy the constraint

> p@)H(z) = E (2.4)
z
where F is the average total energy, and the sum carries over all possible config-
urations of degrees of freedom. Of course there remains energy fluctuations due
to random exchanges between the system and the environnement but these are
expected to be of order of the surface separating the system from the environ-
nement, i.e., O(n(@-1/d),
The mazimum entropy principle postulates that the state of thermal equi-
librium?® maximizes the entropy but still satisfies the constraint (2.4). For the
entropy we take Shannon’s functional

Sp(-) == _plz)np(z) (2.5)

(here we use the letter S instead of H because the logarithm is Neperian). This
7guess work“ leads us to the following prescription: the distribution that de-
scribes the thermodynamic equilibrium state is the one that maximizes

S(p()) = BY_ pla)H(z) (2.6)

where 8 is a Lagrange multipier enforcing the constraint (2.4).

Shannon’s entropy is a strictly concave functional of p(-) and the second term
in (2.6) is linear, therefore the functional (2.6) is strictly concave and has a
unique maximizer. To find it we must recall that > p(z) = 1, so we introduce
one more Lagrange multplier v, and maximize a

S(p(-) =B _p@)H(@) +v>_ px)

Setting the derivative with respect to p(z’) (for any fixed z) to zero we find

p(z) = eV Lo PH()

The constant + is fixed by the normalization condition and we find for the max-
imizer of (2.6)
e—BH(z)

pa(z) = — (2.7)

where

Z =Y e Hw (2.8)

The distribution (2.7) is called the Gibbs distribution and Z the partition function
(or sometimes the sum over states).

3 This is a state with no gradients of temperature, pressure, or chemical potential, on a
macroscopic scale. As such, it is ”maximally disordered“ and ”structureless .
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What is the interpretation of the Lagrange multiplier 37 For physical systems
B! = kgT where T is the temperature of the system and kg a constant - the
Boltzmann constant - such that kg7 has units of energy. Of course in coding,
compressed sensing, or satisfiability, there is no physical temperature and the
interpretation may vary according to the problem at hand.

Let us now justify the physical interpretation 5 = 1/kgT where T is the
temperature of the system. In the process we also introduce important quantities.
We define the Gibbs entropy

S(B) = S () = =Y _ pa(z) npg(z) (2.9)

and the internal energy

EB) = palz)H(z). (2.10)

as functions of 8. Replacing (2.7) in (2.9) we get
S(B)=pEB)+InZ. (2.11)

To make contact with the temperature we have to look at the entropy as a
function of the average energy E.*

S(E) = B(E)E + In Z(B(E)) (2.12)

where B(F) is computed by inverting the relation £(8) = E. Differentiating
(2.12) with respect to E,

dS(B) dB(E) . dlnZ dB(E)
g P E e Bt = e
= 88)+ DB g (50 2P
- 3(m) 21)

In thermodynamics the inverse temperature 1/7T is equal to the derivative of
the (experimentally measurable) ”thermodynamic entropy “ with respect to the
internal energy of the system. Thus, if we identify the Gibbs and thermodynamic
entropies,® the identity (2.13) suggests the interpretation 8 = 1/kgT.® One
commonly says that 3 is the ”inverse temperature“.

4 Tt is common in statistical mechanics and thermodynamics to use the same letter S for the

entropy as a function of 3, E or even p(-).

This identification is not at all obvious and can here be viewed as a postulate.
Alternatively it can be deduced from Boltzmann’s postulate briefly discussed in Section 2.7
T the temperature in degree Kelvin and kp Boltzmann’s constant in Joules per degree
Kelvin which enters here because Gibbs entropy has no physical unit whereas
thermodynamic entropy has units of Joules per Kelvin

5
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Free energy and variational principle

On the way of our derivation of the Gibbs distribution we encountered a few
important facts that we highlight in this section. But first we introduce a notation
that is standard in statistical mechanics.

Bracket notation

Let A(z) be any function of the configurations z of the system. These functions
are often called observables. The average with respect to pg(z) is denoted by the
bracket (—),

(A(2)) = % > Az)e @) (2.14)

The normalization factor in such averages is always given by the partition func-
tion (2.8). It will become apparent in the next Chapter how convenient it is
to have a reserved notation for the Gibbs average (—), and distinguish it from
expectations E over other random objects.

Free energy

A notion of paramount importance is the free energy defined by

F(B) = —%an. (2.15)
The important relationship (2.11), namely
F(B) =&(B) - 7'S(8) (2.16)

suggests the thermodynamic interpretation of the free energy. This is the amount
of energy in the system that is not in ”disordered form*“ and can be extracted in
the form of mechanical work, hence the adjective ”free*.

Computing, exactly or approximately, the free energy is often a major goal
and when this is possible we learn a great deal about the model or system at
hand. In particular from the free energy we can calculate the internal energy by
differentiating SF(B) with respect to /. Indeed (2.8) and (2.10) implie

£(B) = (@) = —Lmz =L (5F(8)). (2.17)

dg dg
We can also compute the Gibbs entropy by differentiating F'(8) with respect to
1/8. From (2.7) and (2.9)

S(8) = —(lnpa(@))

=InZ — B(H(z)) = BF(B) — ﬁ%(ﬁF(ﬁ))
2 d __d
=B ZF(8) = d(l/B)F(ﬁ) (2.18)
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Finally, the energy fluctuations are obtained by differentiating twice In Z,

(H(@)?) — (M(x)? = —dd—@w(ﬂ)). (2.19)

Gibbs variationnal principle

Recall that we deduced the Gibbs distribution as the one which maximizes the
functional (2.6). This can be formalized as follows. Define the Gibbs free energy
functional as

Zp BT1S(p()) (2.20)

This is a convex functional which satisfies the lower bound

F(B) < F(p()) (2.21)

with equality attained for p(-) = pg(+). This general inequality is called the Gibbs
variational principle. In practice it is often used to compute upper bounds to the
free energy F(8) by wisely choosing ”trial distributions® for p(-). These upper
bounds sometimes turn out to be useful approximations to the free energy or
may even be sharp.

It is instructive to cast the variational principle in a language that is familiar to
information theorists and statisticians. The Kulback-Leibler divergence between
two distributions p(-) and ¢(-) is defined as

Dir(pllg) = Zp ( i) (2:22)

and satisfies D (p||lq) > 0 with equality when p = ¢ (see exercises). Now, note
that for ¢ = pe we have (using (2.7), (2.15) and (2.20))

DiL(pllpe) = Zp () )

&)

= —S(p) — Zp(z) In pe(z)

z

=-S(p) +8)_plz) +1nZZp

= BF(p()) - BF(B) (2.23)

The ”free energy difference between a trial distribution and the Gibbs distri-
bution is equal (up to a factor 3) to the Kullback-Leibler divergence. Also,

F(B) < F(p(-)) and Dgr(pllpc) >0

are one and the same inequality. It is fitting that Dgr(p||lg) > 0 is often called
the ” Gibbs inequality “.
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Marginals, correlation functions and magnetization

Assume that a system is described by a Gibbs distribution. In practice, in order
to answer many basic questions, it is often sufficient to compute (exactly or ap-
proximately) the first few marginals or even only the averages of a few important
observables. In this section we collect a few related definitions and remarks.

Marginals

The definition of marginals is just the usual probabilistic one. More precisely the
"first order“ marginal, is defined as

vile) = Y pala) (2.24)

where Zwm means that we sum over all z; for j = 1,...i— 1,9+ 1,...n. In
other words we sum over all variables except x;. The ”second order* marginal is

vij(wia;) = Y palz). (2.25)

where we sum over all variables except x;, ;. Note that the marginals are nor-
malized probability distributions.”

To illustrate the use of marginals, suppose we want to compute the averages
of the observables, total number of particles ) ;. x; and energy H(z), for the
lattice gas model. By linearity of the Gibbs bracket

O wi) =) (z) and (M) = > Jijlwa;) =Y hiles)
eV iev [ij}EE i€V

If the marginals are known we then can use

(x;) = leuz(:vz) and (z;x;) = Z x4 5 (T, 5) (2.26)

X, Tj

The reader should check these two identities.

Correlation functions

In the previous section we saw that the internal energy, energy fluctuations and
entropy can be computed by differentiating the free energy. Something similar
is also true for the averages (2.26). Consider the following perturbation of the
Hamiltonian where we add ”source terms*

H(z) — H(z) + En: Ai; (2.27)
i=1

7 Marginals (2.24), (2.24) are often called one-point and two-point functions in the
statistical mechanics literatture
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where \; are real numbers. It is sometimes the case that if we know how to com-
pute the free energy for the unperturbed Hamiltonian then we can also compute
it for small values of \;’s. When this optimistic situation is met, such pertur-
bations may be turned into a useful theoretical tool. Indeed, suppose we have
access to In Z(A), for A = (A1,..., A,). Then we can compute the following Gibbs
brackets

2

(@) = g2 (o) — @) = gz (229

It is a general fact that higher order derivatives yield higher order cumulants.
In statistical mechanics these cumulants are called ”truncated correlation func-
tions“. For example the covariance (x;x;) — (x;){(z;) is the two-point truncated
correlation function and the average (z;) is the one-point function. It is a good
exercise to compute the third order derivative (with respect to A;, Aj, Ag) to see
what kind of truncated correlation function is obtained.

Finally we note that for binary variables (e.g., x; € {0,1} or s; € {+1,—1} as
is the case for a lattice gas, an Ising spin system, coding or SAT) the marginals
v;(x;) can be recovered from the averages (z;). For example, for z; € {0,1}
we have (z;) = 0.14(0) + 1.14(1) = v4(1) and from the normalization condition
v;(0) = 1 — (x;). For s; € {+1,—1} we have (s;) = v;(1) —v;(—1) and 1 =
vi(1) + vi(—1), thus v;(1) = 3(1+ (s;)), vi(—1) = $(1 — (s;)). Similarly one
can reconstruct v; j(z;, ;) from one and two-point correlation functions (see
exercises).

Magnetization

An observable that plays a specially important role in Ising spin systems is the
magnetization of a spin configuration m,(s) = + >, si. The average magneti-
zation (also simply called magnetization) is the expectation with respect to the
Gibbs distribution.

1
m(B) = (m(s)) = n Z<5i>~ (2.29)
i€V
According to the remarks of the previous paragraph, when the Hamiltonian con-
tains a term h ),y s; the average magnetization can be obtained as a derivative
of the free energy with respect to the magnetic field,

10 0

m(B) =~ 5 552 =~ 5 F(8) (2.30)

In general one can always add an infinitesimal magnetic field to the Hamiltonian,
differentiate the free energy, and finally set this additional field to zero.

As a last remark we note that for certain models with a symmetry between
sites it is often the case that (s;) is independent of 4, so that (m(s)) = (s;).
For example if we replace the square grid by a complete graph in the Ising
model and take interaction constants independent of edges and vertices we have
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a permutation symetry between sites, so (s;) is obviously independent of i. This
is the Curie-Weiss model treated in chapter 4.

Thermodynamic limit and notion of phase transition

The regime of validity of statistical mechanics is the thermodynamic limit, namely
the asymptotic limit of large systems where the number of degrees of freedom
tends to infinity, n — +o0o0. This is also the limit in which sharp phase transi-
tions are well defined. Here a provide a first rather informal discussion of these
concepts, which we will encounter again in coding, compressive sensing and con-
straint satisfaction, and which will be defined more precisely on a case by case
basis.

Thermodynamic limit

For reasonably well defined models we expect that In Z, S(8) and (H(z)) all scale
like n, for large n. Such quantities are called extensive. Their thermodynamic
limit, if it exists, is defined as

f(B) = lim lan, s(8) = lim lS(,B), e(B) = lim (H(z))

n—+oo N n——+oo n n—-+oo

Taking the limit of (2.11) we obtain

F(B)=e(B) —B7"s(8). (2.32)

Relations (2.17), (2.18), (2.19) are also true for the limiting quantities scaled by
1/n, provided one can permute d/df and lim,,_, ... This is the case as long as
f(B), s(B) and e(B) are "sufficiently smooth* functions of 5. The issue here is a
real one and is connected to the subject of phase transitions.

The thermodynamic limit for the correlation functions and the Gibbs distri-
bution itself is not a simple matter. One cannot simply use the definition (2.7)
and naively take the limit n — 400 since the numerator and denominator both
tend to infinity (generically exponentially fast). So what is the meaning of the
Gibbs distribution in the thermodynamic limit? One way to proceed would be
to compute all marginals for finite n and only then take their limits,

”ETOO vi(z;), ngrfm vi (@i, xj), nETw Vije(Zi, Tj, k), .. (2.33)
The limiting Gibbs distribution can then be defined as the distribution with has
this set of marginals. Because of phase transition phenomena such limits are not
always defined in a unique way.
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Phase transitions

Let us now say a few words about phase transitions, a subject to which we
will come back in due course. The free energy f(3) is always a continuous and
convez function of 3. To see this note that for finite n, F(8)/n is an analytic and
convex function of 8. Convexity can be seen from the positivity of the variance
of the Hamiltonian in (2.19). Moreover the limit of a sequence (indexed by n) of
continuous convex functions is continuous and convex, thus f(/) is continuous
and convex (provided this limit exists!). However such a general argument cannot
guarantee more than continuity, and indeed the limiting free energy f(3) may
develop non-analyticities. Such non-analytic points on the 8 axis are called phase
transition points or thresholds. Typically these points are isolated and correspond
to lack of differentiability at some order.®

Points where the first derivative of f(5) has a jump are called first order
phase transition points; those where the first derivative is continuous but the sec-
ond derivative is discontinuous are called second order phase transition points.”.
Phase transitions of higher order are also possible: a phase transition of n-th
order is one where the first n — 1 derivatives of f(5) are all continuous but the
n-th has a jump discontinuity. This classification of phase transitions is due to
Ehrenfest and dates back to the early days of statistical physics. We stress that
this is not the only possible classification, nor the most modern one, however it
is one that will suit our needs quite well.

Temperature is not the only parameter with respect to which the free energy
can be non-differentiable. For example in the canonical Ising model there are
first order phase transitions with respect to the magnetic field h. This helps
us understand the statement made above about the non-unicity of the Gibbs
distribution in thermodynamic limit. Indeed we saw that the magnetization is
obtained as the derivative of the free energy with respect to h; thus since at a first
order phase transition point this derivative is discontinuousm the magnetization
can take two distinct values, which means that one should define two one-point
marginals and hence two limiting Gibbs distributions. Hence typically at a first
order phase transition point we expect non-unicity of the limiting marginals and
Gibbs distribution.

In Chapter 4 we solve explicitly useful toy models - the Curie-Weiss model and
the Ising model on a tree - which will allow us to discuss phase transitions more
concretely. Furthermore a mini-review of the phase transitions in the canonical
Ising and lattice gas models is found as an aside at the end of that Chapter 4.

8 More exotic such as for example an essential singularity, where all derivatives exist but the
Taylor expansion does not converge, are possible, but will not be encountered in our
problems.

9 Such points necessarily form a set of measure zero by a theorem of Alexandrov on limits of
convex functions
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Spin glass models - random Gibbs distributions

In the next chapter we will see that our three problems, coding, compressive
sensing and satisfiability, can be formulated as a particular class of statistical
mechanics models, the so-called spin glass models. In this paragraph we provide
a first glimpse on the very large and subtle topic of spin-glasses.

One of the ambitions of statistical mechanics is to describe the rich variety of
”phases“ of condensed matter, e.g, gases, liquids, crystalline solids, metals, in-
sulators, semi-conductors, superconductors, superfluids, magnetism, liquid crys-
tals, polymers, glasses, emulsions etc. In this list, ”ordinary glass“, although
empirically known and manufactured since very ancien times, is scientifically ill-
understood and is arguably one of the most intriguing phases of matter. Ordinary
glass is an amorphous material where the geometrical arrangement of atoms is
frozen as in a solid, but at the same time is irregular as in a liquid. It is believed
that in a sense ordinary glass is a “frozen liquid” with a viscosity so huge that
it does not flow for all practical purposes. There also exist magnetic materials
which have a glassy behaviour with their magnetization responding very slowly
to external magnetic fields. Here we will not dwell on the various physical types
and properties of glassy materials and we only limit ourselves to simple models.

Spin glass models are Ising or generalized spin systems (e.g., (2.2), (2.3)) with
random interaction constants.'°

EXAMPLE 6 The usual Edwards-Anderson model has Hamiltonian (2.2) with
random i.i.d Bernoulli coupling constants, P(J;; = +J) = 1/2, and h; = h is
constant. In another variant one can take iid Gaussian coupling constants. The
analysis of this model is still far from being rigorously understood. O

EXAMPLE 7 The random field Ising model also has Hamiltonian (2.2), but now
the interaction is constant J;; = J > 0 and the magnetic field is i.i.d Bernoulli,
P(h; = £h) = 1/2 This is also a very non-trivial and open questions remain. [

EXAMPLE 8 In the Sherrington-Kirkpatrick model G is the complete graph on
n vertices with n(n — 1)/2 edges (like in the Curie-Weiss model). The coupling
constants J;; are iid Bernoulli with P(J;; = +J/y/n) = 1/2 or i.i.d Gaussian
N(0, %2) The magnetic field is generally taken constant. The scaling of the
coupling constants by 14/n is necessary in order to have fluctuations of O(y/n)
for the Hamiltonian on the complete graph. The analysis of this model in Chapter
7 will serve us well as a steping stone towards compressed sensing. (Il

Variants of these models use other distributions for the interaction constants,
for example Gaussians. One can also take more complicated models with more
general interactions, e.g. J4’s in (2.3) may be random variables, or the underlying

10 Such models where first introduced in the 1970’s in an attempt to capture glassy
properties of magnetic materials, the idea being that their glassy behavior is related to
physical interactions of varying intensity and sign between magnetic moments, and it was
proposed that these interactions be modelled as random variables.
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graph may be random. The study of spin glass models has turned out be very
non-trivial and has been a source of many fundamental concepts in statistical
mechanics of so-called disordered systems. Fortunately, the spin glass models that
will be relevant for our three problems are defined on complete or locally tree-
like graphs and as we will see the absence of “low dimensional geometry” makes
them somehow much easier to study than the Edwards-Anderson and random
field Ising model. easier to study.

The Gibbs distribution associated to a spin glass Hamiltonian has two levels
of randomness. First we have the randomness of the Hamiltonian itself, i.e. the
interaction constants or the underlying graph. Once the Hamiltonian is sampled
from a specified ensemble we have a fixed instance of a Gibbs distribution which
is a probability distribution over the spin (or lattice gas) variables. So the study
of spin glass models is the study of ensembles of random Gibbs distributions.

A word about some standard terminology is in order here.!’ The random in-
teraction constants J4 of the Hamiltonian are called quenched variables because
once the instance is specified they are fixed or ”frozen“ once for all. The spin or
lattice gas degrees of freedom s1,...,s, or x1,...,x, are called annealed vari-
ables because they ”adapt“ themselves into typical configurations of the Gibbs
measure.

A word about notation is also in order. It is very convenient to have two sep-
arate notations to distinguish averages with respect to quenched and annealed
variables. The expectations with respect to the Gibbs distribution are always
denoted by the bracket (—) and those with respect to the quenched variables by
E with possible subscripts describing the ensemble. Thus if A(z) is an observable
(say the magnetization) the total average over annealed and quenched variables
is denoted E[(A(z))]. Let us insist on two elementary facts. First, (A(z)) is a ran-
dom object depending on all quenched variables. Second, it would be meaningless
to permute the two expectations E and (—).

Quenched randomness is ubiquitous in many engineering optimization prob-
lems where one has to deal with particular instances that belong to a model
ensemble. This is the point of view that we took in the definition of the coding,
compressive sensing and satisfiability problems. As we will see in the next Chap-
ter, once an instance of the ensemble is specified, the Gibbs distribution appears
quite naturally in the mathematical formulation. So in a sense the connections
between our models and the statistical mechanics of spin glasses is not surpris-
ing; in fact they are very natural. Such connections have been recognized since
the 1970’s for various computer science problems, e.g., the travelling salesman,
graph partionning, and neural networks (see the notes for references).

1 This terminology comes from the manufacturing process of ordinary glass.
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Gibbs distribution from Boltzmann’s principle!?

We already pointed out that here is no unique way to introduce the Gibbs dis-
tribution. Rather, as with any physical law, it has to be guessed from experi-
ments, plausible assumptioms, and modeling, which all lead to conclusions that
are experimentally validated. From a physical point of view the maximum en-
tropy principle is perhaps not very satisfying because Shannon’s entropy is not
a “primary” physical or at least “simple” quantity. In this section we provide a
derivation, based on two basic principles, and which is perhaps closer in spirit
to the original ones by Maxwell, Boltzmann, Gibbs, Einstein and others in the
early 20-th century.

For concreteness the reader may keep in mind the lattice gas model throughout
the arguments of this section. We suppose that the particles have a dynamics
with “trajectories on the lattice,” x;(t), ¢ = 1,...,n, parametrized by time ¢.

Uniform microcanonical measure

Let [0,7] be the time interval over which we measure an observable quantity
A(z(t)) and let 7 be a characteristic microscopic time scale, for example the
time scale on which a single particle jumps from a position to a neighboring one.
In practice we have T' > 7, so we think as T being very large (T'/7 — +00).
For an isolated system the energy is conserved. Thus during the measurement
interval the state of the system z(t) will wander across the energy surface I'y C
{0,131 = {z | H(z) = E}. Let t(x)/T be the fraction of time it spends in state
x.

Our first principle states that when T >> 7, the fraction of time ¢(x)/T spent
in state z, is given by the uniform distribution on the energy surface I'g. In other
words for ¢(z)/T we take,

]l(z S FE)
- = = 2.34
pe(z) W(E) (2.34)
where the normalization factor is
W(E)= > lzelp) (2.35)
EE{Oal}‘Vl

The measure (2.34) is called the microcanonical distribution. In words the first
principle states that an isolated system spends an equal fraction of time in all
states of belonging to the energy surface.

A fundamental consequence is that we can replace time averages of observables
by configurational averages,

1 /7
T / dt A(z(t)) =~ Z pe(z)A(z), T>r1 (2.36)
0 z€{0,1}IVI

12 This section is not needed for the main development and can be skipped in a first reading.
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The idea here is that an experiment (or a measurement) returns a time average
(the left hand side) and that as theoreticians we can compute this average from
the microcanonical average (the right hand side). In particular we can esssentially
ignore the underlying microscopic dynamics.

Often equ. (2.36) is formalized and called the ergodic hypothesis. The ergodic
hypothesis states that the dynamics exactly satisfies this identity in the limit
T — 400, for almost all initial conditions z(0) (note that the right hand side
does not depend on the initial condition). Although the ergodic hypothesis has
played a very important historical and foundational role, it has never been proved
for macroscopic systems of interest in statistical mechanics. Its physical relevance
is also not completely clear, and as such the hypothesis does not explicitly specify
the relevant class of observables, initial conditions, and relation between system
size and time scales. Nevertheless, the ergodic hypothesis has developped into
a beautiful branch of mathematics (ergodic theory) for dynamical systems with
few degrees of freedom.

Boltzmann's principle

Consider the normalization W (E) of the microcanonical measure. Generically
this has an exponential behavior in the number of degrees of freedom. The Boltz-
mann entropy is defined as

Sp(E) = In W (E). (2.37)

This is a purely combinatorial object in the sense that W (E is the number of
microscopic states belonging to the energy surface I'g.

EXAMPLE 9 Let us consider the lattice gas model introduced in the previous
example for the non-interacting case J = 0. Since the energy surface is the set
g ={z|Y iz = E/u} there must be E/pu lattice nodes with z; = 1 among
a total of n sites. Hence

W(E) = ( E’;ﬂ) ~ exp (n@(i)) , (2.38)

where h(u) = —ulnu— (1 —wu)In(1 —u) is the binary entropy function expressed
with the natural logarithm. In the thermodynamic limit we obtain
() = lim LSp(E) h<e> (2.39)
sle)= 11m —oOop = -1, .
BinZe ™ K

where e = E/n is the energy per particle. In this simple example the entropy s(e)
is a concave function of e. For physically sensible Hamiltonians the Boltzmann
entropy must be concave; but this is not always the case in computer science and
coding problems where the cost functions are not necessarily physical. O

There is a purely thermodynamic and experimentally measurable notion of
entropy elucidated in the 19-th century, along with the notions of heat and
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work, by Carnot, Clausius, Joule, Helmholtz, Kelvin and others. For a system in
thermodynamic equilibrium with homogeneous temperature 7' and pressure p,
the thermodynamic entropy Siner(E, V) is a function of the total energy F and
volume V satisfying

aS‘cher 1 8Sther p

e e L (2.40)

From T and p one can in principle recover Siper. The units of Sy, are Joules per

degree Kelvin.
Boltzmann’s principle postulates equality of the thermodynamic and Boltzmann
entropies,

Siher = kp In W(E) . (2.41)

Here, kp is Boltzmann’s constant with units of Joules per degree Kelvin (this
constant is needed because we defined Sp as a pure number). Boltzmann’s prin-
ciple is one of the most far reaching laws of physics: it identifies a thermodynamic
measurable quantity with a purely combinatorial counting object.!* Combining
this identity with the first equation in (2.40) we get

oS 1

=B - (2.42)

oF  kgT
In the next paragraph we will see that this identification is a crucial ingredient
in the derivation of the Gibbs distribution.

Derivation of the Gibbs distribution

The microcanonical distribution (2.34) only characterizes an isolated system with
fixed energy E. However, real macroscopic systems are not isolated. One should
also notice that in practice, in order to reach thermal equilibrium it is necessary
to put systems in contact with a “thermal bath,” i.e., an infinite reservoir at a
constant temperature.

For simplicity, we take the lattice gas as our big reservoir and suppose it
is isolated with total energy E. The real system of interest is a much smaller
but still macroscopic system ¥ C V' (see Figure 2.3). We label the degrees of

freedom in ¥ as (21, ..., 2,) and those outside ¥ by (@41, ..., 2n). The regime
of interest is 1 <« m < n. We are interested in computing only averages of
observables A(x1, ..., 2,,) which depend on the degrees of freedom of the smaller

system Y. Of course we can compute them with the microcanonical distribution

]].((1‘1, . ,,In) S FE)
W(E)

wE(T1, . X)) = , (2.43)

but clearly, since the observable depends only on z1,...,x,,, we only need the
marginal of this distribution over the degrees of freedom of X.

13 Even that matter is constituted of discrete entities that can be counted, atoms and
molecules, was far from universally accepted in Boltzmann’s days.
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9

Figure 2.3 The system S is embedded in a thermal bath V. The total system V is
considered as an isolated system and its total energy FE is conserved. We compute the
induced measure on S.

We now show that the marginal of (2.34) is the Gibbs distribution with inverse

temperature ]CB% = %ém. This is the temperature of the thermal bath.

The marginal distribution for ¥ reads

ps(T1, .. Tm) = Z pe(T1,. .. 2n)
Tm41;--,Tn
1((x1,...,2,) €T
_ Do, 1@ ) E). (2.44)
Zml,-..,zn 1((z1,...,2n) €ETR)

The total energy E is a sum of the energy inside X, the energy outside ¥ and an
interaction part between the inside and the outside,

E= H(Ila v 7xn) = HE(IM .- '5zm) + 7-[V\E(mm+17 s 7xn) + Hint- (245)

Generically Hsx is of order m (the volume of X), Hy\x is of order n —m (the
volume of the outside of X) and H;, is of order the surface of 3. In d dimen-
sions the surface of ¥ is of order m(?~1/4 << m << n — m, thus neglecting
the interaction in (2.45) we conclude that: if (x1,...,2,) belongs to the energy
surface I'p then (2,41, ...,7,) belongs to the energy surface I'g_yy (a; ..o )-
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With these remarks (2.44) becomes

B Zﬂfm-u,m,fn ]1(((Em+1, - ,l’n) S FE—HZ(-’E17~~~7Im))
le,..,,rm szJrl,m’xn ]]-((merlv (R ,.fL'n) € FEf"HE(xl,...,zm))
_ exp(Sp(E — Hg(z1, ..., Tm))
27'17- T exp(SB(E_’HE(xlv"'»wm))
>

s (T, ..., Tm)

exp(SB(E) 77-[2(331"""%7”)8%53 + )

2, XP(SB(E) — Hs(z1,. .. Tm) =SB +...)
_ exp (—Hs(x1,...,2m)/ksT)
Yerw, &P (—Hs(z1, . 2) [kBT)’

The second equality uses the definition of the Boltzmann entropy. The third
equality uses a Taylor expansion to first order (since n > m implies £ >
Hs(x1,...,%m)). The last equality is the point where Boltzmann’s principle
is used. The final result is exactly the Gibbs distribution for the small system %
with a temperature equal to the one of the thermal bath.

This derivation shows that the Gibbs distribution and the microcanonical dis-

X1,y..

tributions are “equivalent” in the sense that we can compute the average of
the observable A(x1,--- ,,,) directly from one or the other distribution. This
is related to the subject of “equivalence of ensembles” in statistical mechanics:
the microcanonical distribution (also called the microcanonical ensemble) and
the Gibbs distribution (also called the canonical ensemble) are equivalent. For
this equivalence to hold an important assumption was that the interaction Hi,
between the system and its complement can be neglected. For physical finite
dimensional systems with local interactions (finite range or fast decaying with
distance) between particles this is not a problem.'* However if one deals with
“infinite dimensional” systems (meaning that d — +oo or that the graph G can-
not be metrically embedded in a finite dimensional space) this assumption breaks
down. In our coding, compressed sensing and satisfiability problems the under-
lying graphs are in a sense infinite dimensional and the equivalence of ensembles
does not hold.

Notes

The ambition of statistical mechanics is to explain the great variety of phases of
condensed matter, their properties and the transitions among the phases. One
can easily imagine this is a rich and huge discipline just by contemplating a far
from exhaustive list of examples of phases of matter: gases, liquids, solids, metals,
plasmas, magnets, insulators, superfluids, superconductors, Bose-Einstein con-
densates, crystals, quasi-crystals, emulsions, glasses etc. Experimentalists keep
on finding new phases, e.g., by lowering the temperature and/or increasing the

14 Physical systems where this breaks down are gravitational systems.
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pressure. The subject is more than a hundred years old and the present chapter
has of course not even scratched its surface. We only give some pointers to a
small subset of classic texts.

For the reader interested by the rich and fascinating history of statistical me-
chanics, as well as the debates on foundational issues, we recommend (Brush
1983). The derivation based on the maximum entropy principle goes back to
(Jaynes 1957). Good introductions to statistical physics are (e.g Schroeder 2000,
Thompson 1988); a more advanced and classic graduate level text is (Huang
1987). For treatises with emphasis on foundational issues see (e.g. Penrose 2005,
Gallavotti 1999). The Ising model, which was introduced in 1928 by Lenz and
Ising, has a long and distinguished history reviewed in (Brush 1967). More gener-
ally, the class of spin models on regular lattices forms an unavoidable portion of
the discipline and their study has led to a large body of mathematically rigorous
results precisely defining and characterizing the notions of “phases” and “phase
transition”. A comprehensive treatise is (Simon 1993). Statistical mechanics of
disordered systems is a subject of its own; and “glass” is just one example of
disordered system. In the seventies spin glass models where put forward to in-
vestigate the special types of behavior and phase transitions that occur in this
area, see (Fisher & Hertz 1991). Many of the techniques developed in this course
have their origin in the replica and cavity theories of so-called “mean field” spin
glass models such as the SK model. The classic reference covering the body of
work spanning the seventies and eighties is (Mézard et al. 1987a). Connections
to neural networks, graph partionning and other optimization problems are also
found in this reference. In recent years there has been a lot of progress in the
mathematically rigorous aspects of the theory (Talagrand 2011).

2.1 GIBBS DISTRIBUTION. Give the details of the derivation leading to (2.7)
and (2.8).

2.2 ENERGY FLUCTUATIONS. Derive the formula (2.19) for energy fluctuations.

2.3 PosITIVITY OF KULLBACK-LEIBLER DIVERGENCE. Prove in two different
ways that Dk (pllg) > 0 with equality if and only if p(z) = ¢(x) for all z. Hint:
use Inu < wu —1 for u > 0 or the convexity of f(u) = ulnwu.
2.4 CORRELATION FUNCTIONS FROM DERIVATIVES OF PARTITION FUNCTION.
Check the formulas (2.28) and also
3
A InZ(A)ra=0 =(@izjog) — (wiz;)(v) — (vj28)(T:)
— (i) () + 2(@i)(z;){2k)

2.5 MARGINALS FOR BINARY SPINS. Consider any spin system with binary
variables s; € £1. Express the marginals v;(s;) and v; ;(s;,s;) in terms of the
averages (s;), (s;) and (s;s;).
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2.6 ISING MODEL IN ONE DIMENSION: TRANSFER MATRIX METHOD. The aim
of this problem is to solve the one-dimensional Ising model by the transfer matrix
method. The Hamiltonian of the one-dimensional Ising model on a ring (circle)
with n sites

n—1 n
H= —J28i8i+1 - ansl — hZSz
i=1 i=1
Consider the “transfer matrix”
- eBI+Bh =PI
= =B  BI-Bh
(i) Show that the partition function can be expressed as Zn = tr (1) where tr

is the sum over eigenvalues (the trace).

(ii) Find the eigenvalues of 7" and show that the free energy per spin is in the
thermodynamic limit

f(8,h) = =B~ 1n[eP’ cosh(Bh) + (€27 sinh?(Bh) + e~2P7)1/2],

(iii) Compute the magnetization (the easiest way is to use (2.30)) and plot it m
as a function of h for various values of 5. Convince yourself both on the plot and
from the analytic formula that this curve does not display a phase transition for
any temperature 7' > 0.



Formulation of Problems as Spin
Glass Models

The three problems introduced in Chapter 1 can be reformulated in a statistical
physics language. Both coding and compressive sensing are inference problems,
and from a Bayesian point of view Gibbs distributions appear quite naturally.
For the random satisfiability problem, which is not an inference problem, the
Gibbs distribution may seem less natural. The simplest and perhaps most nat-
ural distribution that one would settle to study is the uniform one over the set
of all satisfying assignments.! However, given a formula, the set of satisfying as-
signments is not known and even worse, we y do not know if it is empty. So it is
difficult to get a handle (or even define) the uniform distribution, and instead we
introduce a Gibbs distribution which has the advantage of being well defined for
all formulas. One hopes to get a good approximation of the uniform distribution
when the inverse temperature § tends to infinity.

In all cases we end up with spin glass models. What do we mean by this? Take
for example the coding or satifiability examples. We can think of the bits which
are to be transmitted, or the Boolean variables which take one of two possible
thruth values, as spins. This explains why we talk about spin systems. In com-
pressed sensing the signal components are continuous and this model falls in the
class of systems with “continuous spins”. Thus the microscopic “spin” degrees of
freedom are bits, Boolean variables or signal components. Moreover each problem
has its own cost function or Hamiltonian over the spin assignments. We already
encountered two such cost functions in compressive sensing and satisfiability (see
Equs. (1.10) and (1.13)). But where is the “glass”? In coding the way we have
defined our code ensemble, a parity check constrains a random subset of the bits
so the graph and interactions are random. The same is true for satisfiability.
In compressed sensing the measurement matrices are random which results in
random interaction constants between the continuous spins (note that the graph
itself is not random but bipartite complete). In all our models the randomness
is quenched: once we pick an instance from the appropriate ensemble we have a
fixed Gibbs distribution. In this sense our models fall in the general category of
“spin glass models”.

To summarize, our reformulations will lead us to random Gibbs distributions
or spin glass models. For each problem we will identify a Hamiltonian function

1 In a sense this distribution is a microcanonical measure introduced in Sec. 2.7.
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over “spins” with underlying graphs and interaction constants belonging to a
random ensemble.

Coding as a spin glass model

Let C be a code from Gallager’s (d,,d.) ensemble of block length n. Recall that
d, is the degree of variable nodes, d. is the degree of check nodes, and n is the
number of variable nodes. We have nd, = md, where m is the number of parity
checks.

Assume that we transmit the codeword x = (z1,...,z,) through a binary,
memoryless symmetric channel without feedback, and let y = (y1,...,yn) be
the received word. We will use the spin variable notation for the codebits. This
means that we write s; = (—1)% (or s; = 1 — 2;). The channel is described by
transition probabilities

n
p(yls) = [ [ p(wils:) (3.1)
i=1
The three examples of channels to which we will refer most often are the BEC,
BSC, and BAWGNC introduced in Sect. 1.1. While (for us) the input alphabet
is always binary, the received symbols live in discrete or continuus alphabets
depending on the channel. To have a unified discussion we sometimes abuse
notation and use the generic summation symbol Zy to mean “sum” or “integral”
over the alphabet of received bits. a
We will assume that the transmitted (input) codeword s'™ is selected uniformly
at random from C. Thus the joint distribution for (s, y) is p(y[s)1(s € C)/|C| and
the posterior probability distribution of s given the received word y is

(s|y) = p(y|s)1(seC)
P S s 1(se0)

(3.2)

MAP decoding

Let 5;(y) be a decoding estimate (based on all channel outputs) for the i-th bit.

Since s™ is picked uniformly at random from the code, the probability that bit
1 is wrongly decoded, called bit probability of error, is

1 ~ in
T 2 P # ) (3.3)
sinec
Thus we define average bit probability of error as

= }12 7 3 B # ol (3.4)

§inec
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As explained in Chapter 1, a central task is to compute the average bit probability
of error for various codes and decoders, and satisfy various performance and
complexity requirements.

Among all possible estimators the bit-MAP estimate (MAP stands for “maxi-
mum a posteriori”) wil play an important role. By definition

§§VIAP(Q) = argmax, v;(si|y) (3.5)

where v;(s;|y) is the marginal of the posterior p(s|y). This estimator is optimal in
the sense that it minimizes the “bit probability of error” (see below for a proof).
However, in general, we do not have low complexity algorithms to compute it
efficiently. Nevertheless we will see that it has a very natural interpretation in
terms of the “magnetization” of a spin glass model. Even more interestingly, in
Chapter 10 we will discover through such connections that it is intimately related
to other low complexity estimators.

Although we will not deal much with it, we mention the block-MAP estimate
and the associated block probability of error

EMAP( Z ]P # Sm}

sineC

y) = argmax, p(s | y),

The block-MAP estimator is also optimal in the sense that among all possible
block estimators it minimizes the block probability of error Pg. We will see
that block-MAP decoding is equivalent to finding the minimum energy states
of a Hamiltonian. We will also see that there is a natural “finite temperature”
decoder which interpolates between the bit-MAP and block-MAP decoders.

Before proceeding let us prove an important fact, namely that the bit-MAP
estimator is optimal. This is most easily seen from the following representation
for the bit probability of error,?

|C|Z]P> #Sm_||zzp m )#Sm)

sineC sineC Yy

—Zp Zp sly)(1 - 1(Ei(y) = i)
—1—217 Z Vi 51|y)( :gl(y))

==+1

—I—Zp vi(3i(y)|y)-

Clearly, the last expression shows that the choice (3.5) for 5;(y) minimizes the
bit probability of error (3.3). The optimality of the block-MAP estimate is left
as an exercise for the reader.

% Here p(y) = 35, p(yls)L(s€C)/IC|.
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The posterior distribution as a spin glass model

We now show that the posterior distribution p(s | y) is a random Gibbs distribu-
tion. Recall that a code is represented by a bipartite factor graph with variable
nodes i = 1,...,n and checks® @ = 1,...,m; like in Fig. 1.1. We call da the set
of variable nodes connected to check a. A code word z has to satisfy all parity
check constraints ), 5, #; =0, a = 1,...,m. In spin language this is equivalent
to [[;coq 8¢ = 1 for all checks. Thus the prior distribution over codewords can
be written as

@+ I s (3.6)

1€0a

N |

IseC) 1
e rerll
Replacing the channel law (3.1) and (3.6) in the posterior (3.2) we get

plsly) = [Ty p(yils) Ty 50+ Ticon 50)
T Y T pQuils) TTasy 31+ Tlicoa 50)

Now we divide the numerator and denominator by [, p(y;| — 1) and use

(3.7)

p(yilsi) hisi+h
DWalSi) _ phisiths 3.8
ol — 1) 38)

where we have introduced the loglikelihood variable* associated to channel ob-
servation y;

il + 1
By = L P+ D (3.9)
p(yil — 1)
This yields our final representation
ol = S TL 50+ T 0 [T (3.10)
e _Za:12 ieaasz ifle '

where the normalizing factor in the denominator is

z=>"1] %(1+ I so e (3.11)

s a=1 1€0a i=1

It is equivalent to describe the channel outputs by o = (h1,...,h,) or y =
(y1,-..,Yn). We will often interchange them in our notations when this does not
lead to ambiguities. For example we can write p(s|y) = p(s|h) for the posterior.
For the transition probability of the memoryless channel we have to be more
careful. In terms of loglikelihood variable we denote it c(h;|s;), and formally

3 We will usually denote variable nodes by letters i, j, k, ... and parity checks by a,b,c, ...

4 In the coding theory literature (or in statistics) it is usual to define likelihood variable
without the factor 1/2. Here the “1/2” yields a somewhat nicer connection to statistical
mechanics quantities. The loglikelihood is analogous to a “magnetic field”.
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(by conservation of mass). The explicit expressions of ¢(h;|s;) for the BEC, BSC
and BAWGNC are found in example 10.

The posterior (3.10) is a random Gibbs distribution, or in other words a spin
glass model. Here the word “random” relates to the randomness of the channel
outputs as well as the choice of code or factor graph. For each channel realization
h and each code C picked from an ensemble (say Gallager’s ensemble) we have
a distribution over the spins s € {—1,+1}". In the terminology of physics the
randomness associated with the code (or factor graph) and channel realisations
is “quenched”. This is because in a given experiment (here the transmission and
reception of a message) the code and channel realisations are fized, or frozen.
The spins on the other hand are “annealed” degrees of freedom which fluctuate
and adapt themselves in typical configurations.

What are the distributions of the quenched randomness? The distribution
over the codes is the uniform distribution over Gallager’s ensemble. For the
configuration model introduced in Chapter 1 this is the uniform distribution
over all permutations among nd, sockets. Expectations with respect to codes of
the ensemble are denoted E¢. The channel outputs are distributed according to
c(h|s™) when s, is the input codeword, and the correspondings expectations are
denoted Ej 4. Averages over all quenched variables (both the code and channel
outputs) are generically denoted by E.

This is a good point to recall (see Sect. 2.6) that averages with respect to the
Gibbs distribution are denoted by the bracket (—), and are distinguished from
expectations E over quenched variables. These two averages cannot be exchanged.

What is the Hamiltonian corresponding to the Gibbs distribution (3.10)? To
answer this question it is enough rewrite this expression as e~ #*(2) /Z3. If we set
B =1 we have

H(s) = Zln{%(l st = s (3.13)
a=1 =1

i€0a

Setting 3 to a different value would simply amount to scale the Hamiltonian by
the inverse of that value. The Hamiltonian has two parts. The second part is
a magnetic field term, where the magnetic fields h; are i.i.d random variables
distributed according to c(h;|si"). The first part is a sum of interactions between
spins involved in a parity check. If a parity check is satisfied In{. ..} = 0 and there
is no energy cost; if a parity check is violated In{...} = 400 and there is infinite
energy cost. Equivalently, the interaction terms can also be represented as J, (1 —
[1;coq 8i) with J, formally equal to +-0o0. Summarizing, the posterior distribution
used in bit-wise MAP decoding can be thought of as a Gibbs distribution with
inverse temperature set to the special value 5 = 1 and Hamiltonian of the general
form (2.3).
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Bit-MAP decoder and magnetization

The bit-MAP decoder has a natural relation to the magnetization of the spin
glass. Indeed (3.5) is equivalent to

SMAP () = sign(v;(s; = 1|h) — vi(s; = —1|h)) = sign(s;) . (3.14)

So the bit-MAP estimate for the i-th bit is given by the sign of the (local)
magnetisation (s;),

(si) = %ZSZ 11 %(1 + I so e
g o=l i€da  i=1

B
=7 (3.15)

Using P[SMAF (h) # si] = Ejp g [1(5:(h) # i) the average bit probability of
error (3.4) becomes

Z & 2 51~ B [sPsimn((s)]). (3.16)

s”‘GC

The BEC, BSC and BAWGNC have a special symmetry property which allows
to simplify this expression. In the next section we show that for a general class
of symmetric channels the terms in the sum (3.16) are independent of the input
word. For such channels there is no loss in generality to assume that the trans-
mitted word is si* = 1 for all i = 1,...,n, or equivalently z'® = 0 the "all-zero
codeword”. In conclusion for the class of symmetric channels (and a given code)
the average bit error probability is given by

—_

EZ* (1 — Ep [sign({s:))])- (3.17)

3
[\3

where we recall that Ej,|; is the expectation with respect to c(h[s™ = 1).

Interpolating between bit-MAP and block-MAP decoders

With Gibbs ddistributions in mind, it is natural to generalize the bit-MAP de-
coder by taking 8 # 1. More precisely consider replacing the posterior with
ps(s|h) = e P /75 where the Hamiltonian is still (3.13) but 3 is general,

1 1 =1 n
h) = — —BH(s) — (1 ) Bhis; 1
ps(s|h) 7 Zﬁal;[l 5 +i1;[asz)i1;[16 (3.18)

with the partition function Zg the sum over all s € {—1,+1}" of the numerator.
The general temperature decoder is then defined from the marginals of (3.18),

5i(h; B) = argmaxv; g(s;|h) = sgn(s;)g, (3.19)
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where the bracket (—) 3 is the average with respect to (3.18). Obviously for 8 =1
this is the bit-MAP decoder. Taking the limit 8 — +oo it is not difficult to see
that sgn(s;)s — argmin#H(s) or equivalently argmaxp(s|h). Thus in the zero
temperature limit we recover the block-MAP decoder. For 1 < 8 < 400 the
general temperature decoder interpolates between the bit-wise and block MAP
decoders.

Channel symmetry and gauge transformations

A binary input channel is said to be symmetric when the transition probability
satisfies p(yi|s;) = p(—yi| — $;). From (3.9) and (3.12) we note

c(h|1) plY) _ pl)  _ on

c(=hl1)  p(=yll)  plyl-1)
so that a symmetric channel can also be defined by the identity
¢(=hi|1) = c(hi|1)e 2" (3.20)

EXAMPLE 10 For the BEC, BSC, BAWGNC we check explicitly that p(y;|s;) =
p(—yi| — si). One also computes c(h;|1) and finds

c(hl1) = (1 — €)0,00(h) + €6(h), BEC(e)

o(h1) = (1— )5(h — ¢

)+ ed(h—In € ), BSC(e)

— €

1 12,2
c(h|l) = ———¢~(""32)7/32 BAWGNC(c?
O (0?)
The identity (3.20) is explicit on these expressions. a

Let us now prove identity (3.17). Consider first Ej, g [si"sign((s;))] in (3.16).
The expectation Ej 4 is an integral over h;’s, and the bracket (—) contains sums
(in a numerator and denominator) over s;’s. In the inetgrals and sums we may
perform the change of variables

S; — TiSi, hz %Tihh iil,...,n (321)

for any fixed code word = € C. Now we note two crucial facts. First, under
this transformation the posterior (3.10) remains invariant, and therefore (s;) —
7:(s;), where (—) is the same expectation on both sides of the equality. Second,
because of channel symmetry B hjsin = Ep, |7, gin. Thus

Epsin [siinsign(<si>)] = E p)sin [sinrisgn@i)] == Ep|rusin [sinnsign«si))] (3.22)

where we used the notation v xu for a vector with components v;u;, i =1,...,n
(x is known as the “Hadamard product”). Now, we can choose 7 = s which
implies By, gin [ssign((s;))] = Epp [sign((s:))] as well as (3.17).

The idea of using the transformation (3.21) turns out to be very useful in
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the present framework. Since codewords 7 € C form a group,® the set of such
transformations also forms a group. Moreover these transformations are local
in the sense that for each ¢ the variables get multiplied by different factors.
Transformations with these two group and locality properties are ubiquitous in
modern physics and are generally called gauge transformations. In the present
context the invariance of the Gibbs distribution under gauge transformations can
be traced back to channel symmetry. The use of such transformations allows to
derive a number of useful consequences and identities. We will have the occasion
to derive them as we proceed with the theory, but some of them can be found
in the exercises. The independence of the error probability on the transmitted
codeword, proved here, is one of them.

It is important to note that the invariance of the Gibbs distribution under
gauge transformations is a consequence of the linearity of the code. For non-
linear codes such an invariance would typically not be present. Also, for the
random satisfiability problem where the constraints are “non-linear”, and there
is no obvious group structure, we do not have (or know) any useful gauge trans-
formations. This is one of the reasons why this problem is a much harder one.

Conditional entropy and free energy in coding

Without loss of generality we assume from now on that the all all-zero codeword
is transmitted. Thus we set s = 1. The channel outputs are distributed as
p(yls™ = 1).

We explained in Chapter 2 that a lot can be learned from the free energy
—11nZ associated to the posterior (3.10) (recall 8 = 1 for bit-MAP decod-
ing). For example differentiating with respect to h; yields the magnetization (s;)
(see Equ. (3.15)). For spin glass models the free energy is random but concen-
trates in the thermodynamic limit n — 4o00. Although this can be non-trivial to
prove, we do have examples with effective proof techniques; these will be intro-
duced in Chapter 13. We are therefore primarily interested in average free energy
—%E[ln Z] over the code ensemble and the channel outputs.

We will now show an important relation to the conditional entropy H(X|Y),
i.e. the average entropy of the posterior p(sly),

H(X|Y)==> p(yl1)> p(sly) Inp(s|y) (3.23)

This relation shows that computing the average free energy or the conditional
entropy is basically equivalent. In part III we will develop powerful methods to
compute the average free energy, and this will automatically allow us to compute

5 In the bit language the group operation is of course the modulo two sum @. In the spin
langugae it is the Hadamard product *.
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the conditional entropy (averaged over the code ensemble) and in particular the
MAP threshold of the code ensemble.b
For transmission over a symmetric channel and any fixed linear code (not
necessarily an LDPC code) we have
1 +oo
—H(X|Y) = EEM;[IH A —/ dhc(h|1)h. (3.24)
Observe that this relation is valid for a fized code. Of course it remains valid
when we further average over the code ensemble.

The last term in (3.24) depends only on the channel. For the BSC it is equal
to (1 — 2¢)In1=¢ and for the BAWGNC 1/02. For the BEC there is a little
ambiguity here. Formally fj;o dh c(h|1)h is infinite, but this infinity is cancelled
with another infinity in In Z. Indeed the weight factors €% in Z diverge when
s; = 1 and h; = 400. To proceed more neatly one should redefine the partition
function replacing €% by €M%= so that the new Z is finite and the last term
in (??) is not present. This must in principle be done for any channel having a
non-zero weight on h; = 400, but is more a nuisance than a real problem.

The proof of (3.24) is a good occasion to illustrate once a again the use of
gauge transformations and channel symmetry. Replacing (3.10) in (3.23)

H(X|Y) = Zp y|1)InZ(y Zp y[0) Zp sly) ln{H; 1+H5i)}
=1 i€c
- ZP(Q@) Zp@lg) Z his;

=By [In 2] - ZEW (3.25)

To get the last equality we noticed that the second term vanishes because p(s|y)
is supported on code words and In(1) = 0. Finally we replaced the expectation
wity respect to p(y[1) by Ej1. To arrive at (3.24), it remains to show the identity

Epja[hi(si)] = Epja [hi] (3.26)

This is part of a whole class of relationships, called Nishimori identities, which
follow from gauge invariance and channel symmetry. We will encounter a number
of them in subsequent chapters. Using a gauge transformation s; — 7;8;, h; —

7:h; and the channel symmetry in the form c(7;h;|1) = c(h;|1)e™ ™~ we have
Enji[hi(si)] = Eranja[hisi)]

mlhisi) [T 7™ (3.27)
j=1

6 Say that we will see this can be accessed from entropy or error prob.



62

3.4

Formulation of Problems as Spin Glass Models

Summing over all code words 7 € C,

1 T o_h,
j=1
1 11 -
c Eh\l |:h,Z ZSZ H 5(1 + H Sz) H ehjéj—h1:|
| | s a=1 i€da j=1
1 - 1 - hjsj—h;
:m {SZH2(1+H SZ')]Emll:hiHe %9 J:|}
s a=1 1€0a J=1
1 Ly — e hs
= m {Si H 5(1 + H Si)]Eh”l |:hi6h’ ‘ h’:| ]:[Ehﬂl |:€h7 J h3:|}
El a=1 i€0a j#i
(3.28)
The identity (3.26) then follows from
Ep,ple™® "] =1, Ep,1[hie* 7] = siEp, 1 [hi] (3.29)

and 30 T[4, $(1+TI;coq $i) = [C|. Formulas (3.29) are trivial when s; = 1. For
s; = —1 that they follow from channel symmetry, c(—h;|1) = c(h;|1)e= 2.

Compressive Sensing as a spin glass model

Recall that we are considering the model
y=Az+z, (3.30)

where the measurement matrix A is an m X n real valued matrix with i.i.d zero
mean Gaussian entries with variance 1/m, the noise z = (z1,. .., 2y, ) consists of
m i.i.d zero-mean Gaussian entries of variance o2, and the signal x = (z1,...,2,)
consists also of n i.i.d entries distributed with the prior po(z). We will assume
this prior belongs to the sparse class F, that is

po(z) = (1 — K)d(x) + Ko () (3.31)

where 0 < kK < 1 and ¢ is a continuous positive and normalized density. The
expected number of non-zero entries in the signal is k = xn.
The conditional probability of observing y given z is

1 1 2
) = Py Hg*Ain7 3.39
Py 1 2) = G (332)
and the joint distribution, taking the prior into account, has the form

1 — 1 |ly—Az|? -
p(z,y) = ( e~ 2,7 lu—Azll; Hpo(z:,;) ) (3.33)
i=1

2mo2)n/2

We discuss two scenarios. In the first one the prior is known, i.e., ¢g is known,
and in the second scenario which is more realistic the prior is not known but one
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knows that it belongs to the sparse class F,. In other words & is assumed to be
known but not ¢g. Furthermore we have in mind the regime of n, m — 4oc with
k=k/n and p = m/n fixed.

Known prior: MMSE estimator

When the prior is known a reasonable way to estimate the signal is to use the
minimum mean square estimator (MMSE) estimator. This estimator is optimal
in the sense that it minimizes the mean square error (MSE). The MSE is a
functional

MSE(()) = E[E(Y) - X)?] (3.34)

defined over the "space” of estimators Z(y) : R™ — R™. The expectation is with

respect to the joint distribution (3.33) and the entries of A. A standard exercise
shows that the minimum is attained by the MMSE estimator,”

PIMSE() _ |y [X] = / draiple|y), i=1,....m, (3.35)
where
_ pay)
p(zly) = Tdzpay) (3.36)

is the posterior associated to (3.33). This estimator makes explicit use of the prior
po(x). Analogously to the case of coding, we will shortly interpret the posterior as
a (random) Gibbs distribution and the MMSE estimator as a ”magnetization“.

Unknown prior: LASSO estimator

A popular choice for the estimator is the LASSO (least absolute shrinkage selec-
tion operator)

o . 1
gLASSO(y) = argmlnm{2||y — Az||2 + )\$||1} , (3.37)

where the real parameter A has to be chosen suitably. Since the prior is unknown
natural guiding principle is to choose the best possible A for the worse possible
prior. Formally we have to compute the so-called minimazx risk,
inf sup E[@"*%°) - X)? (3.38)
A>0poeFy
The expectation is again (like in (3.34)) over the joint distribution (3.33) and
the random matrix ensemble. Computing the minimax risk allows to fix A in
a principled way, and the numerical value of the risk constitutes a reasonable
performance measure.
As explained in Chapter 1 it is not so easy to unambiguously justify a priori

7 We use d"u = [[_; u; for any vector u = (u,...,ur).
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the choice of the LASSO. For one thing, it has remarkable properties. In fact it
turns out that the variational problem (3.38) can be solved analytically exactly.
Quite remarkably we will find that, independently of the noise level, the minimax
risk is finite in the same region of parameters (k, ) for which £y-£; equivalence
holds. At the boundary of this region the minimax risk diverges. This boundary
has been called the Donoho-Tanner curve and will be derived in Chapter 8.

We will shortly give a different, somewhat more phenomenological justification
for using LASSO which does not require to wait and develop the whole theory,
and stems more or less naturally from the statistical mechanics interpretation.

MMSE and LASSO as spin glass models

The posterior (3.36) used for MMSE estimation is explicitly,

1 m 1 B . 5 n
pzly = [[eontverdes Hpo(xi), (3.39)
a=1 1=1
where y,, a = 1,...,m are the components of y and A, the line vector equal

to the a-th row of the matrix A. In other words A,z = 2?21 Agiz;. The
normalisation factor is given by

m n
Z = /d"g H ¢~ 52 (Wa= A, 2)? Hpo(xi) . (3.40)
a=1 i=1
The interpretations in terms of spin-glass concepts are analogous to the case of
coding. The posterior (3.39) can be though of as a random Gibbs distribution
and (3.40) as a partion function. This time the ”"spin variables“ z; € R belong
to a continuous alphabet, and one often speaks of “continuous spins”. The dis-
tribution is random because of the measurement matrix A and the observations
y. These are the quenched variables.

The estimator (3.35) is the average of x; with respect to the Gibbs distribution
and in statistical mechanics notation is written as the bracket (z;). One can
interpret it as a “magnetization” for the continuous spins. In order to compute
it all we need in principle is the marginal p(z;|y) given by integrating (3.39) over
all spin variables except z;. To sum up we have,

FMMSE () — (5) = / zziplz|y) = / da; x: p(i | ), (3.41)

What are the Hamiltonian and the inverse temperature associated to the Gibbs
distribution in the present context? Writing (3.39) in the form e %@ /7 we
find that a natural answer is to take

H(z) = Tig Z(ya —A,-z)’ - Zlnpo(xi) (3.42)

and 8 =1 (just as in coding any other other value of 8 would amount to rescale
the Hamiltonian by the inverse of that value).
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In coding we discussed a ”finite temperature decoder“ and noticed that it
interpolates between the bit-MAP and block-MAP decoders. With the Hamil-
tonian view it is immediate to do something similar here. Let us define for any
B >0,

| I 1 17 B (oA m)?
palaly) = Zige BH(z) — 7 H e 7.z Wa—A, )
a=1

(Po(iﬁi))ﬁ (3~43)

n

K2

with Zg the corresponding normalization factor given by the integral over all
x;’s of the numerator. We define a SMMSE estimator as the magnetization at
inverse temperature (3,

B () = (i) = /dn&xma@ ly) = /dffi zipp(ei | y)- (3.44)

For g =1 this is simply the usual MMSE estimator. In the limit of zero temper-
ature, 5 — 400, the integral over d"x is concentrated on the spin configurations
that minimize the Hamiltonian, in other words

lim

/x\BMMSE(
B—~o0

y) = argmin, H(x)

n
= argming(%ﬂg — Azl — o? Zl Inpo(z;)) - (3.45)
=
Here we minimise a quantity closely analogous to the usual least square estimator
but penalized by a term — In pg(x) which enforces the prior information.

Now we can formulate another justification for the LASSO. When the prior
is unknown but it is only known that the signal is sparse the Laplacian prior
po(x) o e~ o7l s o simple, and as it turns out, tractable model for the ensemble
of possible priors. This ensemble is parametrized by a single parameter \. As
discussed before, the optimal value of A (as a function of x and p) is determined
from the minimax principle. In a sense, this point of view naturally leads to
the AMP algorithm developed in Chapter 8. Summarizing, the LASSO can be
viewed as a zero temperature limit of MMSE estimation generalized to arbitrary
temperatures.

Free energy and conditional entropy in compressive sensing

In this paragraph we assume that the prior is known and consider the Gibbs
distribution associated to the usual MMSE estimator (with 8 = 1). We show
that the average free energy —Ey[In Z]/n (for any fixed measurement matrix
A) and mutual information I(X;Y) are essentially one and the same object.
This relation is analogous to the one found for coding in section 3.3. There is
one technical difference: because the distribution of X has a continuous part it
is more convenient to work directly with the mutual information rather than
conditional entropy in order to avoid pitfalls related to the differential entropy.
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Consider the mutual information for a fixed measurement matrix,?

I(X:Y) = Ey [1{”“’)}] (3.46)

po(z)p(y)

where Ey is the expectation with respect to p(y) = [d"zp(z,y). From (3.33)
we find

p(gvy) . _i . 5 N
ln{po(fr)p(y)} - ngHQ Az||3 —In Z(y) (3.47)

The last term contributes —Ey [In Z] to the mutual information. To derive the
contribution of the first term we write down explicitly the integrals,

1 77
2o [Tz [ @yl ly - Ac?

1 2
9 e*ﬁ“ﬂ”z

1 n
W/ilj[ldmpo(:ci)/dynybw
- g (3.48)

(The second line is obtained by a shift y — y + Az in the y-integral for each
fixed z). Putting everything together we find the very simple relationship

n

I(X;Y) = ~Ey[nZ] (3.49)

This relation can be further averaged over the random matrix ensemble.

Random K-SAT as a spin glass model

We briefly recall the formulation of the random satisfiability in Section 1.3. Pick
a formula at random from the ensemble F(n,m, K); the formula corresponds to
a biparttite factor graph with dashed and full edges (see Fig. 1.6). As for coding
and compressed sensing we shall adopt the notation i, j, k, . .. for variable nodes
and a,b,c,... for constraint nodes. In the random max-K-SAT problem our
main task is to calculate the average minimum fraction of violated clauses. More
precisely, consider the number of violated clauses for an assignment z, then take
the best possible assignment that minimizes the number of violated clauses and
average over the ensemble of random formulas. This yields the average minimum
fraction of violated clauses

m

em(@) = %E[mginZu @) (3.50)

a=1
where 1, is the indicator function for the set of assignments which satisfy clause
a. In Chapter 13 we prove that the thermodynamic limit, lim,, 4+ €, () with

8 This is also the Kullback-Leibler divergence or relative entropy between p(z, y) and
po(z)p(y)-
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m/n = « fixed, exists and is calculated using the cavity method developped in
Chapters 16 and 17. This leads to a prediction for the threshold of the random
max-K-SAT problem, as max(K) defined in Equ. 1.16. As explained there it is
believed (although not proved for small K > 3) that s max(K) = as(K) and we
will generally not distinguish between the two.

The problem here is not directly formulated in terms of a Gibbs distribution,
but a natural and fruitful idea is to consider the Gibbs distribution associated
to the cost function

> (1 - 1a(2)). (3.51)
a=1
In particular, by studying the Gibbs distribution for very low temperatures we
can get hold of e,, () and also much more. But before, it is instructive to look
more closely at the zero temperature purely Hamiltonian formulation.

Hamiltonian formulation in the spin representation

We set s; = (—1)%. Furthermore if clause a contains the literal x; (resp. Z;)
we associate a weight J,; = +1 (resp. J,; = —1) to the edge ai of the factor
graph. Thus, for example on Fig. 1.6 full edges have J,; = +1 and dashed
edges have J,; = —1. Moreover the J,; are Bernoulli(1/2) random variables.
With these conventions we see that the i-th variable satisfies clause a when
s; = (—1)* = —J,; and does not satisfy it when s; = (—1)* = +J,;. Therefore

1-1.(z) = [ %(1 + 5iJia) (3.52)

i€0a

and the cost function, or Hamiltonian, of K-SAT takes the form

Z H % 1+ siJia) - (3.53)
a=1i€da

Expanding the product in each term we see that this Hamiltonian involves “mul-
tispin interactions” of the form (2.3). This Hamiltonian is random in the sense
that the underlying factor graph is random, and furthermore this randomness is
quenched because once the formula has been chosen from the ensemble we stick
to it. In terms of this spin-glass Hamiltonian the average minimum fraction of
violated clauses (3.50) is expressed as

1 .
em(@) = %]E[Hléln?—[(g] (3.54)

The spin assignments that minimize the Hamiltonian (3.53) are often called
ground states. Ground states with zero energy (or zero cost) satisfy H(s) = 0 and
a look at (3.53) shows that they are solutions of the K-sat formula. Of course the
converse is also true. An important problem is to count them, which amounts to
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evaluate

No = 1(H(s) =0) :ZH(l— 11 ;(1+siJia)>. (3.55)

s s a=1 i€0a

It is often useful to take a broader view and count the number of spin assignment
of total energy (or cost) E, in other words those that violate E clauses,

Ng=> 1(H(s) = E). (3.56)

At this point there is a natural connection with the notions of Boltzmann en-
tropy and microcanonical distributions introduced in Section 2.7. The Boltz-
mann entropy here is equal to In AN and the microcanonical distribution is
1(H(s) = E)/Ng. There is however a difficulty with these concepts for constraint
satisfaction problems such as K-SAT. Indeed a formula sampled from the ensem-
ble F(n, m, «) might not have any assignments which violate F clauses, in which
case N = 0. Even worse for large enough densities we have ming H(s) > E with
a probability approaching 1 as n,m — 400 with « fixed. One of the main ad-
vantages of the finite temperature formulation discussed in the next paragraph
is that we can work with quantities that remain well defined for all formulas and
densities from the outset.

Finite temperature formulation

The set of solutions of a K-sat formula, equivalently the set of ground states, is
not easy to determine. One way to approach this problem would be to sample
from this space according to a simple distribution. The simplest distribution
one could imagine is the uniform one over solutions 1(H(s) = 0) /Ny (this is the
microcanonical distribution for zero energy). We immediately face a problem here
because, as just remarked above, some formulas from F(n,m,K) do not have
any solution (and for high enough « this happens with overwhelming probability
when n is large) so the uniform distribution is not well defined.

From the point of view of statistical mechanics there is a very natural reg-
ularisation of the uniform distribution. Namely one takes the (random) Gibbs
distribution at positive temperature 5~ > 0,

( ) _ i —BH(s) _ i . ~B1licoq 3(1+sidia) 3.57
pggfzﬂe 72511[6 (3.57)

with the partition function
m
Zﬁ = Z H e_ﬁ Hie@a %(1—"_57‘]7“) . (358)
s a=1

In the zero temperature limit, formally at least, pg(s) — L(H(s) = 0)/No.
We saw in Section 2.3 that from the free energy F(5) = —%an at finite
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temperature, we can compute the internal energy £(3) = (H(s)) = %(ﬁF(ﬂ))7

and also the Gibbs entropy S(8) = B(E(B) — F(B)) = #F(ﬂ). To obtain
ground state energy, (3.50) or (3.54), and deduce the threshold o max(K) we
look at the zero temperature limit of the average energy per clause or of the

average free energy per clause,

1 1
= lim —E[£ = lim —E[F(8)]. 3.59
em(®) = lim —E[E(B)] = lim —EF(f)] (3.59)
The proof of (3.59) does not involve any subtlety because E is an average over a
finite number of possible formulas in F(n, m, K) and the statistical sums over s
also involve a finite number of terms, so essentially the limit can be taken term
by term. Similarly the zero temperature limit of the entropy is

i SEIS(9)] = Bl N, mco) (3.60)
Note that there is always at least one minimiser for finite n so Nmini?-[(§) >1
and this entropy is non-negative. In the satisfiable phase, i.e., for clause densities
below the satisfiability threshold with overwhelming probability (for n large)
ming H(s) = 0 (and Ny > 0), so (3.60) approaches E[ln NVy|F' is satisfiable] /n for
n large.

In writing the above formulas we have swept an important point under the
rug. In practice we are able to compute the free energy and related quantities
only in the asymptotic regime of the thermodynamic limit. So a priori we have
access to the zero temperature quantities only after the limit n — +oo is taken.
So in principle in order to use the finite temperature regularisation one must
show that the limits 8 — +o00 and n — 400 can be exchanged. This is not so
obvious but can be shown at the level of (3.59) by the interpolation methods
developped in Chapter 13.

Notes

The connection between coding and spin glasses dates back to (Sourlas 1989).
It was slowly developed in a few early papers proposing the finite temperature
decoder (Rujdn 1993, Nishimori 1993, Sourlas 1994) and in (Amic & Luck 1995)
which treated convolutional codes as a spin system. A surge of interest then
appeared in the statistical physics community in the early 2000’s soon after
LDPC and turbocodes codes had come in the forefront among coding theorists.
A good review with many references discussing LDPC and turbocodes from the
spin glass perspective is (Kabashima & Saad 2004). Here we have followed closely
the presentation in (Macris 2007a). Gauge symmetry in spin glass theory was
introduced by (Nishimori 1980) and a good account, as well as applications to
error correcting codes, is found in the monograph (Nishimori 2001).

The interest of statistical physicists towards the random K-SAT problem date



70

Problems

Formulation of Problems as Spin Glass Models

back to the mid 90’s. In (Kirkpatrick & Selman 1994) the phase transition was ob-
served based on numerical experiments, and the first analytical treatments using
the replica method were proposed by (Monasson & Zecchina 1997, Monasson &
al 1999). These early approaches can be found in the monograph (Nishimori 2001)
but the correct phase diagram was then derived in a long series of subsequent
works. A comprehensive treatment is found in (Mézard & Montanari 2009) and
we return to this ongoing subject in part III where the reader can also find more
details on the literature.

Compressive sensing in a more recent topic. Its connection with statistical
physics developed quite quickly, and a good review is (Montanari 2012). Similar
relationships have also been studied in the realm of communication with a “code
division multiple access channel” with binary inputs (e.g. Nishimori 2001, Tanaka
2002, Macris & Korada 2010).

3.1 NISHIMORI IDENTITIES FOR CODING. Use the technique of gauge transfor-
mations to prove the identities Eyjy [(s;)*? 1] = Ey 1 [(s:)] for all integers p > 1.
These identities are valid for any fixed linear code.

3.2 SPECIAL IDENTITIES FOR A GAUSSIAN CHANNEL. In the case of a BAWGNC(c?)

identity (3.26) specializes to Ep1 [hi(s;)] = 0~2. We propose a different proof that
is specific to the Gaussian channel.

(i) First check by explicit calculation that o2c(h)h = f%c(h) + c(h).

(ii) Then use integration by parts and the Nishimori identity of the previous
exercise (for p = 1) to derive Eyq[hi(s;)] = 02

3.3 RELATION BETWEEN MUTUAL INFORMATION AND AVERAGE FREE ENERGY
IN CODING. We explore a different derivation of relation (3.24) which directly uses
the mutual information and avoids the Nishimori identities. Relate the entropy
H(Y) directly to the average free energy Ey|;[In Z] and deduce a relation between
the mutual information I(X;Y) = H(Y) — H(Y|X) and the average free energy.
Use then I(X;Y) = H(X) — H(X|Y) to recover (3.24).

3.4 MMSE ESTIMATION. Consider the MSE functional (3.34) and prove that
(3.35) is a minimiser.

3.5 LASSO FOR THE SCALAR CASE. Let = and y scalar variables interpreted
as “signal” and “measurement”. Derive the explicitly expression of the LASSO
estimator ZUA559 (y) = argmin, (3 (y — 2)? 4+ Alz|). The result is called the “soft
thresholding estimator” and is an important input in the analysis of the vector

case in Chapter 8.

3.6 CRUDE UPPER BOUND ON THE SATISFIABILITY THRESHOLD a,(K). Sample
a formula F' from the random ensemble F(n, K, M) and consider the number of
solutions Ny (the partition function at zero temperature),

(i) Prove the Markov inequality P[F is satisfiable] < E[Aj].
(ii) From Equ. (3.55), show that E[Ap] = 27 (1 — 2= &)™,
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(iii) Deduce the upper bound as(K) < (In2)/|In(1—-27%)|. For K = 3 this yields
as(3) < 5.191. It is conjectured that as(3) =~ 4.266; a value calculated using
a sophisticated form of the cavity method (see Chapter 16). The asymptotic
behavior of this simple upper bound for K — +o00 is 2% In 2, which is known to
be correct. However, even the first correction beyond the leading order is false.
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Two Exactly Solvable Models

Before we start analysing our three basic problems, it is instructive to consider
two very simple models for which the analysis can be carried out explicitly with
fairly little effort. Despite their simplicity, both models share similarities with
our three problems, at the technical as well as conceptual levels. This way we
will encounter many useful concepts in their simplest incarnation.

We first consider the Curie- Weiss model. This is an Ising spin system defined
on a complete graph (example 4 in Chapter 2). The model is admittedly special,
but it has two advantages. First, it has a simple explicit solution. Secondly,
and equally important, it still displays many of the interesting features of more
complicated models such as variational expressions for the free energy, fixed point
equations, and phase transitions.

The second exactly solvable model is the Ising model on a tree (example 5 in
Chapter 2). We will see that the solution can be phrased in terms of another of our
favourite themes, namely “iterative equations.” We will also see that the model
displays phase transitions similar to those of the Curie-Weiss model, despite the
apparent differences in their Hamiltonians. This will throw some light on the
universality of the phase transition phenomenon.

Analogous, but more complicated solutions and phase transitions occur in
coding, compressive sensing and satisfiability models. It is perhaps natural that
these models share some common features with the ones of this chapter. Indeed,
coding and satisfiability are defined on sparse graphs that are locally tree like,
and ompressed sensing is defined on a (bipartite) complete graph. On the other
hand the situation is also considerably more complicated and interesting for at
least two reasons. One is that in coding and satisfiablity the graphs are locally
tree like but have loops. In satisfiability, for example, we will see that the presence
of loops induces phase transitions not present on a tree. A second reason is that
the Gibbs distributions are random and non-trivial spin glass concepts will come
to bear on their analysis.

Curie-Weiss model

The Curie-Weiss model is an Ising spin system defined on a complete graph with
vertex set V' = {1,...,n} and edge set F constituted of all n(n — 1)/2 pairs of
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Figure 4.1 A complete graph with 4 nodes.

distinct vertices. An example is shown in Figure 4.1. The Hamiltonian is

H(§) = —% Z SiS5 — hZSz (41)

{igteE iev

where J > 0 (ferromagnetic case) and h € R. In the first sum {4,7} is an un-
ordered pair so each edge is counted only once. Note that the interaction constant
is divided by n to ensure that both terms in the Hamiltonian scale linearly in
the system size; this is necessary in order to have an interesting thermodynamic
limit.

The Gibbs distribution has the usual form p(s) = e~#*(8) /7 with the partition
function given by the sum over all spin configurations s € {—1,+1}"

7 = Z e% SiijyensisitBh ey si (4.2)
S

Recall from Chapter 2, 8 = 1/kpT where T is the temperature and kg Boltz-
man’s constant, so the behaviour of the Gibbs distribution depends on the di-
mensionless ratios J/kgT = BJ and h/kgT = Bh.! For example, if we take h = 0
for simplicity, at high temperatures kT > J (or fJ < 1) we get an almost
uniform measure, whereas in the low temperature case kT < J (or 8J > 1)
only configurations of minimum energy, where most spins are aligned, count. Not
surprisingly, we will see that kgT ~ J (or SJ =~ 1) is a regime of great interest.

We will first calculate the free energy and then the magnetization. This will
allow us to study the singularities of these functions, in other words the phase
transitions displayed by the model.

Variational expression of the free energy

Recall that the free energy in the thermodynamic limit is given by

f(B,J,h) =— lim ian, (4.3)

n—+ocon

1 One often defines dimensionless parameters K = 8J, H = Sh, however here we find it
convenient to keep the 3, J, h dependence as explicit as possible.
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thus our main task is to compute the exponential growth rate of Z when n —
400. The key point is the identity
n

1 1
Z 5i8j = 5(2 si)” - 3" (4.4)
{i,j}€E i=1

which is valid because the sum over the edges of the complete graph carries over
all n(n—1)/2 pairs of distinct vertices. Introducing the “magnetization of a spin
configuration”

1 n
ma(s) = — > si,
=1

with the help of (4.4) we can express the Hamiltonian as

H(s) = (2 (ma(9)” + hma(s) + 2 (45)
Thus

Z=#Y B (Fma () +hma(s)) (4.6)

The partition function can be computed by first summing over all spin config-
urations with a fixed magnetization m,, and then by summing over all possible
magnetizations m,, € {Z|j = —n,—n+1,...,n —1,n}. We get

Z=e"F Y Nm,)e™ ($rmishm.). (4.7)

where N (m,,) is the cardinality of the set {s : Y. | s; = nm,}. This is easily
computed (see Example 3 in Chapter 2 for an analogous calculation). Given m,,,
let ny and n_ be the number of positive and negative spins respectively. Since

ny +n_ =nand ny —n_ = nm, we have ny = 32 and therefore
n Limy
N(mn) = (1+mn n) ) (48)
2

where ha(p) = —plnp — (1 — p)In(1 — p) the binary entropy function (expresed
with the natural logarithm). The last approximation is asymptotically exact for
n — +o0o and is obtained using Stirling’s formula. Equations (4.7) and (4.8) lead
to

7 e Y nd (dmitmots ™ (), (49)

Mn
Since m,, € {%|j = —n,—n+1,...,n — 1,n} the right hand side of (4.9) is a

Riemann sum which tends for n — +o0 to

“+1
7 ~ e—%n/ dmenﬁ(%nﬂ-‘rhm—i—ﬁ*lhz(#)). (410)
—1
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The integrand has the form e~"#®(™) thus the asymptotic behavior of the in-
tegral for n — +o0o can be evaluated by the Laplace method. The dominant
contribution comes from a small neighborhood of the value(s) of m where ®(m)
is minimized. This gives us

FG 0 = _in {=Sm? = — 57 (<5}
= _1127%1 ®(m). (4.11)

With a little bit more effort this formula can be converted into a theorem.

Equation (4.11) teaches us that the free energy is given by the solution of a
variational problem. The function ®(m) which is minimized has various names
in the literature. Here we will call it the potential function. We will see that
the free energies of the coding, compressive sensing and satisfiability problems
are all given by such variational expressions involving (often quite complicated)
potential functions or even functionals.

The reader should be warned that the free energies of low dimensional models
(such as the canonical Ising model on regular grids) the excat expressions for
free energies are usually not computable. In particular, they are not given by
variational expressions involving the minimization of potential functions of a
small number of variables. However this still is a fundamental and useful concept
used in approximation schemes or semi-phenomenological theories and in such
contexts the potential function is called a “Landau free energy” or a “mean field
free energy.“ We shall consistently adopt the terminology ”potential function“
which seems to have been adopted in the coding theory literature.

Average magnetization

Recall from Chapter 2 that in the thermodynamic limit the magnetization is
defined by the Gibbs average

n—)Jroo n n—-+oo

m(BJ, fh) = lim lzn:sl = lim (my,(s)). (4.12)
i=1

This is a generic definition. As we will shortly see for o = 0 one must exercise
care because the limits h — 01 are different due to a discontinuity of m(5J, Sh)
when 8J > 1. We will see that this is intimately related to the existence of a
phase transition. But for the moment let us just compute (4.15) for h # 0.
This computation is easily performed by repeating the calculations of the
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/ m \/m

Figure 4.2 Left: ®(m) for 8J < 1 and h > 0. Right: ®(m) for 8J > 1 and h > 0. For
h < 0 the plot is obtained by a symmetry about the vertical axis.

N~

previous section. Indeed using (4.4) we obtain

Zs mn(§)6_6H(§)
<mn(§)> = 72§e_57.[(§)

S, mn(g)e (B (@ +hma ()
e M , 4.13
5 o8 (Fmn ()2 4+hma () (4.13)

and we have already found the asymptotic behaviour (4.10) of the denominator
as n — +oo. It is then quite clear that the same arguments applied to the
numerator lead to the asymptotics

f_+11 dmm e~ "B20m)

<mn(§)> ~ fj-ll dm e—nB®(m)

(4.14)

Now for h # 0 the free energy function ®(m) always has a unique global mini-
mum. This is illustrated on Figure 4.2, and will be proven by analysis in Section
4.5. Thus, applying the Laplace method to the numerator and denominator of
(4.14) one finds that the unique global minimum is selected as n — 400, and

m(BJ, Bh) = argmin_;,, <, ®(m). (4.15)

The case h = 0 is more subtle and interesting. Figure 4.3 shows that ®(m)
has a unique minimum for 8J < 1, but has two degenerate minima for 8J > 1.
In the later case, i.e., (8J > 1,h = 0), if we would blindly apply the Laplace
method we would find a weighted average over the two minimizers, and because
of the symmetry ®(m) = ®(—m) when h = 0, this weighted average vanishes.
This however is not the correct prescription to compute the ” physically relevant “
magnetization. In a real sample (or at least on some macroscopic piece of it) the
symmetry is broken by an infinitesimal value of the magnetic field pointing in a
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Figure 4.3 Left: ®(m) for §J < 1 and h = 0. Right: ®(m) for fJ > 1 and h = 0.

definite direction. The correct way to capture this effect is to define

ma(3) =l m(p050) = i i (CSe) (10
When we apply the Laplace method, since & is infinitesimally positive or negative
only one global minimum is selected, and we get a non-vanishing magnetization
(positive or negative) corresponding to one of the two minima on Figure 4.3.
Equivalently, the function m(8J,h) given above by (4.15) is discontinuous on
the half-line (5J > 1,h = 0).
The order of the limits in (4.16) is crucial, and for a good physical reason. In
a macroscopic system (e.g. a magnet) the symmetry is broken by infinitesimal
residual magnetic fields o = 04 that select the magnetization of macroscopic
domains within the sample (the so-called ” Weiss domains“). One can also prepare
the whole sample in a state of positive (resp. negative) magnetization by first
applying a positive (resp. negative) magnetic field, then lower the temperature
such that 8J > 1 and finally remove the magnetic field h — 04 (resp. h — 0_).
Definition (4.16) correctly describes the magnetization under such conditions for
the Weiss domains of the whole sample. In a Weiss domain one does not get to
choose the orientation of the magnetic field (in other words which of the two
limits & — 04 applies) and the symmetry is said to be ”spontaneously broken“.
The corresponding magnetization (4.16) is called a ”spontaneous magnetization “.
We conclude this section with a very important relationship between the free
energy f(3,J,h) and the magnetization m(5J, Sh). As we mentioned in Chapter
2, Gibbs averages can be obtained by differentiating the free energy. Here we
have

= 10
DR P (@17
Dividing by n and taking the thermodynamic limit n — +oco we find
0
m(BJ,Bh) = ———f(B, J, h). (4.18)

oh



78

4.4

Two Exactly Solvable Models

The careful reader may question the interchange of thermodynamic limit and par-
tial differentiation. In fact this is permitted as long as h # 0 or (8J < 1,h = 0)
and (4.18) is correct. On the half-line (3J > 1,h = 0) the magnetization
m(BJ, Bh) is discontinuous and the free energy is non-differentiable. More pre-
cisely the free energy has different left and right derivatives and the precise
version of the relation between magnetization and free energy is

ma(87) = = lim O 1(8.,m) (4.19)

Let us now prove (4.18) away from (8J > 1,h = 0). According to (4.11) the
free energy is obtained by evaluating the potential function ®(m) at its unique
global minimum m(8J, Sh),

1+m(BJ, Bh)

: ). (4.20)

F(8,,1) = =S m(BT, H)? + han(B7, 60) 5o

We differentiate by carefully taking into account the explicit and implicit h-
dependencies in ®(m),

o 9 oP
— 55 f (B, 0 h) = m(BJ, Bh) + Z-m(BJ, Bh) m(8.J,6h)

= m(BJ, Bh) (4.21)

To get the last equation we used that (0®/0m)|,,(s.,8n) = 0 and that Om/0oh is
well defined and bounded when the parameters are not on the line (8J > 1,h =
0). This last point follows from the detailled analysis in section 4.5.

Finally let us point out that (4.19) follows from (4.21) by taking the limits
h — 04.

Phase diagram and phase transitions

Consider the free energy function ®(m) and look at the minimiser m(8.J, 8h).
As explained in the previous section for h # 0 this minimizer is unique and
there is no ambiguity, so we think of this case. Instead of plotting m(8J, Bh) as
a function of 8J and Bh, we plot m(8J, 8h) as a function of 1/(8J) = kgT/J
("temperature“ axis) and Bh = h/kgT (the "magnetic field“ axis). Figure ??
shows the resulting plot.
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Figure 4.4 A phase transition of first order. The magnetization has a jump
discontnuity when 0 < kgT/J <1 and h = 0.

Why are we interested in this figure? As discussed in the previous section this
function represents the average magnetization, a quantity describing the global
behavior of the system as a function of the parameters. For some values of
the parameters (8J, Sh) the system behaves smoothly when we slightly perturb
these parameters. But for some other parameters the system behavior changes
abruptly. These are so-called phase transitions. A look at the figure reveals two
different types of phase transitions.

First and second order phase transitions

When we move along the h-axis, the magnetization m(8J, Sh) has a jump dis-
continuity when we cross the line segment (kgT/J < 1,h = 0). This jump of
the magnetization is plotted on Figure 4.4 (which shows the cross section with
(kgT/J < 1 fixed and h varying). This is called a first order phase transition.

At the tip of the line segment (kgT'/J < 1,h = 0), i.e., at the point (kpT/J =
1,h = 0) the magnetization is continuous but not differentiable. For example if
we move along the temperature axis or along the magnetic field axis across the
point (kgT/J = 1,h = 0), the function m(8J, Sh) changes continuously, but its
derivatives with respect to temperature or magnetic field jump. This is shown on
Figure 4.5 where we move accross the point (kgT/J = 1, h = 0) by varying the
temperature or the magnetic field. Such behavior is called a second order phase
transition (or sometimes a continuous phase transition).

Finally, for all values of (8J, Sh) away from the segment (kgT/J < 1,8h =0)
the function m(BJ, fh) changes smoothly and is in fact analytic (i.e. infinitely
differentiable with an absolutely convergent Taylor expansion).

To understand the terminology ”first“ and ”second “ order, recall Equ. (4.18).
At a first order transition, where the magnetization jumps, the first derivative
of the free energy is discontinuous. At a second order phase transition the mag-
netization is continuous but its first derivative is discontinuous, so equivalently
the second derivative of the free energy is discontinuous.
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|m(BJ; Bh)|

BN~

(BJ)"I =1

Figure 4.5 Phase transitions of second order as a function of temperature. Left:
my o< £|1 — kgT/J|V/? for BJ — 1_. Right: mpm o £|Bh|'/%. Both behaviours are
continuous but non-differentiable.

The phase diagram

Let us now consider a sligthly different perspective and explain some more ter-
minology. We look at Figure ?7 again, but this time we consider the picture
“from the top,” i.e., we only show the temperature and magnetic field axis. This
is shown in Figure 4.6 and is commonly called a phase diagram. On this diagram
we have indicated the various ways to change parameters and the corresponding
phase transition.

The line segment (kpT < 1,h = 0) is called the coexistence line. This name
is easily explained. If we approach this line from the top or the bottom, i.e.,
we consider the limit A — 04, then we get two (opposite) values my for the
magnetization. So “on the line” we can think of having two possible “coexisting”
phases.

The tip of the line (kgT/J = 1,h = 0) is called the critical point. Across this
point the magnetization is continuous but non-differentiable. For example if we
set h = 0 and vary only the temperature one finds

kgT
my o |1 — %\1/2

for kpT/J — 1_; if one sets kgT/J = 1 and varies only the magnetic field one
finds

m4 o<:i:|ﬁh\1/3

for h — 04 (see Section 4.5 for a derivation). This sort of power law behaviour is
called a critical behavior and is characterized by critical exponents, here 1/2 and
1/3. Critical exponents do not depend on the details of the Hamiltonian but only
on general features such as the dimensionality of the graph and the symmetry
of the model (see Section 4.9 for more details).
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Bh

second order

first order

no tramsition

BN =1

Figure 4.6 On the coexistence line (0 < 3J)~! < 1,h = 0) two thermodynamic phases
with (opposite) magnetizations m+ (8J) may coexist. Crossing this line corresponds
to a first order phase transition. The line terminates at the critical point

((BJ)"' < 1,h = 0). Going through the tip ia a second order phase transition. In the
rest of the phase diagram the magnetization varies smoothly (is analytic).

Continuity and concavity of the free energy

The variational expression (4.11) for the free energy has a very important prop-
erty. We are minimizing a function ®(m) which is linear in h and 8! = kpT.
The outcome f(8,J,h) is necessarily concave in h and T (see exercise). This
property is not particular to the Curie-Weiss model but must always hold if the
model is to be “physically acceptable”.? This is a very important guiding prin-
ciple because most of the time even if the model is physically sound one cannot
compute exactly the free energy and a non-concavity indicates that we have to
correct our approximations or modify the end result by an educated guess. More
about this in Chapter 12!

Note that in our coding, compressive sensing and satifiability models are not
physical systems and there is no absolute a priori requirement that their “free
energies” should satisfy this guiding principle. Nevertheless it is true that this
requirement must be satisfied at least with respect to the temperature 7T'. This is
true for a mathematical reason. Indeed the generic definition of the free energy
(for a finite system) is f = —2InZ with Z = }_ e "/ksT Tt can easily be
checked from formula (2.19), which relates the variance of the Hamiltonian to the
second derivative of the free energy with respect to T, that f is a concave function
of T. More generally, the same argument can be made for other parameters A
that enter linearly® in the Hamiltonian through some term of the form AA(s),

2 Thermodynamics teaches us that at when a system has reached the state of thermal

equilibrium the “thermodynamic potentials” must be concave as a function of the
“intensive parameters” (e.g. temperature, magnetic field, chemical potential) and convex
as a function of “extensive parameters” (e.g. volume, number of particles). The free energy
considered here (the “Gibbs free energy”) depends on intensive quantities and must be
concave.

such A’s are called “intensive” parameters
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because the second derivative of the free energy with respect to A is equal to
minus the variance (A(s)?) — (A(s))?. An example is the magnetic field h which
enters through the term h) ., s;,. To summarize, concavity of the free energy
must hold even for non-physical systems at least with respect to parameters that
enter linearly in the Hamiltonian. This is an important guiding principle that an
approximation scheme must respect.

Concavity of the free energy has a few interesting consequences. First the limit
of a sequence of concave functions is concave and continuous (concave functions
are continuous on open sets). Thus the free energy never has jumps as a function
of the temperature and/or magnetic field, even in the thermodynamic limit.
Phase transitions manifest themselves only as discontinuities in the derivatives
of the free energy. A first order phase transition is one where the first derivative
jumps, a second order transition is one where the first derivative is continuous
but the second derivative jumps. More generally if the first n — 1 derivatives of
the free energy are continuous and the n-th derivative has a jump one say the
phase transition is of order n (there exist phase transitions of ”infinite order”
where all derivatives of the free energy are continuous but the function has a
non-analyticity). This classification of phase transitions due to Ehrenfest. It is
not the only one, nor the most modern one,* but it is one that suits our purposes.

Phase transitions that occur as singularities in the derivatives of the free
energies are also often called static or thermodynamic phase transitions. This
nomenclature allows to distinguish them from abrupt changes in the behaviour
of algorithms or of some dynamics. The later type of abrupt changes are called
dynamical or algorithmic phase transitions. We stress that they are not visible
as singularities in the derivatives of the free energy and cannot be discovered by
computing only the free energy. Also, they depend on the algorithm at hand.
However we will see that there are some dynamical transitions that are in some
sense “fundamental”. What makes some dynamical transitions “fundamental”
because of their intimate connection to static transitions.

For the Curie-Weiss model, so far, we have only discussed static phase transi-
tions (of first and second order). In the next section we turn to the mathematical
analysis of the fixed point equation and will discover as a by-product a special
line in the phase diagram - the so called spinodal line - which is related to algo-
rithmic phase transitions of message passing algorithms studied in part II.

Analysis of the fixed point equation

We have plotted the three-dimensional picture of m(8J, 8h) and from this we
can in principle see all phase transitions. But there is value in rederiving our
conclusions in a more quantitative and classical way using calculus. By doing so,

4 Phase transitions can also be classified according to changes in “symmetry” or even
according to “topological” properties of the states of matter.
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we not only will add details to our picture, but we also encounter new notions
which will reappear in later chapters

Curie-Weiss mean field equation

We solve the variational problem (4.11) by writing down the stationarity condi-
tion d®(m)/dm = 0° and obtain the fized point equation

m = tanh(8(Jm + h)). (4.22)

Of course this equation may have many solutions, and one has to select the ones
which minimize ®(m). If no solution is present then the minimum is attained at
the boundaries of the interval over which we minimize, i.e., m = +1. This case
happens only for 8 = 400 (zero temperature) and will not concern us too much
in the following.

Equ. (4.22) is also called the Curie-Weiss mean field equation. Let us explain
the terminology here. Equation (4.22) expresses the magnetization as that of an
hypothetical single spin seeing an effective magnetic field Jm + h. Indeed the
Hamiltonian of this single spin would be —(Jm + h)s and its magnetization

= (s) = Zamt S
TR e

= tanh(8(Jm + h)) (4.23)

One can think of Jm as a mean magnetic field felt by a each spin on the vertices
of the complete graph, and which adds up to the external field h.

This way of thinking is at the basis of the “mean field theory” of magnetism
pioneered by Curie and Weiss and is also at the basis of the generic “mean
field approximations” for general Ising spin systems. In the Curie-Weiss model it
turns out that the mean field theory is exact. For Ising models on low dimensional
regular grids such theories are not exact but often give a valuable first insight.’
It must not be thought that mean field equations are always easy to derive,
let alone assess wether they are exact or not. We will see that the solutions of
all our problems are intimately related to mean field equations but that these
are considerably more subtle to derive than in the Curie-Weiss model (let alone
assess whether they are exact or not).

Solutions of the Curie-Weiss equation

Now our task is to find solutions of the Curie-Weiss equation (4.22) and select
the ones that minimize ®(m). The easiest way to determine the whole set of
solutions is to look at the equivalent equation

1+m

h(m) = —Jm + (28)~* ln(1 —

). (4.24)

5 Differentiating explicitly leads to S(Jm 4 h) — %ln(if—m) = 0. Then one uses the identity
tanh{% 1n(if—m)} = m to obtain 4.22.

6 The interested reader can find more information about this point in Section 4.9.
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Figure 4.7 Solutions of the Curie-weiss equation for 8J < 1 (left), 8J = 1 (middle),
BJ > 1 (right). These are three instances of the curve (4.24) with m on the vertical
axis and h on the horizontal axis.

Here the magnetic filed is viewed as a function of m € [—1,+41]. This function
has two vertical asymptotes h(m) — 400, m — +1. From

dh

o= (1= I —m?)/B(1 ~m?)

we immediately see that: (i) for 8J < 1 the curve is monotonously increasing;
(ii) for BJ = 1 an inflexion point with two degenerate stationary points develops
at m = 0, h(0) = 0; (iii) for 8J > 1 the curve has a local maximum and a local
minimum at

mep = /1 — (BJ)~1, hep = £h(\/1— (BJ)71).

The points (hgp, msp) are called spinodal points, a terminology that we explain a
bit later. The curves h(m) are plotted on Figure 4.7 for the three distinct cases
BJ <1, BJ =1 and BJ > 1, with the m-axis vertical and the h-axis horizontal
(this choice of axis is teh conventional one in the present context). We discuss
each case separately.

For 8J < 1 (high temperatures) the solution of the Curie-Weiss equation
is unique for all h and the free energy function ®(m) is convex with a single
minimum as shown on Figures 4.2 and 4.3.

In the case §J > 1 (low temperatures) we have to distinguish between various
values of the magnetic field: |h| > |hgp| and |h| < |hgp|. When |h| > |hgp| (large
field) the solution of the Curie-Weiss equation is again unique and ®(m) is convex
with one minimum. On the other hand for |h| < |hgp| (small field) there are three
solutions m_ < mgy < m4. We remark that jjn(}; = % and a look at the plot of
h(m) shows that dh/dm|,,,. > 0 whereas dh/dm|,,, < 0. Thus the two extremal
solutions my are (locally) minima of ®(m) and . the middle solution is a (local)
maximum. This is depicted on Figure 4.3. The free energy is given by the global
minimum, that is ®(m_) for h € [—hgp, 0] and ®(my) for h € [0, hgp, O[.

So far we have left out two borderline cases. For 5J = 1 the inflexion point of
h(m) means that ®(m) is convex (but not strictly convex) with two degenerate
minima at m = 0, and the free energy is ®(0) = 0. Finally for 8J > 1 and
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h = =|hgp| the solution mg is degenerate with m+, ®(m) has a an inflexion
point at mg = m< and a minimum at m4, and the free energy is given by
<I>(mi).

Now that we have derived in detail all solutions of the Curie-Weiss equation
we can fill in a few gaps in our previous description of first and second order
phase transitions.

First order transition, metastability and spinodal decomposition

In the low temperature phase, 8J > 1, the (equilibrium) magnetization given
by the global minimizers of ®(m) is the discontinuous function of A shown on
Figure 4.4 This function is the part of the curve in Figure 4.7 (right plot) that
corresponds to the global minimum of ®(m). It exhibits a jump at h = 0 which
constitutes the first order phase transition.

But what is the physical interpretation of the rest of the curve on Figure 4.77
We distinguish two parts corresponding to different physical phenomena: the
thick-dotted and the thin-dotted pieces of the curve.

First we interpret the thick-dotted piece. Imagine that we have a piece of
iron that we prepare in a state of positive magnetization which corresponds to
the global minimum of ®(m). Now we diminish the magnetic field very slowly
starting from h positive and large. Under the right conditions as h slowly be-
comes negative and as long as it stays greater than —|hg,| the magnetization will
not jump to the negative branch but will follow the positive branch which corre-
sponds to the local minimum of ®(m). As h goes from positive to negative values
in [—|hsp|, 0] the global minimum of the free energy function transforms into a
local minimum, and if this transformation occurs sufficiently slowly the system
remains trapped in this same potential well. Similarly if we start with a nega-
tive magnetization state at large negative magnetic fields and slowly increase h,
as long as h € [0, |hsp|] the magnetization remains negative and trapped in the
local minimum of ®(m). Local minima of the free energy function (equivalently
the positive magnetization branch for h € [—|hgp|,0[ and the negative branch
for h € [0, |hspl]) are called metastable states. These are called "metastable”
because in physical systems they have a finite lifetime, and decay through a pro-
cess known as nucleation. Because of thermal fluctuations clusters of spins with
their magnetization in the stable global minimum appear, and when a nucleus
of sufficient size forms it grows and the stable magnetization state takes over.
The lifetime is essentially determined by the probability that a nucleus with suf-
ficient size forms. We should stress that in the Curie-Weiss model the lifetime
of metastable states is in fact infinite because on a complete graph a nucleus
cannot grow whatever its size. We will come back to this mechanism in Chapter
14.

Let us now discuss the thin-dotted piece of the curve in Figure 4.7. This part
has a negative slope for |h| < |hsp| and corresponds to the solution mg which
is a local maximum of ®(m). This is an unstable solution which a physical sys-

Make the curve 4.7
with dotted parts to
refer to it more easily
in this paragraph
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Figure 4.8 Left: coexistence and spinodal lines in the h — T" plane. Right: equilibrium
magnetisation and spinodal line in the m — T' plane. In the region between the
equilibrium and spinodal lines a physical system supports metastable states. In the
interior of the spinodal line a homogeneous state is unstable and spinodal
decomposition into domains of equilibrium magnetozation occurs.

tem cannot sustain,” and the system will spontaneously transition towards its
natural equilibrium state. If a piece of material is forced in such an unstable
magnetization state by applying a sudden quench,® the magnetisation cannot
remain homogeneous and regions with opposite equilibrium magnetisations will
spontaneously develop. These regions are separated by domain walls where the
magnetization transitions between the two equilibrium values m4. This pro-
cess proceeds homogeneously throughout the system because there is no energy
barrier, and the energy gained in the regions where the magnetization takes equi-
librium values goes into the formation of the domain walls. This phenomenon is
called the spinodal decomposition.

Figure 4.8 summarises the discussion above. In the (7', k) phase diagram the
dotted line hgy, = +h(y/1— (BJ)~1) as a function of T is called the spinodal
line. Metastable states can exist only within the region bounded by this line;
outside of this region there are no metastable states. In the (7, m) plane we
have the equilibrium line m4 (also called bimodal line), the spinodal line mg, =
++/1— (8J)~! which marks the limit of metastability, and inside we have the
region of instability where a spinodal decomposition occurs.

Metastability and spinodal decomposition constitute important chapters of
non-equilibrium statistical physics. These phenomena are difficult to approach
from first principles because they are dynamical processes that go beyond the
pure Gibbs equilibrium description. An important and natural approach to esti-
mate the lifetime of a metastable state is based on the analysis of Markov Chain
Monte Carlo (MCMC) dynamics satisfying a detailed balance condition such
that the Gibbs state is a stationary distribution. For the Curie-Weiss model that

7 This would correspond to a magnetization that decreases with increasing magnetic field,
which is unphysical.

8 TFor example one can start at high temperatures and h = 0 so that the magnetization is
initially zero and suddenly cool the system below the critical temperature to obtain an
unstable state with m = 0, the maximum of ®(m) at h = 0.
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concerns us here the lifetime of metastable states is infinite (more precisely the
mixing time of MCMC dynamics diverges with the system size) and in a sense
this is why we have accessed them without any dynamical description. The local
minima of the potential function contain the information about the metastable
states. Moreover, the domain walls that occur in a spinodal decomposition are
described by the unstable part of the curve.

In our problems (coding, compressed sensing and satisfiability) we will see in
due time that there are algorithmic analogs of metastability and spinodal lines.
Algorithms can remain trapped in metastable states and spinodal lines indicate
the limits of existence of these trapping states.

Second order transition and critical behaviour

As one traverses the tip of the coexistence line the magnetisation varies in a
continuous but non-differentiable way as shown on Figure 4.5. Here we derive
these critical behaviours and the associated exponents.

First we look at the behaviour of the magnetization for h = 0 as a function
of (8J)~ = kgT/J. For 8J close to 3J = 1 all solutions of the Curie-Weiss
equation are close to zero, so we expand around m = 0,

(8J)°
3

For BJ < 1 the only real solution is m = 0, and for 8J > 1 we have two extra
solutions which are the ones that minimise the free energy function

m = tanh SJm ~ SJm — m3+ ... (4.25)

T
ms ~ £3(8J — 1)V |1 — 7|1/2, BJ =1y ol -T.=J/kp. (4.26)

c

Next we set 8J =1 (or T = T,) and look what happens for h — 0. Again
expanding the Curie-Weiss equation around m = 0 we find

1
m = tanh(m + J'h) ~m + J 'h — g(m-l—J_lh)?’—f—... (4.27)

which yields
m (373 o £V, h— 0. (4.28)

Ising model on a tree

We consider a regular finite tree with a total of n vertices and “coordination
number” k > 3.2 All vertices have degree k, except for the leaf nodes which
have degree 1. The tree is depicted on figure 4.9. On this figure we have singled

9 For k = 2 the tree is a line and the model is solved by the transfer matrix method in the
exercises of Chapter 2. The present method of solution also works in this case and is the
subject of an exercise. Recall however that there is no phase transitions for strictly positive
temepratures.
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out the “central” node o, furthermore there are L “concentric levels” with the
neighbords of the root forming level 1, and so on till the leaf nodes forming level
L. Denoting by V;, and Ej, the vertex and edge sets for the tree with L levels,
the Hamiltonian is simply

Mp=—J > sisi—hY s (4.29)

{i,j}€EL %%
were J > 0, h € R (each edge is counted once in the first sum). We call this
model the tree-Ising model for short.
Our goal is to compute the magnetization of the central node in the limit
L — +o00, that is

m0(/8a h) = LEIEOO<30>L

Here we are not directly interested in —log Z/8n and will not compute this
quantity for the tree. Why is this so? For k£ > 3 the leaf nodes form a positive
fraction, namely (k — 2)/(k — 1), of the total number of vertices.'® In the limit
of large coordination number k — +o0 this fraction even goes to one. As a
result —In Z/fn contains the ”spurious” effect of leaf nodes whose contribution
dominate in the thermodynamic limit. However this is not what we want to
capture with this model. Indeed our coding and satisfiability problems are defined
on random graphs which are locally tree like but at the same time have all
their nodes equivalent. It is therefore much more relevant for us to compute the
magnetization of the root node of the tree which is ”deep inside” the graph.

In fact a model that is very relevant for us is an Ising model on a random k-
regular graph (this graph ensemble can be described by the Gallager (k, 2) factor
graphs). On a random regular graph all vertices are equivalent and the average
free energy E[log Z]/An is indeed a very relevant object that we wish to compute.
A rigorous derivation however requires more advanced methods that will only
be developed in part III. Because the k-regular random graphs are locally tree
like, a computation of the magnetization m, (53, h) of the central node of the tree
is a good start. We show in Section 4.7 how this computation suggests a quick
heuristic derivation of the average free energy of the random graph ensemble.

Recursive equations for the magnetization

On the tree with L levels the magnetization of the root node o is by definition
1
_ —BH
(so)1, = 5 Eg soe Pt (4.30)

We can compute this average from a recursive equation obtained by summing

over leaf nodes. A spin s; attached to a leaf node interacts only with the spin

10 The total number of vertices on the tree is L
n=1+k+k(k—1)+k(k—1)2+ -+ k(k—1)L1= 1+k%7 and the number of
leaf nodes is k(k — 1)X~1. For L — 400 we find k(k — 1)L~ /n — (k —2)/(k — 1).
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Figure 4.9 A finite tree with coordination number k. All vertices except for the leafs
have k neighbords. The dotted circles represent the levels £ =1,..., L.

5p(s) at the parent node p(i). So the spins at the leafs occur in the Gibbs weight
only in a term of the form

eﬁ Zi at level L(Jsp(i) +h)97 (4.31)

and the statistical sum over s; € {—1,+1} can be performed. This yields the
contribution

H (eﬁJSp(i)"rBh + e—BJSp(i)_5h> (4.32)

i at level L
and each term in this product equals
ePh (cosh(BJ) + sp(;) sinh(BJ)) + e Pt (cosh(BJ) — sp(i) sinh(B.J))

o cosh(Bh) cosh(BJ) + sp(;) sinh(Bh) sinh(5.J))

oc 1+ sp(;) tanh(Bh) tanh(S.J)

o 5P atanh{tanh(ﬁh) tanh(,@J)} ) (433)
In the last two terms we have not written explicitely the proportionality constants
(independent of s,(;)) because they cancel out in the ratio (4.30). Now, since each

parent node p(i) at level L — 1 has k — 1 children ¢ at level L, the product (4.32)
is proportional to

H esi(kfl) atanh{tanh(ﬁh) tanh(ﬁ.])} (434)

i at level L—1

and (4.30) becomes

1 Py
ol = D soe (4.35)
L—-1

where H} _; is the Hamiltonian of a tree-Ising model with L — 1 levels
’ngl =—J Z SiS5 — h Z S; — Uy Z Si (436)
(4,j)EEL -1 1€V _o i at level L—1
and a “renormalized” magnetic field acting on the spins of level L — 1

uy = h+ B~ (k — 1) atanh{tanh(8h) tanh(8.J) } (4.37)
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This renormalized magnetic field acting on spins at level L —1 can be interpreted
as the “bare field” plus the sum of k—1 “effective fields” created by the interaction
with the & — 1 children spins. Iterating this calculation L — 1 times we find an
Ising model defined on the root o and its k neighbords with Hamiltonian

k k
HgLil) = —JZ S08; — UL _1 Zsi (4.38)
i=1 i=1

where uy_1 is calculated iteratively from
ug = h+ B~ (k — 1) atanh{tanh(Bue_1) tanh(3J)}, up=nh (4.39)

for ¢ =1,...L—1. Finally, we calculate the magnetization of the root spin using
the Hamiltonian HgL_l), and we find

(o) = tanh(Bh + k atanh{tanh(Bur_1) tanh(3.J)}) (4.40)

Note that the “renormalized” field that acts on the root spin is equal to the
“bare field” h plus the sum of k “effective fields” created by the interaction with
its k neighbords at level 1.

The magnetization in thermodynamic limit is given by taking n — 400, or
equivalently L — 4o00. Thus we have to compute us, from the recursion (4.39)
with the initial condition ug = h, and then evaluate the magnetization

mo(ﬁ; h) = LETOO<SO>L
= tanh(Bh + k atanh{tanh(Sus) tanh(3J)}) . (4.41)

It is possible to write down an explicit fixed point equation for the magnetization
by expressing tanh(Su,) as a function of m,(8, h) and replacing in the fixed
point condition of the recursion (4.39) (see exercises).

Analysis of the recursive equation (4.39)

Before we turn our attention to the phase transitions we must determine the
fixed point of the iteration (4.39). We first discuss the set of solutions of the
associated fixed point equation

f(u) = g(u) (4.42)
where f(u) = u — h and g(u) = 87*(k — 1) atanh{tanh(Bu) tanh(8.J)}. Both

functions are obviously monotone increasing (tanh and atanh are monotone in-
creasing), and g(u) has two horizontal asymptotes at infinity lim, 4. g(u) =
+(k—1)J, and a slope at the origin equal to lim, o g(u)/u = (k — 1) tanh(5J).
It is also easy to see that the maximum slope of g(u) is attained at u = 0. We
distinguish two cases: (k — 1) tanh(8J) < 1 and (k — 1) tanh(5.J) > 1.

The high temperature case (k — 1) tanh(5J) < 1 is illustrated on Figure 4.10.
Since the maximum slope of g(u) is less than one it follows that there is only one
solution to the fixed point equation (4.42), and the iterations (4.39) necessarily
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g(u)

(a) Fixed points

Figure 4.10 Fixed points and iterations for (k — 1) tanh(8J) < 1 and h > 0

converge to this unique fixed point. These iterations are shown as a dotted line on
Fig. 4.10. In particular, for h = 0 it is obvious to see that the iterations initialized
with ug = h = 0 yield uy = 0 for all /. Thus the spontaneous magnetization
vanishes: limy,_,0 m,(8J, h) = m,(8J,0) = 0.

The low temperature situation (k — 1) tanh(8J) > 1 is richer. Here the slope
of g(u) at the origin is greater than one so multiple fixed points are possible.
As shown on Figure 4.11 for |h| < hgp Equ. (4.42) has three solutions while for
|h| > hgp it has only one solution. The value of i can be analytically computed
from the condition that f(u) and g(u) are tangent (this is left as an exercise).

The question that remains to be answered when there are multiple fixed points
is: how do we choose the correct one? In the Curie-Weiss case, for h # 0, the
correct solution was selected by minimizing the free energy, and for h = 0 it
was determined by a limiting process h — 04. Here, when h # 0, the correct
solution is enforced by the initial condition of the iteration (4.39). Figure 4.11
(dotted line) shows that starting with ug = h > 0 the iterations always converge
to the maximal solution u4 > 0. Similarly if A < 0 starting from uy = h < 0 the
iteration always converges to the minimal solution u_ < 0. The most interesting
case is h = 0. The iterations initialized with ug = h = 0 trivially give uy = 0
for all £ and this does not give the correct “physical” magnetization. We already
discussed at length how to solve this conundrum: physically the symmetry is
broken by an infinitesimal magnetic field h = 04. This means that the physi-
cally correct magnetization, my = limy,_,o, m(8, h) is again determined by the
maximal fixed points u-. Said differently, for (k—1) tanh(8J) > 1 and h = 0 the
trivial fixed point u = 0 is unstable: iterations initialized with an infinitesimally
positive or negative value of uy are driven to the non-trivial stable fixed points
U4
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£ (u) £ (u)

g(u) g(u)
1+ 1+

(a) Fixed points (b) Fixed points

Figure 4.11 Fixed points and iterations for (k — 1) tanh(8J) > 1 and h > hgp (left),
0 < h < hgp (right).

Phase transitions and phase diagram

Using the preceding results one finds a phase diagram with the same qualitative
features than the one of the Curie-Weiss model (see Figure 4.6). In the (T, h)
plane there is a coexistence line given by (k — 1) tanh(5J) > 1 and h = 0. The
tip of the line on the h = 0 axis is at (k — 1)tanh(8J) = 1 or equivalently
kpT. = %{ln(k/(k — 2))}~'. This tip is the critical point. When we fix the
temperature below the critical point and vary h accross the coexistence line the
magnetization has a jump equal to my —m_ # 0 where my = limj,_o, m(8J, h).
This is the first order phase transition just as in the Curie-Weiss (Figure 4.4).

Going accross the critical point we find that the magnetization vanishes con-
tinuously but is not differentiable. This is a second order phase transition and
the critical exponents, 1/2 and 1/3 governing the magnetization behaviour as a
function of temperature and magnetic field, are the same than in the Curie-Weiss
model (see Figure 4.5 and equations (4.26), (4.28)). To see this one may linearize
the fixed point equation (4.42) around u = 0 (because close to the critical point
this equation admits only small solutions) and deduce the leading behavior of
the magnetization (see exercises).

Finally let us point out that the spinodal lines in the (7, h) and (7', m) planes
can be calculated analytically by looking at the condition that f(u) and g(u) are
tangent when (k — 1) tanh(5J) > 1.

Free energy for the random k-regular graph

The magnetization of the root node in the tree can be used to derive the average
free energy of the Ising model on a random k-regular graph. Here we provide
a heuristic derivation which is made rigorous in part III once we have more
advanced tools at our disposal. The important point we wish to illustate already
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now, is that the average free energy is given by the minimum of a potential
function and the structure of the solution is similar to the Curie-Weiss model
(even if more tecnically involved).

On the random k-regular graph all vertices are equivalent and therefore

o EllnZ] = ) El(ss)] = Elfs.) (4.43)

~ pnoh
where o is any randomly chosen node. A random graph is locally tree-like, which
means that the restriction of the graph to a distance d from o is with probability
1 — O(k%/n) a tree. In the k-regular case the tree has coordination number .
We therefore expect that
lim E[(so)] = mo(5,h). (4.44)

n——+0oo
where the right hand side is the magnetization of the root node on an infinite

regular tree. From (4.43) and (4.44) we calculate the average free energy by
integrating the magnetization,

.1 h h
-1 —E[nZ]|2 = dhm, (B, h 44
Jim Bz = [ dhma(s.n) (1.45)
For hy — —oo all spins polarise towards s; = —1, thus the free energy is simply

equal to the energy of this configuration,'! —J|E|+ hin which equals (—Jk/2 +
hi)n because kn = 2|E| on a k-regular graph. Therefore replacing hy — h and
hiy — —oo in (4.45) we find

1 Tk S :
—HEIEOO —nE[an] =-3 +h+/—oo dh' (mo(B,h") +1). (4.46)

Remarkably the integral can be computed and one finds'?

. 1
— lim —E[InZ] = ¥(ux) (4.47)
where
U(u) =— % Incosh(B8J) + % In(1 4+ tanh(B8J)(tanhu)?)
- % ln{eBh(l + tanh(B.J) tanh(Bu))* + e#"(1 — tanh(B.J) tanh(ﬁu))k}

(4.48)

and us is the fixed point of the recursion (4.39). One can also check that this
fixed point equation is precisely the stationarity condition for ¥(u) and us is a
minimum.

Summarizing, the free energy on the random k-regular graph is given by
1 With all spins polarized to the value s; = —1 there is no entropic contribution.
12 The direct computation of the integral is a bit lengthy, but the result can be checked by

carefully differentiating ¥(uo) with respect to h which appears explicitly in (4.48) and
implicitly in ueo (h).
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min, ¥(u), where ¥(u) plays the role of a natural potential function for this
model. Moreover the minimum of the potential function yields the magnetiza-
tion through Equation (4.41).

Mean field behaviour'3

All the qualitative aspects of the phase transitions for the Curie-Weiss and tree-
Ising models are identical. The precise location of their critical points and spin-
odal lines are different, but the qualitative nature of the first and second phase
transitions are the same. In particular, the critical exponents (that govern the
power law behavior of the magnetization at the critical point) take the same val-
ues. Note also that for the model on a tree the critical exponents do not depend
on the coordination number k£ > 3. Given that the Curie-Weiss and tree-Ising
models are on face value quite different, this might seem slightly surprizing.

In this respect, it is worth pointing out that there is a direct way to connect
the Ising model on a tree with coordination number k£ — 400 to the Curie-weiss
model. To get a well defined limit when &k — 400 the coupling constant in the
Hamiltonian is rescaled as J — J/k. Then from (4.39) and (4.41) we recover the
Curie-Weiss equation m = tanh(8h + Jm) when k — 400 (see exercises). In
this limit, not only the two models are qualitatively equivalent, but also their
phase diagrams become rigorously identical.

There is a deeper and very generic way to understand why models whose solu-
tion is governed by a potential function and a fixed point equation must, under
mild assumptions, have qualitatively identical phase diagrams. Such models are
called "mean field models* and the arguments that we now outline constitute
the basis of the "mean field theory“ of phase transition. This generic theory goes
back to Landau and is often also called ”Landau theory.“

Suppose that a spin model possesses a Z, symmetry group'? in the sense
that the Hamiltonian is invariant under the transformation h — —h, s; — —s;,
i € V. This hypothesis holds for the Curie-Weiss and tree-Ising models (and also
for the canonical Ising model on Z?). Suppose also that the solution of the model
is governed by a fixed point equation

m = t(h,m)

for some smooth function ¢(h,m), monotone increasing in h and m, and which
depends also on §. This is true for the Curie-Weiss and tree-Ising models (but for
the canonical Ising model on a square grid there is no such fixed point equation).
Because of the Zs symmetry, when (m, h) satisfies the fixed point equation then
(—=m,—h) must also be a solution. Thus ¢(h,m) must be an odd function of
(h,m). In particular t(0,m) is an odd function of m and thus (h = 0,m = 0)
13 This section is not needed for the main development and can be skipped in a first reading.

14 Here we stick to the simplest situation. Mean field theory can be developed for general
symmetry groups and predictions will typically depend on the group.
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must always be a trivial solution (for all §). Now suppose furthermore that there
exist a second order transition with a critical point,'® say 7' = T, and h = 0
(in our examples T is given by 8.J = 1 or (k — 1) tanh(8.J) = 1). Then, by
definition of the second order transition, the magnetization vanishes continuously
at the critical point and for T' 1 T., h — 04 it is small. Therefore we perform a
Taylor expansion

t(m,h) = a(T)m + b(T)m> — c«(T)h + ...

where only odd powers contribute since the function is odd (we have dropped
terms of higher order h3, m2h, mh?,... which do not change the arguments be-
low). Landau’s theory makes mild assumptions on the temperature dependence
of the coefficients in this expansion. We require that m = 0 is a triple solution
at the critical point (T = T,,h = 0), which branches out into three distinct
solutions m_ < mg = 0 < my for T' < T,. This implies a(T.) =1 and a(T) > 1
for T < T,. We therefore assume that generically a(T) ~ 1 + o/ (T.)(T — T¢)
with a’(T,) < 0. Furthermore one can argue from statbility requirements that
b(T) > 0 and ¢(T") > 0.

With these assumptions for h = 0 and T' &~ T, the fixed point equation becomes

a (T)(T — T)ym + b(T.)m> =~ 0

For T > T, the only solution is m = 0, and for T" < T, we have two extra non
trivial solutions m o +(1 — T/T.)'/2. Similarly at T = T, and h ~ 0 the fixed
point equation becomes

b(T.)m> — ¢(T)h ~ 0

which implies m o sign(h)|h|'/3. These power law behaviours have precisely the
same critical exponents than those of the Curie-Weiss and tree-Ising models.

To summarize Landau’s mean field theory assumes reasonable forms of the
fixed point equation (or the potential function) close to the critical points, dic-
tated by symmetry and stability requirements, and predicts critical exponents
which are independent of the microscopic details of the underlying Hamiltonian
(such as the coordination number k for example). One of the main developments
in modern statistical mechanics has been the realization that this is also largely
true in situations where Landau’s mean field arguments break down. Let us give
a glimpse of this last point.

Typically the range of validity of mean field theory is confined to models de-
fined on high dimensional graphs for which the numbers of neighbords of a vertex
grows fast enough with the graph-distance to the vertex (as is the case for the
complete graph and the tree). For such systems one can neglect spatial fluctua-
tions of the local magnetization and phase transitions are controlled by a fixed
point equation involving a uniform magnetization. For finite dimensional models
on regular grids (say Z?) there is no such fixed point equation that rigorously

15 There are systems described by a fixed point equation which have only first order phase
transitions and no critical points. An example is provided in exercise 4.6.



96

4.9

Two Exactly Solvable Models

gives the true free energy. One has to take into account the fluctuations of the
local magnetization into account. The renormalization group theory which takes
into account fluctuations and yields correct critical exponents in low dimensions,
scores as one of the big successes of statistical mechanics. Roughly speaking
above some ”critical dimension” d > d., fluctuations do not matter much, and
mean field or Landau theory yields correct critical exponents independent of d
(though the quantitative details of the phase diagram such as the precise value
of the critical temperature are only approximate). Below this critical dimension
d < d., fluctuations matter, Landau’s theory breaks down, and the critical expo-
nents depend on d. The renormalization group theory predicts that models can
be classified in ”universality classes* with identical critical exponents depend-
ing only on general features such as the symmetry group of the Hamiltonian
and the dimensionality of space, but not on other details of the Hamiltonian.
This ”universality “ explains why an oversimplified model such as the canonical
Ising model in three spatial dimensions correctly predicts the critical exponents
observed in very different physical systems such as alloys, fluids and magnets.

Despite its shortcomings Landau’s theory (or extensions of it) often forms a
good basis for the renormalization group treatment. The mean field analysis cor-
responds to an approximation that neglects fluctuations, but in doing so already
gives a good idea of what the phase diagram look like.

Phase transitions in the canonical Ising model'®

In Chapter 2 we introduced the canonical Ising model on a regular grid Z¢. Mod-
els with a low dimensional regular underlying graph have geometrical features
that are absent in the Curie-Weiss, tree-Ising, and in our three basic problems.
It turns out the solutions and mathematical methods of analysis for low dimen-
sional models are for the most part quite different than thsoe discussed here.
Nevertheless there is value in briefly reviewing a few fundamental results on the
canonical Ising model.

The one dimensional Ising model introduced by Lenz and Ising in 1925 can
be exactly solved. For example one can apply the solution on a tree to the case
k = 2, or one can use the "transfer matrix” method outlined in exercise 2.6.
The free energy per spin as well as the magnetization in the thermodynamic
limit are perfectly analytic for any 37! > 0 and h € R. Therefore there are
no phase transitions for any strictly positive temperature. In particular there
is no spontaneous magnetization, i.e., limp_o, m(5J, 5h) = 0 for all positive
temperatures 3~ > 0.17 Note that there is a "zero temperature” first order

16 This section is not needed for the main development and can be skipped in a first reading.
17 General theorems ensure that this is true for a wide class of one dimensional models with
sufficiently short range interactions. If the coupling constant decays faster than
Jij ~ i — j|7%, o > 2 there is no phase transition at any positive temperature
(Ruelle 1969)e.g.
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phase transition in the sense that limg 4o f(8,J,h) = —J — |h| which yields
a spontaneous magnetization equal to £1 when h — 04 (this can be seen from
the expression of the free energy in exercise 2.6 or more directly by minimising
the Hamiltonian).

In all dimensions d > 2 there are bona fide first and second order phase
transitions at finite temperatures. This was not understood until the (essentially)
rigorous proof by Peierls in 1930 who showed the existence of a phase transition
in two dimensions. The phase diagram similar to Figure 4.6 in the (T, h) plane
displays a coexistence line (T' < T, h = 0) which terminates at a critical point
(T =T.,h =0). Away from the coexistence line and critical point the free energy
and magnetization are analytic.

The first order transition consists of a jump in the first derivative of the free
energy across the coexistence line. Equivalently there is a non-vanishing spon-
taneous magnetization my = limp_,o, m(B8J, Bh) for > B.. Because of the
Z, symmetry of the model m_ = —m . The symmetry also implies that for
B < pB. where the free energy and magnetization are analytic we must have
limhﬂoi m = 0.

At the critical point the first derivative of the free energy is continuous but the
second derivative has a jump. More precisely the magnetization has power law
behaviours governed by critical exponents commonly denoted § and §, m4
+[1 — T/T.|? for T 1 T. and m~ o< £|h|*/% for h — 0+ and T = T.. As pointed
out in the previous section the critical exponents depend on the dimension for
d < d. and are given by the mean field exponents for d > d.. For the Ising model
d. =4.

In two dimensions for h = 0 the analytical expressions of the free energy and
spontaneous magnetization are known and where first described by Onsager in his
celebrated 1948 solution (the complete derivation of the spontaneous magnetiza-
tion was explicitly given later by Yang in 1952). The spontaneous magnetization
for 8 > B, is given by a remarkably simple exact formula

m(B) = |1 — (sinh(28.)) /8

where the critical temperature is given by sinh(25.J) = 1. It should be pointed
out that we still do not know of an exact expression for the magnetization when
h # 0. The main importance of Onsager’s solution was to show that my(8)
+[1-T/T.|*/8 for T 1 T, with a critical exponent 1/8. It is also known that in two
dimensions § = 15. Thus the second order phase transition is not qualitatively
identical to the Curie-Weiss one and the simple Landau theory outlined in the
previous section does not apply.

The analytical solution of the three dimensional model is still an open prob-
lem. To compute the critical exponents one has to resort to the renormalisation
group methods developed in the seventies. The most recent progress based on
assumptions of scale invariance of the ”"magnetization field” near the critical
point yields very precise critical exponents 8 = 0.32642(2) and § = 4.78982(7).
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Similarly to the two dimensional case, the critical behaviour in three dimensions
is different from the Curie-Weiss one and is not described by Landau’s theory.

the renormalization group methods predict that for all dimensions d > 4 the
critical exponents are the same than in the Landau theory. We have § = 1/2
and & = 3. It is beyond our scope to explain here why d. = 4 constitutes the
critical dimension above which the second order phase transition has mean field
behaviour. Nevertheless it is not very difficult to understand why this is so when
d — 400, so let us discuss this point.

On Z? the number of neighbords of a vertex is equal to 2d and the interaction

term of a spin with its neighbords is of the form —.Js; Z?il

s;. For d very large
we expect that the fluctuations of 2—1d Z?il s; are negligible and that the sum
concentrates over the magnetization m. The Hamiltonian effectively becomes for

d very large
deJsti — thZ .
i=1 i=1

This describes a system of independent spins in an effective magnetic field
2dJm + h and an elementary calculation shows that for this effective system
the magnetization m = (s;) satisfies the Curie-Weiss equation

m = tanh(2dBJm + Sh).

The arguments outlined here constitute what is called the "mean field approxi-
mation” for the Ising model. With a bit of work one can show that this approx-
imation becomes exact when d — 400 for an Ising model where we rescale the
coupling constant J — J/2d. In this limit one can truly neglect the fluctuations
of the magnetization and m = tanh(8Jm-+h) holds for the rescaled model. Thus,
the Curie-Weiss model on a complete graph, the tree-Ising model with £ — 400
and the canonical Ising model with d — 400 are all equivalent.

The smaller the dimension the worse the predictions of the Curie-Weiss equa-
tion. For ”infinite” dimension all its predictions are correct. For finite dimensions
the value of the critical temperature is wrong but the critical exponents are cor-
rect as long as d > 4 because fluctuations do not affect the power law behaviours
close to the critical point. For three and two dimensions the Curie-Weiss critical
exponents are wrong because fluctuations play a role in the second order phase
transition. In one dimension the Curie-Weiss equation completely fails since it
predicts a phase transition at finite temperatures, which we know does not hap-
pen.

Notes

The Ising model on a complete graph was first introduced as such by (Kac 1968)
who named it the Curie-Weiss model. Marc Kac also introduced various other
limits of the Ising model on high dimensional graphs or long range interactions
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which are exactly solvable and have a ”mean field“ behaviour in the limit. We
will in fact have the occasion to discuss similar limits when we introduce spatial
coupling.

The Ising model on trees was analyzed at least since the 50’s in various works
that clarified the role of the "boundary“ leaves of the tree. In the physics lit-
erature a distinction is made between the so-called ”Cayley tree“ and ”Bethe
lattice“ models. Both are Ising models on a tree but the former computes the
partition function and free energy of the tree taking into account the leaves at
the "boundary“, and the second eliminates boundary effects by computing the
magnetization of the root. It is the second setting that we discussed in this chap-
ter because it is the one that is relevant for us. Indeed, when we go to random
graphs there are no boundary leaves.

Exactly solvable models of classical statistical mechanics and more generally
rigorous results have played, and still play, an important role in the investiga-
tions of the nature of various phase transitions. There are two essential categories
of solvable models: one and two dimensional models on regular grids solved by
the ”transfer matrix*“ method (the main idea of this method is presented in
exercise 2.6 for one space dimension) and infinite dimensional models. The in-
finite dimensional case, by which we mean models on complete graphs, trees
and random graphs, is very relevant in coding, compressive sensing and satisfi-
ability. A classic reference for the beautiful topic of exactly solvable models is
(Baxter 1982). The Curie-Weiss and tree-Ising mode, their fixed point equations
and phase diagrams, are analyzed in detail in that reference. A rigorous deriva-
tion of the free energy of the Ising model on random sparse graphs can be found
in (Dembo & Montanari 2010).

The first exact solution of the two-dimensional canonical Ising model for zero
field and the calculation of the spontaneous magnetization is due to (Onsager
1944) and (Onsager 1952). This solution showed for the first time that one had
to go beyond mean field theories to corrcetly calculate critical exponents in low
dimensions. See (McCoy & Wu 1973) for a classic book on the two dimensional
Ising model. There are numerous other rigorous results about the canonical Ising
model and its variations that we have not reviewed at all. Let us only mention
that while it was clear from the very beginning that the one-dimensional Ising
model has no phase transition (see exercises 2.6 and 4.2), and more generally that
phase transitions do not occur in one dimension for short range interactions,
the higher dimensional case d > 2 was more mysterious. It is only after the
famous argument of (Peierls 1936) that the existence of phase transitions in
Ising models for d > 2 was recognized. The mathematical proofs of the existence
of phase transitions, were established in important papers by (Griffiths 1964) and
(Dobrushin 1965). The rigorous theory of phase transitions for finite dimensional
models on regular graphs then became a discipline of its own (e.g Ruelle 1969,
Simon 1993).

The Curie-Weiss equation itself goes back to the works of Curie and Weiss on
the para and ferro-magnetic states. The ”"molecular field hypothesis® of (Weiss
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1907) was a crucial step for the development of the mean field approach to the
theory of phase transitions. The mean field approach was developped for alloys by
(Bragg & Williams 1934) and then improved in a famous paper of (Bethe 1935)
who Bethe investigated corrections to Weiss’s theory. These corrections are im-
portant for sparse random and tree like graphs, but also for random interactions
on complete graphs. As we will discover they are naturally embodied in message
passing algorithms.

There are deep similarities between phase transitions in very different systems
such as alloys, fluids or magnets, and which where explained by Landau’s mean
field theory (Landau 1937). A very good historical account of these developments
as well as our introduction to mean field theory is provided by (Kadanoff 2009).
Extensive treatments can be found in numerous books (e.g Stanley 1971, Chaikin
& Lubensky 2007). The renormalization group treatment that takes into account
fluctuations beyond mean filed theory can be found in many classic textbooks
(e.g Ma 1976, Huang 1987, Goldenfeld 1993).

4.1 2p-SPIN MODEL ON A COMPLETE GRAPH. Consider a set of n spins with
Hamiltonian

J n

H(§) = _ﬁ E 841 Sig - - Si?p —h E S
(2p — 1)IN2P—1 Sing ot —
11 FIaF - Filop i=

where p > 1 is an integer and the first sum carries over 2p-tuples with distinct
indices. For p = 1 this is the Curie-Weiss model. Repeat the calculations of the
usual Curie-Weiss model to obtain a variational expression for the free energy
and show that the magnetization satisfies the fixed point equation

m = tanh(3Jm?* ™! + Bh)

Determine the phase diagram. Show in particular that for p > 2 there is only a
first order phase transition (and no second order phase transition).

4.2 ONE DIMENSIONAL ISING MODEL. Apply the solution of the Ising model
on a tree to k = 2 (a line) and that there is no phase transition for any strictly
positive temperature. Check that one recovers the same solution than the one
obtained from the transfer matrix method in exercise 2.6.

4.3 CRITICAL EXPONENTS OF THE ISING MODEL ON A TREE. Analyze the fixed
point equation for this model close to the critical point. Calculate the critical
exponents governing the power law behaviour of the magnetization.

4.4 SpPINODAL LINES. Consider the Ising model on a tree. Calculate analytically
the spinodal points he, and mg, as a function of the temperature. Plot the
spinodal lines in the (T, h) and (7', m) planes.

4.5 FIXED POINT EQUATIONS FOR ISING MODEL ON A TREE. Use (4.39) and
(4.41) to deduce the fixed point equation for the magnetization m,(3, h) of the
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central node,
m, = tanh{Bh + By(m; Bh, BJ)}. (4.49)
with

tanh(8J) + (tanh((8h — atanhmo)/k))2>.

y(mo; Bh, BJ) = B_Ikatanh<m° tanh(B8.J) 4 1

Rescale the coupling constant J — J/k and check that this equation reduces to
the Curie-Weiss one in the limit of infinite coordination number k — +oo.

4.6 2p-SPIN MODEL ON A TREE. Consider a tree factor graph with variable
nodes of degree k and constraint nodes of even degree 2p. There are L levels
of factor nodes and each factor node contributes a term —Js; s;, ... s;,, (for
i1,12,...,%9, attached to the factor node). For p = 1 this is the usual tree-Ising
model. Generalize the calculations of section 4.6 and deduce the analog of the
iterative equations (4.39) and (4.41). Show that for p > 2 there is only a first
order phase transition (and no second order phase transition).
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Marginalization and Sum-Product
Equations

We have seen that computing the marginals of the Gibbs distributions is a central
problem. For example in coding and compressed sensing the tasks of decoding
and signal estimation can both be reduced to the determination of a “magnetiza-
tion” which in turn is easy to obtain once we know the marginals. Unfortunately,
for general Gibbs distributions computing marginals is an intractable problem.
Nevertheless all is not lost, much to the contrary. Indeed, we saw in Chapter 1
that the factor graphs of our models are always either locally tree like (coding
and K-SAT) or complete (compressive sensing); and in Chapter 4 we learned how
to exactly solve two simple Ising models, on the tree and the complete graph,
which are toy versions of our more ambitious models.

In this chapter we will concentrate on an efficient calculation of marginals
for the case where the factor graph is a tree. The emphasis here is on the word
“efficient”. We will see that this question has a natural answer in the form of a
message-passing algorithm. The message-passing paradigm is the basis for the
low-complexity algorithms which we will apply to our problems even when the
factor graph is not a tree. There is a price to pay on non-tree graphs because
low-complexity algorithms do not necessarily perform exact marginalization is a
priori not exact. Therefore our low complexity message passing algorithms are
suboptimal in the sense that they do not give correct solutions up to the “optimal”
thresholds. For example message passing decoders do not work up to the MAP
threshold of the code ensemble; K-SAT solvers based on message passing find
solutions only for densities o quite smaller than the satsifiability threshold .
In the analysis of message passing we will find algorithmic thresholds which are
smaller (i.e. worse) than the optimal thresholds.

There is a surprise however. Message-passing algorithms are also the key for the
analysis of the optimal thresholds and phase transitions of our three examples.
A priori it is not obvious that there should be any connection between optimal
thresholds and low-complexity algorithms. For example optimal thresholds are
non-differentiability points of the free energy, but algorithmic thresholds are not
visible on the free energy (since away from phase transition points this quantity
is analytic). Nevertheless these two worlds are connected as we will see in the
third part of our lectures. Quite remarkably one can also go one step further.
In Chapter 14 we will consider a class of ensembles - called spatially coupled
ensembles - for which the optimal and algorithmic thresholds may even be equal.
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For these ensembles the low complexity message passing methods work all the
way up to the optimal thresholds and allow optimal solutions!

So far we have associated a factor graph to Hamiltonians or cost functions. In
the next section this idea is taken a little bit further by associating the factor
graph to the Gibbs distribution itself. We then use this representation to help
organize the marginalization on trees and derive the message passing algorithm.
As we will see, on trees marginalization ultimately boils down to an application
of a distributive law of multiplication and addition. Finally we illustrate through
simple examples how the formalism is applied to our three problems.

Factor graph representation of Gibbs distributions

One important characteristic of the Gibbs distributions of our three problems is
its factorized form. Generically

pa) = 5 [z, 2= 3 ] fela) (51)

zeX™ c=1

where z,, is the set (or vector) of variables z; entering as arguments of the
factors f..

The simplest incarnation of this factorization occurs in K-SAT (see (3.57))
where in spin language z; — s; = (—1)% and the alphabet is X = {—1,+1}
and the factors are fu(sy,) = exp{—B11;co, 3(F2%2)}. For coding (see Equ.
(3.10)) we have two types of factors f;(s;) = e"** and fo(s5,) = 5(1+[Ticoq Si)-
For compressed sensing (see Equ. (3.43)) the alphabet is continuous X = R
so in (5.1) the sums must be interpreted as integrals [ d"z and there are two
types of factors f;(z;) = (po(x:))? and fa.(zp,) = ¢~ 307 Ve—40 )’ Analogous
identifications for general Ising models of Chapter 2 and also for the Curie-Weiss
model are left as an exercise. Note that the factorization is not unique, but
usually it is pretty clear how to find a natural one.

From now on we will focus on a generic factorization (5.1) and we come back
to specific illustrations in Sections 5.4, 5.5 and 5.6. We associate with this fac-
torization a factor graph which is mildly different from the ones introduced in
Chapter 1. For each variable x; draw a variable node (circle) and for each factor
fe draw a factor node (square). Connect a variable node to a factor node by an
edge if and only if the corresponding variable appears in this factor.

EXAMPLE 11 (Simple Example) Let’s start with an example that will serve as
our running example. Consider a distribution with factorization

1
p(x1, T2, T3, T4, 5, T6) = Efl(xla1'27xS)f2(x17$4ax6)f3(1'4)f4(5547x5>~ (5.2)
The resulting graph for this distribution is shown on the Figure 5.1. ]

The factor graph is bipartite. This means that the set of vertices is partitioned
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x T3 |< Te
fs W fa
T5

Figure 5.1 Factor graph of f given in Example 11.

into two groups, the set of nodes corresponding to variables and the set of nodes
corresponding to factors, and moreover that an edge only connects a variable
node to a factor node. For our particular example the factor graph is a (bipartite)
tree. This means that there are no cycles in the graph; i.e., there is one and only
one path between each pair of nodes.

As we will show in the next section, for factor graphs that are trees marginals
can be computed efficiently by message-passing algorithms.

Marginalization on trees

We first remark that in order to carry out the marginalization in practice one can
first ignore the partition function Z. Indeed suppose that we want to compute
the marginal v4(z1) for (5.1) (recall definition (2.24)). If we first compute the
“marginal” of the numerator only"

pa(zy) =Y ] felwac), (5.3)

~x] C

then clearly vi(x1) = p(x1)/Z o p1(x1). So the only difference between v (1)
and p1(x1) is a proportionality factor which serves to normalize the marginal.
Thus, assuming that we are able to compute u(x;), we simply get the marginal
by normalizing

v (21) = Z’“‘i% (5.4)

This last step is an easy task that involves only one sum or an integral in the
denominator. Note also that Z =3 (1)

In the following and also in practice we just deal with the “marginalization”
of the numerator and normalize the result in the very last step.

1 Recall that the notation Z~zl means “summation over all variables except x1” which
remains fixed.
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Distributive Law

On trees marginalization can be achieved by a careful application of the distribu-
tive law. Let F be a field (think of F = R) and let a,b,c € F. The distributive
law states

ab+ ac = a(b+ c¢). (5.5)

This simple relation, properly applied, can significantly reduce computational
complexity. Consider for example the evaluation of

n n n

Zaibj as (Zaz)(ij)

ij=1 i=1 j=1

Instead of n? multiplications and n%—1 additions we perform 1 multiplication and
2n additions. Factor graphs provide an appropriate framework to take advantage
of the distributive law in a systematic way.

Let’s start with Example 11. The numerator of p is a function f with factor-
ization

(w1, 20,73, 24,75, 26) = f1(71, T2, 73) fo(21, T4, T6) f3(24) fa(wa, 25).  (5.6)

We are interested in computing the “marginal” of f with respect to x;

pa(xr) = f(x1, @2, 73, 74, 75, 76).
~Z1

What is the complexity of a brute force computation? Assume that all variables
take values in a finite alphabet X. Determining v(x1) for all values of 21 by brute
force requires © (|X |6) operations, where we assume a naive computational model
in which all operations (addition, multiplication, function evaluations, etc.) have
the same cost. But we can do better: taking advantage of the factorization, we
can rewrite v(x1) as

(@) = [Z fl(l’l,if%xs)} LEZ f3(z4) (; f2(1171a1?4a$6)) <$Z f4($4,$5)>}

Z2,T3

Fix z1. The evaluation of the first square bracket can be accomplished with
© (|X |2) operations. The second square bracket depends only on z4, =5, and
xg. It can be evaluated efficiently in the following manner. For each value of
x4 (and 7 fixed), determine > fi(zs,25) and >, fa(z1, 24, 26). Multiply by
f3(z4) and sum over z4. Therefore, the evaluation of the second bracket requires
O (|X|?) operations as well. Since there are |X| values for 1, the overall task
has complexity © (|X|*). This compares favorably to the complexity © (|X|) of
the brute force approach.

Recursive Determination of Marginals

Consider the factorization of a generic function g (for example the numerator of a
Gibbs distribution (5.1)) and suppose that the associated factor graph is a (bipar-
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tite) tree. Suppose that we are interested in marginalizing g with respect to the
variable z; in other words we are interested in computing pu(z) =>_ . g(z,...).
Since the factor graph of g is a bipartite tree, g has a generic factorization of the
form

K
g(z,...) = H [gk(z,...)] (5.7)
k=1

for some integer K with the following crucial property: z appears in each of the

factors gg, but all other variables appear in only one factor. To see this assume to

the contrary that another variable is contained in two of the factors. This implies

that besides the path that connects these two factors via variable z, another path

must exist. But this contradicts the assumption that the factor graph is a tree.
For the function f of Example 11 this factorization is

f(xy,...) = [filz1, 22, 23)] [fo(21, 24, 26) f3(74) fa(24, 25)]

so that K = 2. The generic factorization and the particular instance for our
running example f are shown in Figure 5.2. Taking into account that the indi-

’ y
g@@ fl ‘
[91]  [gx] [9x] [f1]

[faf3fa]

Figure 5.2 Generic factorization and the particular instance.

vidual factors gi(z,...) in (5.7) only share the variable z, an application of the
distributive law leads to

wz) =Ygz ) =Y [Tl =TI [P )] 68)

~z k=1 k=1 r~z

In words, the marginal >~ . g(z,...) is the product of the individual marginals
>, 9k(2,...). In terms of our running example we have

(1) = {Z f1($17$27173)} {Z f2(l“17$47$6)f3(174)f4($47$5)}~

~T] ~Ty

This single application of the distributive law leads, in general, to a non-negligible
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reduction in complexity. But we can go further and apply the same idea recur-
sively to each of the terms g(z,...).

In general, each g is itself a product of factors. In Figure 5.2 these are the
factors of g that are grouped together in one of the ellipsoids. Since the factor
graph is a bipartite tree, g must in turn have a generic factorization of the form

J
gk(z7"') = h(zvzl7"'aZJ)H [hj(zj7"')]7
j=1
where z appears only in the “kernel” h(z, z1,...,2s) and each of the z; appears
at most twice, possibly in the kernel and in at most one of the factors h;(z;,...).
All other variables are again unique to a single factor. For our running example
we have

fa(x1, w4, w6) f3(w4) fa(xa, v5) = fa(1, 24, 26) [f3(24) fa(wa, 25)] [1] -

where fo(z1, 24, 26) is the kernel and the factors are [f3(x4)fs(z4,25)] and [1].
The generic factorization and the particular instance for our running example
are shown in Figure 5.3. Another application of the distributive law gives

T

kernel

[gk} [f2f3f4]

Figure 5.3 Generic factorization of gi (left) and the particular instance (right).

J
ng(z,...):Zh(z,zl,...,zJ)H[hj(zj,...)]
J

:Zh(z,zl,...,zJ)H[Zhj(zj,...)] (5.9)

Jj=1 ~z

In words, the desired marginal > _ gi(z,...) can be computed by multiplying
the kernel h(z, 21, . . ., z5) with the product of individual marginals Z~zj hj(zj, ..
and summing out all remaining variables other than z.

We are back to where we started. Each factor h;(z;,...) has the same generic
form as the original function g(z, ... ), so that we can continue to break down the

)
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marginalization task into smaller pieces. This recursive process continues until
we have reached the leaves of the tree. The calculation of the marginal then
follows the recursive splitting in reverse. In general, nodes in the graph compute
marginals, which are functions over X', and pass these on to the next level. The
message combining rules at function nodes is explicit in (5.9). And at a variable
node we simply perform pointwise multiplication. In the next section we will
elaborate on this method of computation known as message passing.

Let us consider the initialization of the process. At the leaf nodes the task is
simple. A function leaf node has the generic form g(z2), so that > gr(z) =
gk (z). This means that the initial message sent by a function leaf node is the func-
tion itself. To find out the correct initialization at a variable leaf node consider the
simple example of computing » . f(z1,22). Here, z2 is the variable leaf node.
By the message-passing rule (5.9) the marginal is equal to >, f(z1,72)-p(z2),
where p(x2) is the initial message that we send from the leaf variable node
towards the kernel f(z1,22). We see that to get the correct result this initial
message should be the constant function 1.

Marginalization via Message Passing

In the previous section we have seen that, in the case where the factor graph is a
tree, the marginalization problem can be broken down into smaller and smaller
tasks according to the structure of the tree.

This gives rise to the following efficient message-passing algorithm. The algo-
rithm proceeds by sending messages along the edges of the tree. Messages are
functions on X, or, equivalently, vectors of length | X'|. Message passing originates
at the leaf nodes, messages are passed up the tree and, as soon as a node has
received the messages from all its children, they are processed and the result is
passed up to the parent node. Finally they are combined to form the marginal
of the whole function.

EXAMPLE 12 (Message-Passing Algorithm for f of Example 11) Consider this
procedure in detail for the case of our running example as shown in Figure 5.4.
The top leftmost graph is the factor graph. Message passing starts at the leaf
nodes as shown in the middle graph on the top. The variable leaf nodes x2, x3,
5, and xg send the constant function 1 as discussed at the end of the previous
section. The factor leaf node f3 sends the function f3 up to its parent node.
In the next time step the factor node f; has received messages from both its
children and can therefore proceed. According to (5.9), the message it sends
up to its parent node x; is the product of the incoming messages times the
“kernel” fy, after summing out all variable nodes except x;. This message is
Zwl fi(z1,z2,23). In the same manner factor node f4 forwards to its parent
node z, the message >, fi(z4,25). This is shown in the rightmost figure in
the top row. Now, variable node x4 has received messages from all its children. It
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forwards to its parent node f5 the product of its incoming messages, in agreement
with (5.8), which says that the marginal of a product is the product of the
marginals. This message, which is a function of x4, is f3(z4) Y. _,, f(z4,75) =
ZNM f3(xq) fa(xg, z5). Next, function node fo can forward its message, and,
finally, the marginalization is achieved by multiplying all incoming messages at

the root node z;. O
T1M T1m
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Figure 5.4 Marginalization of function f from Example 11 via message passing.
Message passing starts at the leaf nodes. A node that has received messages from all
its children processes the messages and forwards the result to its parent node. Bold
edges indicate edges along which messages have already been sent.

Complexity of message passing

Before stating the message-passing rules formally, consider the following impor-
tant generalization. Whereas so far we have considered the marginalization of
a function f with respect to a single variable x; we are actually interested in
marginalizing for all variables. We have seen that a single marginalization can be
performed efficiently if the factor graph of f is a tree, and that the complexity
of the computation essentially depends on the largest degree of the factor graph
and the size of the underlying alphabet. Consider now the problem of computing
all marginals. We could draw for each variable a tree rooted in this variable and
execute the single marginal message-passing algorithm on each rooted tree. It is
easy to see, however, that the algorithm does not depend on which node is the
root of the tree and that in fact all the computations can be performed simulta-
neously. Simply start at all leaf nodes and for every edge compute the outgoing
message along this edge as soon as you have received the incoming messages
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along all other edges that connect to the given node. Continue in this fashion
until a message has been sent in both directions along every edge. This computes
all marginals so it is more complex than computing a single marginal but only
by a factor roughly equal to the average degree of the nodes. We now formalise
this discussion.

Belief propagation equations

Messages flow on edges in both directions. Messages from variables nodes to
factor nodes are denoted p;—., and messages from function nodes to variable
nodes fi._s;. The letters a, b, c, ... are reserved for factor nodes and i, j, k, . .. for
variable nodes. Although this may sometimes be redundant notation, in order to
avoid confusions it is convenient to reserve u for messages from variable nodes to
factor nodes and pi for messages from factor nodes to variable nodes. Marginals,
once normalized, will be denoted by v. Messages and marginals are functions on
X and for finite alphabets it is sometimes useful to think of them as vectors with
| X| components.

Message passing starts at leaf nodes. Consider a node and one of its adjacent
edges, call it e. As soon as the incoming messages to the node along all other
adjacent edges have been received these messages are processed and the result is
sent out along e. This process continues until messages along all edges in the tree

oT; fe
N initializati t
ol = ey | e st <

fc ZTi ©®

fimse(@i) = flasi(@i) fresi (T HRY ., Fo(@is Tj, Tho, T) s (5) o (Th) 1 (1)

fe variable/function §o
‘ node processing ]
0T fc
ﬂd%/"Nf%i :U’jH/INl%c
fa fr ZTj o » T
e x
f fd k
Hd—i
marginalization @ Ti V(X)) = flai(T)fib—i (@) fre—i (@) fla—i (T3)
/jl/aﬁ'/ oNgfle—i
fll fc
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Figure 5.5 Message-passing rules. The top row shows the initialization of the messages
at the leaf nodes. The middle row corresponds to the processing rules at the variable
and function nodes, respectively. The bottom row explains the final marginalization
step.
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have been processed. In the final step the marginals are computed by combining
all messages which enter a particular variable node. The initial conditions and
processing rules are summarized in Figure 5.5. Since the messages represent
(unormalized) probabilities or beliefs, the algorithm is also known as the Belief
Propagation (BP) algorithm. From now on we will mostly refer to it under this
name.

We sumarize the BP relations here for further reference?

{Miﬁa (-Tz) = Hbeai\a //J’\b‘)i ('Tl) ’ (510)

Ba—i (i) =2y, Ja (®0a) [Licoawi Hioa (@5) -

with the proviso that at leaf nodes p;—.(z;) = 1 and fic—i(z;) = fe(xs.). The
marginals are obtained as

Zntﬁ@n ﬁﬂ-jb(wb() )

T, acdi Ha—i T

Vo (250) = fa(200) T g isa(®1) (5.11)
a\L9a) — ZI&a fa(zoa) Hie@a Lo (@0)

V; (Cﬂi) =

When we compute the marginals it is not important how the p and i messages are
normalized because in (5.11) the normalizations cancel out. We will sometimes
exploit this fact and write (5.10) as proportionality relations. This often simplifies
many calculations.

Algorithmic versus static point of view

As explained, BP relations allow to compute exact marginals on trees. By starting
the process at leaf nodes we are sure that it converges in a finite number of steps
to the exact marginals. On non-tree graphs the situation is not as simple because
this process usually does not yield exact marginals. There, the BP relations form
the basis of an algorithm which outputs BP-marginals (not necessarily equal to
true marginals) which are used to make decisions about the decoded bit, signal
estimate, etc. To run the algorithm we have to decide on an initial condition,
schedule, and a running time. These aspects will be clarified separately for each
problem in subsequent chapters.

In the third part of these notes the BP equations will be used in a “statistical
mechanics” non-algorithmic way, namely as fized point equations. We will see
that the fixed point form of the BP equations arises when the so-called Bethe
free energy is minimised, much as the Curie-Weiss fixed point equation appeared
in Chapter 4 when we minimized the potential function. This point of view will
become key when we relate low complexity algorithms to optimal solutions.

2 These relations are also called Sum-Product equations, a name that reflects their algebraic
structure.



54

5.4 Message Passing in Coding 115

Message Passing in Coding

Assume we transmit over a binary-input memoryless channel using a linear code.
Recall the formulation in Chapter 3: the rule (3.14) for the bit-wise maximum a
posteriori (MAP) decoder reads 5;(h) = argmax,, ¢, 13vi(s:|h) = sign(s;) which
is immediate to compute once we have v;(s;|h), the marginal of distribution
(3.10). So we have to marginalise the numerator of

p(s|h) = % T+ I so]e" (5.12)

i€da  i=1
and eventually normalize the resulting function of s;. The numerator of (5.12)
has a factorized form with two types of factors,

fi( l) — phisi and fa(§8a) = %(1 + H Si),

i€0a

N | —

v

which are associated to square nodes in the factor graph representation of (5.12).
The first factor is attached in the factor graph to a single bit and describes the
influence of the channel. The second one is attached to several bits and describes
the parity-check constraints.

EXAMPLE 13 (Bit-wise MAP decoding) Consider the code defined by the
parity-check matrix with Tanner graph shown on the left of Fig. 5.6.

Ta+a5+xz7=0 el7sT  m— %(1 + $48557)

Te ehesg ———

Is eh5S5 L

T4 T3+ x4 +26 =0 ehass  m—el——=m (1 + s35456)
xs3 >< eh353 —

T2 ehgsg

T > 1+ 22 +2x4 =0 ehis1 —— : %(1 + 515284)

Figure 5.6 Left: graphical representation of a simple parity check code. Note that the
factor graph is the same as the one of example 11. Right: factor graph associated to
the Gibbs distribution (5.12).

The factor graph corresponding to the distribution (5.12) is shown on the
right of this figure. It includes the (Tanner) graph of the parity check code,
but additionally contains extra factor nodes which represent the effect of the
channel. For this particular case the resulting graph is a tree. We can therefore
apply the message-passing algorithm to this example to perform exact bit-wise
MAP decoding. O

In principle the messages are uniquely specified by the general message-passing
rules and we could simply move on to the next example. Indeed, the real power
of the factor graph approach lies in the fact that, once the graph and the factors
are specified, no thought is required to work out the messages. For the current
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example perhaps the result is quite intuitive and this might seem as no big
deal. But in “real life” systems substantially more complicated factor graphs are
encountered and in such cases without the message passing rules it might be
quite difficult to figure out how to correctly combine messages. Despite the fact
that we could just blindly follow the rules, it is instructive to explicitly work out
a few steps of the belief propagation algorithm for this example.

EXAMPLE 14 (Message passing algorithm for decoding) We give the first three
steps of belief propagation for the tree in Figure 5.6. In the first step the initial
messages are sent from leaf nodes. Here all leaf nodes are factor nodes whose fac-
tor is the prior, thus the initial messages are fi_.x(sy) = e for k =1,...,7.
At the second step six variable nodes send messages to factor nodes, namely
the variable nodes that participate in only a single parity-check constraint:
u1—>1(51) = € , ,u2—>1($2) = € s u3—>2(33) = € , M5—>1(55) = €
pe—s2(s6) = €% pz_1(s7) = €757, At the third step the three factor nodes
have received all their input, except the input from variable node 4. Hence, they

hisy hasa hzss hsss
)

can send back their messages in direction of node 4. These are

~ 1
Hisa(s4) = Z 5(1 + 518984)eM 51252

51,582

—~ 1
“2H4(34) = Z 5(]_ + 838486)€h3536h686,

83,56
- 1
H3—4(s4) = Z 5(1 + 845557)eh5s5eh787.
85,87
The sums involved in the messages are easy to compute. For example using
elisi = cosh h;(1 + s; tanh h;) the first one is equal to
f1—4(84) = (2 cosh hy cosh hg)(1 + s4 tanh by tanh ho) .

Looking at one more step, note that at this point all incoming messages to
variable node 4 are known and so we can compute the marginal p4(s4) (of the
numerator of (5.12)) by multiplying all messages incoming into variable node 4.
Explicitly,

ta(s4) =(2cosh hy)(1 + sq4tanh hy)(2 cosh hy cosh ha)(1 4 s4tanh by tanh hs)
X (2 cosh hg cosh hg)(1 + s4 tanh hg tanh hg)
X (2 cosh hy cosh h7)(1 + s4 tanh hs tanh hy) .

To get the true marginal v4(sy) = v4(s4]h) one has to normalize p(s4),

pa(s4)
pa(1) + pa(=1)
To obtain the other marginals one continues in this fashion with further steps
of belief propagation. As a final remark, note that (in the binary case) messages
can equivalently be considered as vectors with two components, or, equivalently,
as Bernoulli distributions. O

va(salh) =
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Message Passing in Compressed Sensing

Recall the spin glass setting for compressed sensing in Section 3.4. From the
marginals v; g(x;|y) of the posterior distribution (3.43)

1 Y 8 —a a2
m@@:;ﬁﬂe 207 e =402 T (pg (), (5.13)

n

=1

we can compute the Gibbs average Z; s(y) = (z;). To get the MMSE estimate

(when the prior is known) we set 8 = 1; to get the LASSO estimate (when we
only know that the prior is in the sparse class F,) we take po(z) o e~ =217l and
send 8 — +o0.

For compressive sensing marginalization involves integrals instead of discrete

sums. Formally, the distributive law (5.5) is replaced by

/ dz a(z)b(z) + / dr a(x)e(z) = / dz ) (b(z) + ()

but otherwise the marginalization proceeds exactly in the same way as in the
discrete case if we simply replace sums by integrals in the message-passing rules
(note that in our applications all integrals remain finite).

To obtain v; g(xz;|y), it is sufficient to marginalize the numerator in (5.13)
and eventually normalize the resulting function of x;. Similarly to coding, this
numerator has a factorized form with two types of factors

fi(w;) = (po(xi))ﬁ and fa(zg,) = e—%%(ya—éag)z.

We already associated a factor graph to the measurement matrix A in Chapter 2.
Here we go one step further. In the factor graph representation for the distribu-
tion (5.13) we add extra square nodes corresponding to the factors (po(x;))? and
attach them to variable nodes. The other square nodes already present in the
representation of the measurement matrix are associated to the factors f,(za,)-
Let us discuss a concrete illustration.

EXAMPLE 15 (Factor graph for compressive sensing) Figure 5.7 shows a factor
graph associated to (5.13). Edges are present if and only if A,; # 0 (one may
think of A,; # 0 as the “strength” of an edge). This factor graph contains the
graph representing A itself, and has also additional factor nodes which represent
the prior for the signal. |

A few comments are in order. In this example we take a factor graph that is a
tree for the purpose of illustration of the message passing rules below. However in
compressive sensing the graph is far from being a tree; it typically is a complete
graph. Indeed we typically assume that the entries of the measurement matrix
are independent and identical Gaussians, so the matrix is dense. This is one
important difference between the compressive sensing and coding models. In
coding our analysis will rely heavily on the fact that the graph is sparse and that
when we look at very large instances the graph will “locally” be a tree. At first
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Figure 5.7 Factor graph for compressive sensing. The edges represent the non-zero
elements of the measurement matrix. The signal has seven components and there are
three measurements.

glance it therefore appears that message-passing techniques which explicitly rely
on the graph being a tree are of no use in the compressive sensing context. But,
as we will see, perhaps surprisingly, we are still able to analyze this situation.
The key in this case is that despite the fact that we will not face a tree, the
influence of each edge vanishes in the limit of large graphs. This relies heavily
on the 1/n scaling of the variance of the matrix elements A,;.

Let us now discuss belief propagation for the example.

EXAMPLE 16 (Message passing algorithm for compressive sensing) We give
the first three steps of belief propagation for the tree in Figure 5.7. As re-
marked above, the messages are continuous distributions and instead of per-
forming binary sums one has compute integrals. This is the main difference with
the coding case. In the first step, the initial messages are sent from leaf nodes:
frk(zr) = (po(zx))? for k= 1,...,7. At the second step six variables (namely
the ones that participate in only one measurement) send messages to factor
nodes: pi1(21) = (po(21))?, pooi(z2) = (po(22))?, pase(zs) = (po(ws))”,
ps—s(xs) = (po(ws))?, pesa(ze) = (po(x6))? proi(z7) = (po(x7))’. At the
third step the three factor nodes send messages back to variable node 4. These
are

rosa(en) = [ [ dovdss () (faa)) ez A aram e,
foa(zy) = //dxgdwg (po(xg))ﬁ(po(xG))Be*%(92*A23137A24w47A26m6)2,
Aama(za) = //dx5d337 (po(@5))? (po(wr))Pe 307 (v~ Asara—Assws —Asran)®

Note that all integrals are certainly convergent as long as the prior (po(z))”
is integrable. At this point we can compute the marginal p4(z4). Indeed all
messages incoming into variable node 4 are known, so

M4,B($4) = (P0($4))’6ﬁ1ﬁ4($4)ﬁ2a4($4)ﬁ3a4($4)

To get the marginal vy g(24]y) we normalize,

fa,5(x4)
12 X = V.
4,/3( 4 ‘ g) de4 ,U4”@(I4)
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Finally, the computation of other marginals requires further steps of belief prop-
agation. O

This time, contrary to the coding example where binary sums could easily be
computed, in general the integrals cannot be performed analytically but have to
be evaluated numerically. One exception where a complete analytical calculation
is easy, is the case where the prior is Gaussian which leads to messages that are
Gaussians throughout the whole belief propagation algorithm. A popular prior
in the context of compressed sensing which also leads to explicit although rather
complicated formulas, is a mixture of Bernoulli and Gaussian distributions. Note
however, that the Laplacian prior e~ 271750 does not lead to completely ana-
lytically tractable integrals because of the absolute value. We will see in Chapter
8 that even when exact evaluation of the integrals is not possible, due to the
proper scaling of the dense measurement matrix we can make useful approxima-
tions that lead to a tractable set of message passing equations.

LASSO estimate and min-sum rules

We remarked in 3.4 that the LASSO estimate can be obtained by taking the
prior po(x;) e~ =217l and letting 8 — +o00. Taking the 8 — +oo limit of the
message passing rules developed here leads to the so-called min-sum rules. To
obtain a well defined limit for the message passing rules it is convenient to define

=~ . 1. . 1
Eqi(z;) = _BETOO 3 Infig—i(x;), and Ejq(x;) = —ﬁgrfoo 3 In fisa(;) -

and the marginal energy costs

. 1
Ei(x;) = —ﬂglfoo 3 In g () -

The meaning of this “marginal” becomes intuitive once we notice

(i) = min{ 5 lly — Azl + A}
so that F;(z;) — min,, F;(z;) is the cost incurred when variable ¢ is set to the
value z;.

It is instructive to work this out in detail for the current example. The ini-
tial messages from leaf square nodes to variables are E\k_ﬂg(xk) = $|mk| for
k =1,...,7. At the second step the six variables k = 1,2,3,5,7 participating
in a single measurement send messages to factor nodes: F_1(z1) = ﬁ|x1\,
Ey1(m2) = 2|m2], Esyo(ws) = |wsl, Bsos(ws) = 2|ws|, Eeoa(we) = 25|26l
E7_3(x7) = %|x7| At the third step the three factor nodes send messages to
variable node 4. These are deduced from the finite 8 messages by applying the



120

5.6

Marginalization and Sum-Product Equations

Laplace method to the integrals,

_ _ 1
E1s4(x4) = gllig{E1a1($1) + By 51 (x2) + ﬁ(yl — Anwy — Appxs — Ajgmy)?}

_ . 1
Es4(x4) = min { E3_5(x3) + Eoa(w6) + 5—5 (y2 — A2ata — Aosmy — Asgre)’},

z3,T6 20

_ _ 1
B3 ,4(x4) = min { E5_3(x5) + Bros(27) + 5= (y3 — Asazy — Asszs — Agrz7)?}.

T5,T7 20’

The marginal energy cost of node 4 is
Ey(z4) = E4—>4(174) + E1—>4(I4) + E2—>4($4) + E3—>4(l’4)

and the LASSO estimate for variable node 4 is simply Z4 = argmin Ey(x4). These
relations constitute the min-sum algorithm.

There is also an alternative route to derive these min-sum relations. The belief
propagation (or sum-product) equations were derived from the distributive law
once we applied it to a factor graph which is a tree. This led to the marginal-
ization of a function. But instead of using the operations of summing and mul-
tiplying (leading to the sum-product algorithm) we can use as basic operations
the minimization and summing. The corresponding distributive law for this case
reads

min(a + b, a + ¢) = a + min(b, c). (5.14)
We can now formaly proceed just as in the Section 5.2. A quick way to develop
the formalism is to use the correspondence (+, x) — (min, +) which transforms

ab + ac = a(b + ¢) to min(a + b,a + ¢) = a + min(b,c¢). The derivation of the
min-sum message passing rules from the distributive law is left as an exercise.

Message passing in satisfiability

We illustrate two applications of message passing for satisfiability. In the first
one we count solutions of a K-SAT formula and in the second we discuss the
determination of minimum energy assignments.

Counting solutions through message passing

Recall in the satisfiability problem we introduced in Section 3.6 the number of
solutions of a K-SAT formula,

No=> TI- 1] %(1 + 55Ja))- (5.15)
s a=1 JEOa

We illustrate here how one could attempt to compute Ny by message passing
methods. Suppose we can count the number of solutions having a fixed value
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s; = 1 for the i-th variable, namely

NGy =S [0~ 1T %(Hsjjaj)). (5.16)

~s; a=1 JEDa

where the sum carries over all variables except s;. The total number of solutions
is then obtained as Ny = N;(+1) + M;(—1). The task of computing (5.16) is
nothing else than our marginalization problem. The factor graph associated to
(5.15) has only one type of factor

(=TT 30+ 5370)

j€da

associated to the square nodes. Again, message passing provides an exact so-
lution on a tree-graph. When the graph is not a tree it forms the basis of a
“solution finding” message passing algorithm, called Belief Propagation Guided
Decimation (BPGD), which we will study in Chapter 9.3. Let us for now just
illustrate how the marginalization proceeds on our simple tree graph example.

EXAMPLE 17 (Counting solutions in 3-SAT) Consider the 3-SAT formula
shown on Fig. 5.8. Here we keep the signs J,; = +1 associated to the edges
open in order to see more clearly the structure of the messages (so we have a
set of 2° = 512 formulas here). The factors associated to each square are the
indicator functions of the clause. For example clause number 1 is not satisfied by
the assignment s1 = Ji1, so = Ji2, s4 = J14 and is satisfied by the 7 other assign-
ments. Note that contrary to coding and compressed sensing there is no “prior,”
so no degree-one square nodes with factors attached to variable nodes. Here

1— (14 Jaasa)(1 + Jss585) (1 + Jars7)

PN

1- é(l + Ja3s3) (1 + J2a54)(1 4 J2656)

1- é(l + Ji181)(1 + Ji282)(1 + J1484)

Figure 5.8 Factor graph for the K-SAT counting problem. The graph represents the
formula and the factors associated to the square nodes are the indicator functions of
each constraint written in spin language.

message passing starts at leaf nodes, namely the variable nodes i = 1,2,3,5,6,7
which send the trivial initial messages p;—1(s;) = pim2(8i) = piss(s;)) = 1. In
the second step all clauses send one outgoing message towards variable node 4
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by taking into account their factor and two incomimg messages. In detail,

- 1
H14(s4) = Z (1- §(1 + J1151) (1 + Jizs2)(1 + Jiasa)) x 1 x 1,

~ 1
,U,2_>4($4) = E (]_ — g(l + J23$3)(1 + J24S4)(1 + J2686)) x 1 x 1,
~ 1
,U,3_>4(S4) = E (]_ — g(l + J34S4)(1 + J35S5)(1 + J37S7)) x1x1

The binary sums are easily performed and yield fig—4(s4) =4 — %(1 + Ju484) for
a =1,2,3. In the next step we can compute the "marginal“ for variable node 4
from the three incoming messages,

N4(34) = [L4(S4) = (4 — %(1 + J1484))(4 — %(1 + J24S4))(4 — %(1 + J34S4))

(5.17)
For example if the formula has Jy4 = 1, Joy = 1 and J34 = —1 the number
of solutions with s4 = +1 equals Ny(1) = 3 x 3 x 4 = 36 and the number of
solutions with s4 = —1 equals Ny(—1) = 4 x 4 x 3 = 48. The total number

of solutions is Ny = 36 + 48 = 84. Note that we obtained this result without
going through the remaining marginalization steps. This calculation also teaches
us something about the uniform distribution over solutions. Indeed if we sample
uniformly among solutions the probabilities that a solution has s, = 41 are
Ny(£1)/No = 3/7 and 4/7. To calculate all such probabilities one has to go
through the other marginalization steps. We obtain again these probabilities
from a different point of view in the next paragraph. O

Message passing at positive and zero temperatures

Recall the Gibbs distribution in the finite temperature formulation of K-SAT

2 ZZHGXP{ﬂl—[ (1+ siJai) }- (5.18)

s a=1 i€0a

Again we associate a factor graph to this distribution with one type of factor
attached to the clauses, namely

f Saa *exp{ 6H 1+31 az}

268(1

EXAMPLE 18 (Belief propagation at positive temperature for 3-SAT) Consider
again the 3-SAT formula shown on Fig. 5.8. The factors associated to the square
nodes are now $-dependent weights entering in (5.18). Message passing originates
at leaf nodes i = 1,2,3,5,6,7 which send the trivial initial messages p;—1(s;) =
tisa(si) = pims(s;) = 1. In the second step all clauses send their message to
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variable node 4,

ﬁ1_>4(54) = Z exp{—g(l + J11$1)(1 + J12$2)(1 + J14S4)} x1x1,

51,52

N B B

,u2_>4(54) = Z exp{—g(l + J2383)(1 + J24S4)(1 + JggSg)} x1x1,
53,56

N B B

/l3_>4(84) = Z exp{—g(l + J3484)(1 + J3585)(1 + J3787)} x1x1
85,87

Using e 7% = 1+ (e7# — 1)z for x € {0,1} we can easily calculate the binary
sums. For example

- 1, _
,LL1_>4(S4) = Z 1+ g(e B _ 1)(1 + J1181)(1 + J12$2)(1 + J14S4)>

=44 —(e7 P —1)(1 4 Jias4) .

At this step we can already calculate the "marginal® p14 g(s4) by multiplying all
messages incoming into variable node 4

a,p(s1) =(4+ %(e‘ﬁ = (14 Juasa)) (4 + %(e‘ﬁ — (1 + J254))
1

X (4 + 5(6_5 — 1)(1 + J34S4))

and the true marginal is obtained as usual by normalization

fa,5(54)
pa,g(1) + pap(—1)

For the remaining marginals one has to perform extra message passing steps. [J

va,5(s4) =

Given a formula and given that solutions exist for this formula, when we take
B — +oo the Gibbs distribution tends to the uniform distribution over solutions.
Therefore in the limit we have

(5.19)

This is easily checked explicitly in the last example above: with J14 = 1, Joy = 1,
J3q4 = —1 we find limg_, o v4,8(1) = 3/7 and limg_, 4 v4 g(—1) = 4/7 which
agrees with the computation in the counting example 17.

We now turn to the zero temperature case in more detail. Suppose we want to
determine the assigments s that minimize the K-SAT Hamiltonian H(s) (3.53).
When the graph associated to the formula is a tree message passing methods yield
an exact solution; while in the non-tree case they form the basis of algorithms
for finding solutions that we study in Chapters 9 and ??. As for the LASSO
estimator, we can take two alternative routes. We can directly set up the min-
sum message passing rules by a proper use of the distributive law (5.14), or we
can look at the 8 — 400 limit of the belief propagation relations. The second
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method is more convenient for us here, since we have already developed all the
finite 8 formalism. This is illustrated with our running example.

EXAMPLE 19 (Zero temperature limit: min-sum for 3-SAT) Consider the same
3-SAT formula as in Fig. 5.8. The correct limiting behavior of messages is cap-
tured by introducing the energy costs

~ 1 1
Eoi(s;) = — 5£Too 3 Infia—i(si), and Ejq(s;) = — QEIEOO 3 In piq(s:).
and
Ei(s;) = — lim 1 In pi;(s;) = min H(s)
i\Si) — e ,B HilSi) = - S

where H(s) is the Hamiltonian of K-SAT (3.53).
The initial messages from leaf nodes i = 1,2,3,5,6,7 are E;_,1(s;) = E;2(s;) =
E;_,3(s;) = 0. Next, all clauses send a message to variable node 4,

- o1
E154(s4) = mln{g(l + J1151) (1 + Ji2s2) (1 + Jiass) + E11(s1) + Eai(s2) },

81,52

~ 1
Ey s4(s4) = mln{g(l + J2353) (1 + Joasa) (1 + Jagse) + Esa(ss) + Ega(se) ),

53,56

~ 1
E3 .4(s4) = mm{g(l + J3484) (1 + J3555) (1 + Jars7) + Es3(s5) + Ers(s7) }

53,56

The minima are easily calculated directly from these expressions. For example
testing all four possibilities (s1, $2) = (£J11, £J12) yields E\1_>4(54) = (. Simi-
larly we have E2_>4(84) = Eg_)4(84) = 0. The resulting marginal energy cost for
variable node 4 vanishes for both values of s4 = £1, namely

Ey(sq4) = E1—>4(S4) + E2—>4(S4) + E3—>4(S4) =0 (5.20)

Since F4(s4) = min. s, H(s) we deduce that there exist zero energy assignments
that satisfy the formula with both values s4 = £1. In the present example this
is true for all 512 possible formulas corresponding to the choices of edge signs. [J

Notes

The belief propagation algorithm appeared independently and in different guises
in various communities and contexts, and it is difficult to pinpoint its origin. The
reader must have already sensed that the solution of the Ising model on a tree
presented in Chapter 4 already contains the germ of the algorithm. In this con-
text the belief propagation equations were clearly written down in (Morita 1979).
The point of view was not algorithmic but rather that Bethe’s improved mean
field theory (Bethe 1935) becomes exact on trees. In the context of Low-Density
Parity-Check codes message passing was used already by (Gallager 1962). Belief
propagation was also invented as an algorithm for inference (Pearl 1982, Kim
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& Pearl 1983). The generality of the message passing idea is nowadays well rec-
ognized in many communities overlapping computer science, digital communica-
tion, probability theory and statistical physics (e.g Pearl 1988, Frey 1998, Jordan
1999, Yedidia, Weiss & Freeman 2003, MacKay 2003, Loeliger 2004, Mézard &
Montanari 2009, Richardson & Urbanke 2007).

The approach taken in this chapter is largely due to (Wiberg, Loeliger &
Kotter 1995) and (Kschischang, Frey & Loeliger 2001). These works established
the convenience of the factor graph representation and clarified the role and
power of the distributive law. Our presentation in sections 5.1-5.3 closely follows
(Richardson & Urbanke 2007). There are other convenient and beautiful graph-
ical approaches that we have not discussed (e.g Shafer & Shenoy 1990, Aji &
McEliece 2000, Forney 2001, Mao & Kschischang 2005).

5.1 FACTOR GRAPH REPRESENTATIONS. Consider the Gibbs distributions for
the Curie-Weiss and tree-Ising models, as well as Ising on a k-regular random
graph and canonical Ising model on Z? (introduced in Chapters 4 and 2). For
each model identify the bipartite factor graphs representing each distribution.
In particular give the expressions of the factors associated to the factor nodes.
Same question for the p-spin models of exercices 4.1 and 4.6.

5.2 BELIEF PROPAGATION EQUATIONS FOR THE ISING MODEL ON A TREE.
Consider the factor graph representation of the tree-Ising model of Section 4.6,
with a root node o, coordination number k, L levels, and uniform magnetic
field and coupling constant. We want to use the belief propagation formalism to
recover equations (4.39) and (4.41) for the magnetization of the root node o (for
k = 2 this gives a message passing solution of the one-dimensional Ising model).

First consider the factor graph representation and write directly the belief
propagation equations. Parametrize the messages as

pialsi) o % fluyi(s) oc P

to recover (4.39) and (4.41). It helps to note that the messages flowing out of
leaf factor nodes are o< e8"%i. Same question for the p-spin model of exercise 4.6.

5.3 CURIE-WEISS EQUATION FROM BELIEF PROPAGATION. Consider the factor
graph representation for the Gibbs distribution of the Curie-Weiss model and
write down the belief propagation equations. Consider a flooding schedule (see
Section 6.2 for a detailed definition) where at each round ¢ > 0 all variable nodes
send their messages to the factor and each factor sends back its messages to the
variable node. Show that in the limit n — +00 one recovers an iterative form of
the Curie-Weiss equation, namely m;41 = tanh(8Jm; + Sh) with initialisation
mg = tanh h. A similar parametrization to the one of the previous exercise is
useful. Same question for the p-spin model of exercise 4.1.

5.4 (GAUSSIAN BELIEF PROPAGATION. Write down the sum-product equations
for the marginalization of Gaussian probability distributions of the form

Give a few hints or
teh final equations
here
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1 1,7 unr
p@)*e sz° Jz+h" -z
Z

where h € R™ and J is an n X n positive definite matrix (here we assume that
the factor graph of J is a tree so that the sum-product rules are exact). Perform
explicitly all Gaussian integrals.

5.5 MIN-SUM MESSAGE PASSING RULES. The main property we used to derive
the belief propagation (or sum-product) equations is the distributive law for the
two operations + and x (on some field). Consider the following generalization.
Take the ”commutative semiring” of extended real numbers (i.e., R including co)
with the two operations (min, +) replacing the usual operations (4, x). Show
that: (i) both operations are commutative; (ii) the identity element under min
is oo and the identity element under + is 0; (iii) the distributive law holds,
min(a + b,a + ¢) = a + min(b, c).

If we formally exchange in our original marginalization + with min and x
with 4, then what corresponds to the marginalization of a function? What are
the message passing rules and what is the initialization?

5.6 MIN-SUM RULES FOR LEAST SQUARE REGRESSION WITH AN {5 PENALTY.
Consider the following regularized least square minimization problem

1
min{;[ly — Az[3 + ol|z]3} .

where a > 0 (see problem 1.4). This kind of ¢3 penalty is often used for ill-posed
problems (e.g., if y = Az is an undertermined system of equations) and is often
called a Tikhonov regularization, or also ridge regression in statistics.

Write down the min-sum rules for this minimization problem when the factor
graph (corresponding to matrix A) is a tree. You can proceed by formulating the
finite temperature problem first and then take a zero temperature limit, or you
can directly use the distributive law for the operations (min, +).

Define a "marginal energy cost”,

. 1
i) = min-, { 51y — Azl + M3

where min,.,, denotes minimization with respect to all variables, except x; which
is held fixed. Describe how this marginal energy cost is computed from the min-
sum messages and how the regularized least square estimate is deduced.
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Density Evolution

Message passing methods have been very successful in providing efficient and
analyzable algorithms for the coding problem. In this chapter we provide an
introduction to this analysis. From now on we adopt the specific terminology of
coding and to refer to “Belief Propagation” (BP) algorithms and leave the term
“message-passing” as a generic term.

In Chapter 5 we learned how to marginalize a Gibbs distribution whose factor
graph is a tree, by employing BP rules. We saw that on trees BP starts at the
leaf nodes and that a node which has received messages from all its children
processes the messages and forwards the result to its parent node. On a tree this
BP algorithm is equivalent to MAP decoding since we are computing without
any approximation the marginals of the posterior distribution.

If the graph is not a tree then we can still use BP, but we need to define a
schedule which determines when to update what messages. It is not clear how
well such an algorithm will perform. It is the aim of the present chapter to clarify
these issues. We will carry out the analysis in detail for the binary erasure channel
(BEC) and explain the main ideas involved in for the general case of binary-input
memoryless symmetric channels. The BEC channel has the advantage that its
analysis can be done by pen and paper. The general case is conceptually not
much harder, but there are a significant number of mathematical tools one has
to introduce, which make the analysis more involved.

Message-Passing Rules for Bit-wise MAP Decoding

We illustrated the message passing rules for coding on a small coding example in
Section 5.4. Recall that the Gibbs distribution has two type of factors: €% and
(1411 jeoa $j)- The first kind of factor is associated to factor nodes % of degree
one (representing channel output observations) attached to variable nodes ¢ and
generates a message 7 ,,(s;) = ei%i. The other relevant messages flow from
the parity checks to variable nodes fig—;(s;) and from variable nodes to parity
checks p1;—,q(s;). Thus for coding the general BP equations (5.10) read

{/M—m (si) =" [Tycoson fbsi (50)

~ (6.1)
flasi (31) = 2os, 31+ Tjeoa 53) Tjcoai Hi—va (55)
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In the binary case of interest here these equations can be simplified by adopting
a convenient parametrization of the messages. Indeed we already remarked at the
end of Section 5.3 that their normalizations cancel out in the final computation
of “marginals”. So all that should matter are the log-likelihood ratios’

1 /’Liﬁa('i_l) } T 1 {ﬂaﬁz('i'l) }
lissg = = Ind ———2 5 lg—i = = Ind ———2 6.2

- 2 {Hi—m(l) - 2 .ua—>i(*1) ( )
which do not involve the normalization.

To see what form the first BP equation in (6.1) takes with this parametrization,
we write it for each value s; = +1, and take the ratio

Hi—a (+1) — (2hi ﬁb—»i ("’1)
s (D)~ L s ()
The logarithm then yields the variable node rule
licsa = hi + Z Tpsi - (6.3)
bedi~a

The reduction of the second BP equation in (6.1) to a form involving only the
log-likelihood ratios (6.2) involves a little more algebra. First we write (6.1) for
each spin value s; = 1 and consider the ratio,

/-/Za—m’ (+1) o ZNSi(l + Hjec')a\i SJ) HjE(')a\i Hj—a (SJ)
fa—i (=1) X6, (1 =TT jc0avi 85) ITjcoawi Hi—a (55)

Next, we divide the numerator and denominator by [];cs,.; #j—a (—1) and use
the identity

Hima(55) = elivalsit) — (1 4 sjtanhl;_,)el e coshlj_,
fj—a (—1)
to obtain
ﬁa%i (+1) . ZN61(1 + Hjeaa\i Sj) Hje@a\i(l + S5 tanh lj—”l)
[ta—i (—1) ZNSi(l - Hje&a\i s5) Hje&a\i(l + sjtanh ;)
The summations in the numerator and denominator can be performed explicitly.
We first expand the products in each ZNSi into a sum of monomials of the spin
variables

(1= [ s) [ (t+s;tanhi;a)

j€da\i jEda~i

=@+ I s > [[si[]tanhl;oa

jE€Da\i JCoa\ijeJ jeJ

= Z H 55 Htanhlj_m + Z H 55 Htanhlj_)a

JCda\ijeJ  jeJ JCda\ijeJe  jeJ

(6.4)

1 In the coding theory literature it is usual to define the log-likelihood ratios without the
prefactor 1/2. With the definition adopted here these are exactly the same objects than
the "magnetic fields” of statistical mechanics. We refer interchangeably to ”log-likelihood
ratios” or "magnetic fields” depending what we wish to emphasize.
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where the sums over J C da \ ¢ run over all subsets of da \ 7 including J # @ and
J = 0a \ i. In the last line the only monomials that survive correspond to the
subsets J = () (resp. J¢ = () for the first sum (resp. second sum) and we simply
get

1+ H tanhi;_,,
j€da\i

Therefore the ratio (6.4) reduces to the simple form

Hami (+1) _ 1+ ITjea\ tanhlja
ﬁa—)i (7].) 1 7Hj66a\i tanhlj_m'

1

5 In if—; = atanh x we arrive at the check

Finally taking the logarithm and using
node rule

lAaﬁi = atanh{ H tanhljﬁa}. (6.5)

j€da\i

Let us now look at the “marginals” computed from the BP equations. We
call them BP-marginals and denote them by vBF (s;) to make a clear distinction
with the true marginals v;(s;) of the Gibbs distribution (as repeatedly pointed
the two types of marginals are equal on a tree). Adapting (5.11) to the present
setting,

ehisi HaEi ﬁaﬂi(si)
ehi Haei Ha—si(+1) + ehi Haei fla—i(—1)

In order to express the BP marginals in terms of the log-likehood ratios we divide
the numerator and denominator by € [] ., fia—i(+1) and use (6.2) to deduce

viEP(s;) =

< S B
! 1+ e2(hit3acoilasi)

=1+s; tanh(hi + Z Z;_”-)
a€di

From this BP-marginal one can compute the BP-magnetization of the i-th bit
(to be distinguished from the true magnetization)

mP? = 3" swPP(s;) = tanh(hi + ) lusi) (6.6)
s;i==+1 acoi
The BP estimate for bit i is then found from?

§?P = sign(m?P) . (6.7)

The average bit-wise probability of error associated to this estimate is discussed
in Section 6.4.

2 Recall the convention already used in Chapter 3: sign(z) = 0 for z = 0, &1 for z > 0,2 < 0.
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There is an important statistical mechanical interpretation of (6.6). The BP-
magnetization is the same as that of a system constituted by a single spin with
Gibbs distribution (at 8 = 1)

e—lisi

2coshl;’ li=hi+ Z lasi

a€di
This is the distribution of a spin that sees a “local field” [; equal to the “external
magnetic field” h; plus a “mean field” ZaeailAaﬂi' In the BP framework the
mean filed is given by a sum over all “cavity fields” l,_,;, a € 0i. From the point
of view of traditional statistical mechanics the BP-magnetization is a “mean field

approximation” of the true magnetization.

Summary of BP equations for coding

To summarize, in the case of transmission over a binary input memoryless chan-
nel the messages can be represented by a single real quantity. If we choose this
quantity to be the log-likelihood ratio (6.2) then the processing rules at variable
and check nodes take on a particularly simple form (see (6.3), (6.5))

lisva = hi+ Zbeﬁi\aﬁ"i

7 6.8
lo—i = atanh{njeaa\i tanhlj_m} (6.8)
The BP estimate of a bit is given by (see (6.6), (6.7))
5BP — sign(tanh(h; + Z Z;_M)) (6.9)
a€oi

For the special case of the BEC one can make further simplifications as dicussed
in Section 6.3.

Scheduling on general factor graphs

If the factor graph is a tree, then message-passing starts from the leaf nodes and
messages propagate through the graph until a message has been sent on each
edge in both directions. However, cycle-free parity-check codes do not perform
well. This is true even if we allow optimal decoding. Hence we have to use codes
whose graphs have cycles.

Given a factor graph with cycles, the order in which messages are computed
has to be defined explicitly and in principle different orders might result in differ-
ent performance. We call such an order a schedule. A naive scheduling which is
convenient for the analysis of belief propagation is the flooding or parallel sched-
ule. In this schedule at each step every outgoing message is updated according
to the incoming messages in the previous step.

In more details, every iteration consists of two steps. In the first step we
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compute the outgoing messages along each edge at variable nodes and we forward
them to the check node side. In the second step we then process the incoming
messages at check nodes, and compute for every edge at check nodes the outgoing
messsage and send it back to variable nodes. What about the initial condition?
At the very beginning, none of the messages except the ones coming from the
channel are defined. So in order to get started, we set all “internal” messages to be
“neutral” messages, [i,—i(+1) = 1/2. If we represent messages as log-likelihood
ratios, this means that we set all internal messages to lAaHZ- = 0. One can check
that for a tree this prescription reduces to the initial conditions dictated by the
theory developped in Chapter 5.

Let us formalize the above discussion. Iterations are indexed by “time”, a

t

discrete integer ¢ > 1. At iteration ¢ in the first step we have messages [;_,,

flowing (in parallel) from variable to check nodes and in the second step we have
messages [!_, , flowing from check to variable nodes. They satisfy

7t—1
{g%a = h" + ZbEai\a lb—)i (610)
lfz—m = atanh{njeaa\i tanh l;—)a}
The iterative process is initialized with lgi)a = /}l(iz = 0. The total estimated
likelihood ratio for bit ¢ at time ¢ is
et ST (6.1)
a€oi

and the BP estimate of bit ¢ at time ¢ is

527 = sign(tanh 1t) = sign(?) (6.12)

Message Passing and Scheduling for the BEC

The BEC is a very special binary input memoryless channel. As depicted in
Fig. 1.2, the transmitted bit is either correctly received at the channel output
with probability 1 — € or erased by the channel with probability € and thus,
nothing is received at the channel output.® The erased bits are denoted by E.
For example, if s; = 1 (resp. s; = —1) is transmitted in the BEC, then the set of
possible channel observations is {1, E'} (resp.{—1, E'}). The log-likelihood ratios
corresponding to the various channel observations are

1 1—¢
2 ln( ) = +00 Yy = 07
1 p(yilsz-:l)} ey
hizln{ =¢L1in(e) =0, =F,
2 ™Mby [si = -1 ~ |2 Y
5In(y=) = -0, y=1
Now, since the initial condition for the internal messages is ZE _; = 0, the it-

erations (6.10) imply that at later times lﬁﬂa,lAin € {0,+00}. This allows to
further simplify the BP equations.

3 The position of the erased bit is known and only its value is unknown.
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According to the variable-node rule the outgoing message from a variable node
is +00 (or —oo) if at least one incoming message from one of its neighbors is +o00
(or —c0), otherwise it is equal to 0. Note that it is not possible that a variable
node receives both +00 and —oo simultaneously. This is due to the fact that by
assumption the transmitted word is a valid codeword and that the channel never
introduced mistakes.

Since tanhl;_,, € {£1,0}, we can use tanhl;,, = sign(l;—,) to simplify the
updating rule of check nodes to the following equation,

z?z—m’): H Sign(l;’—m)' (6.13)
j€Da\i

sign(

This discussion shows that on the BEC, knowing the sign of all incoming
messages is sufficient to compute outgoing messages, thus we can assume that
the set of messages is {0, £1} instead of {+00,0}. At check nodes the operation
is then simple multiplication. At variable nodes, if at least one of the incoming
edges is non-zero, then all non-zero incoming messages must in fact be the same
and the outgoing message is this common value. Otherwise, when all incoming
messages are 0, the outgoing message is also 0.

For the BEC, but only for the BEC, we can implement the parallel schedule in
a more efficient manner. Some thought shows that the messages emitted along a
particular edge can only jump once, namely from 0 to either the value +1 or —1.
After the value has jumped it stays constant thereafter. Further, the message can
only jump if at least one of the incoming messages jumped. Therefore, rather than
recomputing every message along every edge in each iteration, we can just follow
changes in the messages and see if they have consequences. As a consequence,
we have to “touch” every edge only once and so the complexity of this algorithm
scales linearly in the number of edges.

Two Basic Simplifications

To analyze the performance of the (I, r)-regular LDPC ensemble over a channel,
we pick a code C uniformly at random from the ensemble of graphs and run
the message passing algorithm. For a given code C and channel parameter ¢, let
Pppy(C, s e, t) denote the average bit-wise error probability of the BP decoder

at iteration ¢, when the input codeword is s™™. Explicitely,
Pgp1,(C,s™, €,t) = 1 XH:P(gBP’t £ sih)
) 1= 1 n . i i
=1
1 - 1 in~BP,t
=D S (1= Epyn[s"577) (6.14)
i=1

where Pj,|gin and [Ej,|gin are the probability and expectation with respect to chan-
nel outputs conditional on the input word (see Chapter 3). We will study the
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behavior of Pppy,(C, s €, ) in terms of € and ¢ as a measure of performance of
the code C.

For the BEC, we either can decode a bit correctly, or the bit is still erased at
the end of the decoding process. Therefore, in this case we typically compute the
bit erasure probability. If we want to convert this into an error probability, then
we can imagine that for all erased bits we flip a coin uniformly at random. With
probability one-half we will guess the bit correctly and with probability one-half
we will make a mistake. Therefore, the bit erasure and the bit error probability
are the same up to a factor of one-half. In our calculations it is always more
convenient to compute the erasure probability for the BEC (this is simply (6.14)
without the factor 1/2). But our language reflect the general case and so we will
also talk about error probabilities.

Restriction To The All-One Codeword

In Chapter 3 we showed that the bit-wise MAP error probability is independent
of the transmitted codeword as long as the channel is symmetric. Something
similar holds for the BP decoder. Therefore we can analyze the error probability
of the BP decoder assuming that si® = 1, i = 1,...,n, was transmitted (the
"all-zero” codeword z'™ = 0). In formulas, we claim that (6.14) equals

11 =
Pppp(C,et) = o Z 5(1 —Epp [577) (6.15)

i=1

This is true in a more general setting than the present one. In general, for the
statement to hold we need two kinds of symmetry to hold: channel symmetry (see
Chapter 3, Section 3.2) and decoder symmetry. Decoder symmetry here means
that at check nodes the magnitude of the outgoing message is only a function
of the magnitude of the incoming messages, and that the sign of the outgoing
message is the product of the signs of the incoming messages. At variable nodes,
we require that if the signs of all the incoming messages are reversed then the
outgoing message also just changes by a reversal of the sign. Equations (6.10)
show this is obviously the case for the BP decoder. But often one implements
simplified versions of this decoder for which the symmetry conditions also hold.

For the BEC and BP decoding it is particularly easy to see why (6.15) is true.
If we go back to the message-passing rules for this case, we see that both at check
nodes as well as at variable nodes we can determine if the outgoing message is an
erasure or not by only looking how many of the incoming messages are erasures,
and we do not need to know the values of the incoming messages. Therefore,
the final erasure probability only depends on the erasure pattern created by the
channel, and is independent of the transmitted codeword.

For general symmetric channels (6.15) is proved by using the two symmetry
conditions stated above. The proof is the subject of an exercise.
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Concentration

The second major simplification stems from the fact that, rather than analyzing
individual codes, it suffices to assess the average performance of the code ensem-
ble. When this is true the individual behavior of elements of an ensemble is with
high probability close to the ensemble average. More precisely one can prove the
following statement.

Concentration of bit-wise BP error probability: Let C, chosen uniformly at
random from the Gallager ensemble LDPC(d,,d.,n), be used for transmission
over a binary-input memoryless symmetric channel. Then, for any given ¢ > 0,
there exists an o > 0, « = «(d,, d., d), such that

]P){|PBP7b(C, E,t) —E [PBP,b(Ca e,t)] | > 5} <e " (616)

where here P and E refer to the code ensemble.

In words, all except an exponentially (in the blocklength) small fraction of
codes behave within an arbitrarily small § from the ensemble average. Therefore,
assuming sufficiently large blocklengths, the ensemble average is a good indicator
for the individual behavior and it seems a reasonable route to focus one’s effort on
the design and construction of ensembles whose average performance approaches
the Shannon theoretic limit.

Concept of Computation Graph

Message passing takes place on the local neighborhood of a node. At each itera-
tion, variable nodes send their beliefs I; ., along their edges toward check nodes,
and then check nodes compute the outgoing message la_si for each of their edges
according to the beliefs of incoming edges and send it back to the variable nodes.
Afterwards, each variable node updates the outgoing messages along its edges
according to beliefs returned back on its edges.

Therefore, after ¢ iterations, the belief of a variable node depends on its initial
belief h; and the beliefs of all the nodes placed within (graph) distance 2t or
less. The graph consisting of these nodes is called the computation graph of
that variable node of height ¢. Figure 6.1 illustrates, the factor graph of a (2,4)-
regular LDPC code and the computation graphs of node 1 with height 1 and
height 2. On this example the computation graph of height 1 is a tree because
each labelled node appears only once. The computation graph of height 2 is not
a tree because some nodes appear more than once. Nevertheless the computation
graph is always conveniently ”depicted” as a tree.

If a computation graph is a tree, then no node is used more than once in
the graph. Therefore the incoming messages of each node are independent. But
note that by increasing the number of iterations, the number of nodes in a
computation graph grows exponentially and thus in at most clog n steps, where
c is some suitable constant, some node will necessarily be reused. It is clear that
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Figure 6.1 The factor graph of a (2,4)-regular LDPC code with 6 variable nodes, and
the corresponding computation graphs of node 1 for the first iteration and second
iterations. For one iteration the computation graph is a tree. It is not a tree for two
iterations.

small computation graphs are more likely to be tree-like than large ones and that
the chance of having a tree-like computation graph increases if we increase the
blocklength.

Let us discuss this last point in more detail. Let T; denote the computation
graph of a variable node chosen uniformly at random from the set of variable
nodes of height ¢ in the (d,, d.)-regular LDPC ensemble. If the height ¢ is kept
fixed then

lim P (7} is a tree ) = 1. (6.17)

n—oo
We only give a sketch of the proof. We are given the randomly chosen variable
node and we construct its computation graph of height ¢ by growing out its “tree”
one node at a time, breadth first. We use the principle of deferred decisions. This
means that rather than first constructing a particular code, then checking if the
corresponding computation graph is a tree and then averaging over all codes we
perform the averaging over all codes at the same time as we grow the tree, in
other words we defer the decision of how edges are connected until we look at
a particular edge and reveal its endpoints. Note that a computation graph of a
fixed height has at most a certain number of nodes and edges. At each step when
we reveal how a particular edge is connected there are two possible events. The
newly inspected edge is either connected to a node which is already contained in
the computation graph. In this case we terminate the procedure since we know
that the computation graph is not a tree. Or the edge is connected to a new
node, maintaining the tree structure. Since not yet revealed edges are connected
uniformly at random to any not yet filled slot, the probability of reconnecting
to an already visited node vanishes like 1/n, where n is the blocklength. By the
union bound, and since we only perform a fixed number of steps of order, it
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follows that the probability that the computation graph is indeed a tree behaves
like 1 — O(1/n), which proves the claim.*

Density Evolution

We will now show how to compute the bit error probability under BP decoding.
According to (6.15), given a code C from the ensemble, and a variable node i
selected uniformly at random, we should compute the expectation of /S\?P’t. A
look at (6.12) shows that we should determine the probability distribution of
It. The difficulty here is that this depends on previous iterations in which the
messages are not independent. Fortunately the concentration result(6.16) and
the local tree like property (6.17) allow to by-pass this problem, at least in the
limit where n grows large and ¢ is fixed (but arbitrarily large).

From the concentration (6.16) of the error probability it suffices to compute
the average (over the code ensemble) error probability

PBP,b(d'Ua dCa €, t) = nEI—PooE[PBP’b(C, €, t)]v (618)

and since the computation graph 7; of a random vertex of fixed height ¢ is a tree
with probability 1 — O(1/n) we get

Pgp b(dy, de, €,t) = nETooE[PBva(C’ €,t)|Ty is a tree ]. (6.19)

Our task is therefore reduced to the computation of the probability distribution
of It on a tree T;. This problem can be handled quite easily, at least in principle,
because the incoming messages to each node of this tree are independent.

It is common to refer to the iterative equations governing the probability
distributions of messages on the tree as the Density Fvolution (DE) equations.
For the BEC these are a simple set of algebraic (polynomial) equations and
we first give their derivation in this simple case. For general channels these are
integral equations, but as we will see their derivation is (conceptually at least)
not much more difficult.

DE equations for the BEC

Consider a computation tree T; with height t. We divide this computation graph
into t 4+ 1 levels, from 0 to ¢t. We label the levels by m = 0,--- ,¢t. Level m =0
contains the leaf nodes, level m = 1 contains the parent check nodes and the
grandparent variable nodes of the leaf nodes, etc (see Fig. 6.2). Recall that the
messages can be reduced to the alphabet {0,+1} where 0 corresponds to an
erasure and £1 to known a known value of the bit.

Every variable node at the m-th level is the root of a computation tree with
height m. Consider the outgoing message € {0, £1} emitted by a variable nodes

4 A more detailed argument shows that the ¢ dependence of O(1/n) grows as (dydc)?.
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towards its parent check node in the m + 1-th level. It is equal to either an
erasure message 0 with probability z,, or a known value +1 with probability
1 — x,,. Now consider level m + 1. Each variable node is connected to d, — 1
check nodes and each check node is connected to d. — 1 variable nodes of m-th
level. Consider the outgoing message € {0, £1} emitted by a check node towards
its parent variable node in the same level. We call y,,, the probability that this
message is an erasure 0.

The outgoing message of a check node is an erasure, if at least one of its
incoming messages is also an erasure. Since on a tree the incoming messages are
independent, the probability that a check node at level m + 1 sends an erasure
message to its parent variable node is

Ym = 1- (1 - xm)dc_l (620)

The outgoing message from a variable node of m + 1-th level is an erasure if its
initial message from the channel is erasure and all of its children (check nodes) at
level m+1 also send erasure messages. Moreover on a tree the incoming messages
are independent, hence

Tppy1 = eyle™! (6.21)

Equations (6.20) and (6.21) are the two Density Evolution (DE) equations for
the BEC. Of course they can be merged into a single iteration

Tmpr = €(1— (1= @) )P0 (6.22)

By definition, the outgoing message at level 0 is an erasure with probability
xo = €. Thus x¢ = € serves as the initial condition for DE iterations.

The erasure probability of the root of T, which is connected to the d, check
nodes of level ¢, is equal to (1 — (1 — x;_1)%~1)9. Since for each erased bit
we flip a coin to decide if we decode it as a +1 or a —1, the average bit-error
probability of the BP decoder finally is one-half times the erasure probability,

€ _
Pep.b(dy, de, €, 1) = 5(1 — (1 —zy_q) %), (6.23)

Obviously successful decoding corresponds to lim;—, 4, ¢ = 0 since then the
error probability tends to zero. In section 6.7 we give the analysis of the density
evolution equation and draw conclusions for this bit-wise BP error probability
and its threshold behaviour.

DE equations for general BMS channels

Luckily it turns out that exactly the same type of analysis works for general
binary memoryless symmetric (BMS) channels. The density evolution equations
for the BEC (6.20), (6.21) are polynomial equations relating probabilities z,,
and y,, of erasure messages. They also involve the channel erasure probability e.
For general BMS channels the density evolution equations are integral equations
relating probability distributions for the messages of type [;_,, and lAa_n after
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Figure 6.2 A computation graph of (2, 3)-regular LDPC code with height ¢. The graph
is split into t 4 1 levels.

a certain number of iterations. Besides they involve the channel distribution
c(h|1).® There exists a beautiful and helpful algebra of “convolution” operations
over probability distributions that allows one to directly transfer all the intuition
gained on the BEC. We first define the convolution operations and state their
main algebraic properties.

Variable node convolution: The first one is the standard convolution ®. Let {1
and Il be two independent random variables with distributions a4 (1) and az(1).
Then their sum [ = [; + [ is distributed as

(a1 X ag)(l) = /R2 dlla(ll)dlga(lg)é(l - (ll + 12)) (624)

Check node convolution: The second type of convolution® is denoted by B and
is defined via by the distribution of ! = atanh(tanhl; tanhls),

(ag Bag)(l) = /}R2 dlya(ly)dlza(l2)6(l — atanh(tanh Iy tanhiy)) (6.25)

Algebraic properties of convolutions: It is clear that ® is commutative and
associative and that the neutral element is a Dirac mass at the origin Ag(l).”
We leave it as an exercise to the reader to show that H is also commutative,

associative and that the neutral element is Ay (1), the Dirac mass at +o0o. Both
5 We will pretend that all probability distributions have densities. This is not really true and
it is important to take into account probability distributions which are convex
combinations of densities and Dirac masses. However, practically, this makes no difference
in the formalism except for introducing technicalities that only serve to obscure the picture.
If we are willing to bring all random variables to a different domain B becomes a usual
convolution. We do not pursue this further here but it is useful to know that leads to
computational efficient ways of performing the check node convolution in practice.

7 In this context it is customary to use the notation Ag(l) instead of §(1).
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operations are linear: (a; +a2) ® ag = (a1 ® ag) + (a2 ® a3) and (a1 +ag) Bag =
(a1 B a3) + (ag B ag). We stress that the two operations do not “mix” well
together in the sense that (a; ® as) B as # a; ® (ag H ag). Also there is nothing
like distributivity in the sense that (a; Hag) ® a3 # (a1 ® ag) H (ag ® ag).

We are now ready to derive the density evolution equations. Consider again the
computation tree T; with height ¢, with the division into t+1 levels, from 0 to ¢ as
before (Fig. 6.2). Look at level m+ 1. At a variable node, the incoming messages
are independent (real valued) random variables sent by the d,, — 1 children check
nodes. Let these messages be Z\l, .. ,Z\dv_l and their common distribution y,, (lA)
The BP equations tell us that the outgoing message from the variable node to
the check node (both at level m + 1) is

I=h+T+ -+ lg,

Let x,,4+1(l) denote the probability distribution of the outgoing message. Since
the outgoing random variable is the sum of independent random variables, the
density of the outgoing random variable is the convolution of the densities of the
incoming random variables,

Xmi1 = c @ y@d L, (6.26)

Here we use the notation y&%~! for y,, ® - - - ® y,, convolved d,, — 1 times. This
equation is the analog of (6.21). Now we seek an equation for y,, in terms of
Xm. At check nodes of level m + 1 the incoming messages are d. — 1 independent
random variables coming from the children variable nodes of level m. Call the
random messages l1, - - - , 4,1 and denote their probability distribution by x,,({).
From the BP equations the outgoing message from check nodes to the variable
node (both at level m + 1) is

de—1
1= atanh ( H tanh lz)>

and we have for the probability densities
Ym = X;I;]defl . (627)

As above, we use the notation X;',HLdC’l for x,, H---Hx,, convolved d. — 1 times.
This equation is the analog of (6.20).

Equations (6.26) and (6.27) are the DFE equations for general BMS channels.
Combining them into a single equation yields

Xmp1 = € ® (xDde—1)@dv—1 (6.28)

(also traditionally called DE equation). These iterations are initialised with
xo(1) = c(l]1).

We can now compute the bit-wise probability of error of the BP decoder. In
the final step the BP algorithm computes the log-likelihood ratio associated to
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the root node as a sum of all messages incoming from d, children check nodes
plus the one coming from the channel,

I=h+li+lg,.

Since on the computation tree all messages are independent, the distribution of
[ is equal to ¢ ® (y;_1)®%, or

c® (x4

From (6.12) and (6.15) we see that the average bit error probability is

+oo 1
Pop.s(dy, de,,1) = / dl 5 (1 =sign(D)(c @ (5 7)*)(@W) . (6.29)
This can also be written as
0_ 1 [0+
di(c® (52O + 5 [ dl(e® x2FH)0). (6.30)

—00 0_

The second term takes into account the possibility of a Dirac mass at the origin
which corresponds to an erasure for which a decoding decision is taken by flipping
a coin. Successful decoding corresponds to x; approaching A, as t — 400 since
then the error probability approaches zero. This is easily seen at a formal level
just by using that A, is a neutral element for B and an absorbing element for
®. For mathematically rigorous techniques of analysis the interested reader can
consult Section 6.8.

Of course, the DE equation (6.28) and the error probability (6.30) reduce to the
BEC expressions. On the BEC and under the all-zero codeword assumption, the
messages remain in the alphabet {0,4o0c}. Thus all densities are parametrized
as as c(h|l) = eAg(h) + (1 — €)Ax(h) and x,, (1) = 2 Ao(l) + (1 — 2m) A (1),
Ym (1) = ymAo(l) + (1 — ym) A (l). Tt is an instructive exercise to recover (6.22),
(6.23) from this parametrization.

Analysis of DE Equations for the BEC

We have seen that the bit probability of error of the BP decoder (6.23) can be
computed from the DE recursions (6.22). We will show here that a threshold
phenomenon appears. Namely there is a noise threshold egp, called the BP-
threshold, such that for ¢ < epp the limit of Pppy(dy,d.,¢€,t) vanishes when
the number of iterations ¢ — +oo, while for € > egp this limit remains strictly
positive.

In order to compute lim;_, 4o Prpp(dy, de, €,t) we have to analyze the recur-
sion xy = f(€,x4—1) where

flew) = el = (1—a)® ! (6.31)
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and the initial condition is o = 1.8 We ask whether the sequence {z;} converges
to 0 or not. In case it does, the decoding is successful, otherwise it fails.

Note that the function f(e, x) is increasing in € and x for €,z € [0, 1]. This is
key to prove the following.

LEMMA 6.1 Let2<d, <d. and 0 <e<1. Letxg=1 and z; = f(e,x1_1),
t > 1. Then (a) The sequence {z;} is decreasing in t; (b) If € < e then z;(e') <

$t(6),

Proof Let us first show that the sequence {z;} is decreasing. We use induction.
The first two elements of the sequence are xg = 1 and x1 = f(e,20) = e,
so xg > x1. Therefore, for ¢ > 2, we assume z;_1 < z;_5 as the induction
hypothesis. Since f(e,x) is increasing in z, we obtain f(e,x:—1) < f(€,2¢—2).
The left hand side is equal to x;, and the right hand side to z;_1, and we deduce
that z; < x;_1. To prove the second claim, we use induction once more. Assume
that ¢ < e. Then z1(¢') = ¢ < e = z1(€). The general statement is deduced as
follows,

ze(€") = (€', 21-1(€) < fle,we-1(€) < fle,2-1(€)) = me(e),

where the first inequality follows from the fact that f(e,z) is increasing in e,
and the second inequality follows from it being increasing in x together with the
induction hypothesis. O

From part (a) of lemma 6.1, it follows that z;(e) converges to a limit in [0, 1],
limy¢_, 4 oo 1 (€) = Too(€). From the continuity of the function (6.31) we conclude
that the limit of the density eveolution iterations is a solution of the fixed point
equation

Too(€) = f(€,To0(€)). (6.32)
From part (b) of the lemma, it follows that if x;(¢) — 0 for some ¢, then z;(¢’) — 0
for all € < e. Let zoo(€) = limy_yoo x4(€). Then x4 (€), as well as the error
probability
. € _
Jim Prpp(do, de, 6 8) = 5 (1= (1 - Too(€)) B h)de, (6.33)

are increasing in € as shown in Figure 6.3. Hence we can define the quantity
epp = supq{e: xoo(€) = 0}

which we call the BP threshold.

There is a graphical way to characterize this threshold. Note that x.(€) is a
solution of the fixed point equation x = f(e,z). Thus, if f(e,x) —z < 0 for all
x € [0,€], then xo(€) = 0. For the converse, as soon as there is a fixed point
f(e,x) = x in the interval ]0, €], we have that zo > 0. In fact it is easy to check
that this condition can be further simplified since there never can be a fixed

8 Strictly speaking we should set zg = e. But since, if we set g = 1 then z1 = €, we may as
well start iterations with xzg = 1.
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fle,x) —x
Too(€) = lim; oo 24 (€) T
\\ -
/ o
€3
€2
€ €1

€1 <€ <€e3<€g <65

Figure 6.3 Left: Monotonicity of x- as a function of e. It is not difficult to show that
for d, > 3, d. > dy, Too jumps at the threshold, and for d, = 2, d. > d, Too changes
continuously at the threshold. Right: The threshold egp is the largest channel
parameter so that f(e,x) — 2 < 0 for the whole range = € [0, 1]. The picture here
corresponds to the case d, > 3.

point in e, 1] as f(e,z) < e. Therefore, if f(e,z) —x < 0 for all x € [0,1], then
Zoo = 0. For the converse, as soon as there is a fixed point f(e,z) = x in the
interval ]0, 1], we have that x4 (¢) > 0. This condition is graphically depicted in
Figure 6.3.

EXAMPLE 20 For the (3,6)-regular ensemble, we get ezp = 0.4294. Note that
the rate of this ensemble is R =1 — [;TZ = % Therefore, the fraction 0.4294 has
to be compared to the erasure probability that an optimum code (say, a random
linear code) could tolerate, which is €spannon = 1 — R = % We conclude that
already this very simple code, together with this very simple decoding procedure

can decode up to a good fraction of the channel capacity. O

Analysis of DE equations for general BMS channels®

The elementary analysis for the BEC can be extended to the class of general
symmetric channels. Although the main ideas are the same, the functional nature
of the DE equation (6.28), x¢+1 = f(c,x¢) with

fle,x) = c@ (xPdem @bl (6.34)

makes the analysis technically more challenging. Here we give a brief sketch of
the theory.

9 This section is not needed for the main development and can be skipped in a first reading.
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Ordering by degradation of symmetric distributions

The analysis for the BEC rests on the monotonicity in € and x of the function
f(e,x). We will need analogous properties for the functional (6.34) on the right
hand side of the DE recursion (6.28). The key is to introduce a partial order
relation between distributions.

The DE equations preserve the symmetry property of the initial channel dis-
tribution. In other words when we initialize the DE recursion with x¢ (1) = c(I|1),
which satisfies the symmetry condition c(I|1) = e~2c(—I|1), we have for all ¢ > 1,
x¢41(1) = e~ 2x;(—1). For this reason, we may restrict ourselves to the space of
symmetric distributions satisfying

a(l) = e 2a(-1). (6.35)
Define the moments
Mi(a) = / dl a(l)(tanh 1),
It is not difficult to see that the symmetry condition implies
Msj—1(a) = Mag(a) (6.36)

for all integers k > 1. Symmetric distributions can be entirely characterized by
their even moments: if two symmetric distributions a and b have the same set
of even moments, Mg (a) = Mok (b), then they must be equal. Indeed, by the
symmetry condition their odd moments are also equal, and since all moments
are less than 1, Carleman’s criterion'”
unique measure from the set of even moments, which implies a = b.

Let us now define ordering by degradation. We say that as is degraded with
respect to aj, and write ag > a; if an only if Mg (az) < Mag(aq) for all integers
k € N*. The following example gives the intuitive meaning of this concept.

is satisfied; thus one can reconstruct a

EXAMPLE 21 Consider the likelihood distribution of the BEC channel ¢ (h|1) =
eAg(h) + (1 — €)Ax(h). Note that it is symmetric and that the moments are
Mog—1 = Mo, =1 — € for k > 1. Take two channels c., and ¢, with es > ¢;.
According to our definition we have c., > c., because 1 — ey < 1 — ¢;; in other

words “c., is degraded with respect to c,”

means that “c., is more noisy than
ce,”. We leave it as an exercise to the reader to show that the same interpretation

applies to our other basic symmetric channels, the BSC and BAWGNC. O

As a side remark note that we can associate a BMS channel to any sym-
metric distribution satisfying (6.35). The idea is to think of the distribution as
a “likelihood distribution” for some channel. The transition probability of the
channel can be explicitely constructed through the identities p(y|+1)dy = a(l)dl,

p(—yl—1) =p(yll) and I = 1 1In ggzii% There is an intuitive characterization

10" Carleman’s criterion states that: if a sequence of finite real numbers {mo = 1, m1,ma, -}
are the moments of a probability distribution on R, i.e., my = fch(:t)ack7 and furthermore
22_;.01 (may)~1/2F = 400, then there is a unigue such probability distribution.
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of the relation as > a; in terms of the associated channels po(y|s) and pi(y|s).
Namely there must exist a channel g(y|s) such that p2(2|s) = >_, q(z[y)p1(yls).
In other words the channel associated to as is more noisy than the one associated
to aq.

Ordering by degradation is preserved under the two convolutions operations
® and H. More precisely if a; > as and b are symmetric distributions we have:

aa®b>=a; ®b and bHay >=bHa;.

The proof of these assertions is the subject of an exercise.

Entropy distance, entropy functional and moment expansions

For the BEC, besides monotonicity of f(e,x), another important ingredient was
the continuity of the function with respect to € and x. Here we introduce a
suitable distance in the space of symmetric distributions that allows to prove
analogous statements. We do not wish to introduce sophisticated topological
language here and we proceed in a pedestrian way that will be sufficient for our
purposes.

For any two symmetric distributions a and b define

_ | Mz, (a) — Moy (b)|
d(a,b) = ; WD) (6.37)

It is easy to see that this is a well defined distance, i.e. it is symmetric, satisfies
the triangle inequality and vanishes if and only if a = b. We call it the entropy
distance.

Let us show that this distance is naturally related to a notion a entropy. We
define the entropy functional

H[x] = /dl x(1)In(1 4 e~ %) (6.38)

which is in fact precisely the Shannon conditional entropy H (X|Y") corresponding
to a symmetric channel p(y|s) whose likelihood distribution is x(I) where I(y) =

%In % and y ~ p(y|1). Using the expansion

too (_1 k+1
In(l+e ?)=Imn2—In(1+tanhl) =In2 — Z T(tanhl)k
k=1

and the equality of even and odd moments we get the moment expansion of the
entropy functional

—+o0

- M2 (X)
H[X]-an—I;Wk_D.
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Now, by linearity of the entropy functional (6.38)

+oo .
Hla—b] = ; Mg’;(kb()% iwf)’f(a). (6.39)
which implies (6.39)
d(a,b) = Hla—D], if a>bh. (6.40)

(recall that a > b was defined as Moy (a) < May(b) for all k > 1).
All continuity and convergence statements in the next paragraph are base on
the following two handy inequalities. For a > b and any symmetric x

H[x® (a—b)] < Hla—b] =d(a,b),
H[xH(a—b)] < Hla—Db] =d(a,b)
To prove the second inequality we use the moment expansion (6.39) and the fact

that moments are multiplicative for the B operation, May (aHb) = Moy (a) Moy (b)
(see exercises)

b)] = i’" Moy (x Bb) — My (x B a)

HixE8 (a— 2k(2k — 1)

k=1

_ +i:'° MQk(X) MZk(b) - MQk(a)

e 2k(2k — 1)
X Moy (b) — Moy (a)

<Y k=1

= H[a—b]

The first inequality is less straightforward because the moments are not muti-
plicative for the usual convolution ®. But we can use the duality rule H((a —
b)® (a’ — b)) = —H((a—b) B (a/ — b)) (see exercises) as follows

Hlx® (a—b)] = H((x — Ax) ® (a - )]
— —H((x — A) B (a— b)]

B +oo MQk(b) — MQk(a)
+o0 B )
- ;(M%(Aw> - Mayo) M)

Z Moy (b) — May(a)
= 2k 2k 1)

:H[afb]
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Analysis of DE recursion and the BP threshold

Let us first prove that the functional f(c,x) on the right hand side of the DE
recursions (6.28), is “increasing” with respect to the distributions ¢ and x. Since
ordering by degradation is preserved by convolution we obviously have f(co,x) >
f(c1,x) when co >~ ¢1. Now, notice that if as > a; and ba > by then ag ® by >
a; ® by and a; ® b = a; ® by, so also = as ® by = a; ® by. Generalizing, for

a; =b;,i=1,...,nwehave a1 ® - - - ®a, > by ®---Rb,. The same statements
are true if we replace ® by H. Thus for x5 > x; we get xgadc_l - xgEdc_l, and

then (xPdel)@do—1 o (xBde=1y@du =1 314 finaly f(c,x2) = f(c,x1).

Consider a family of channels ¢, parametrized by e (for example a noise level).
We say that the family of channels is ordered by degradation when c. < c. for
€ < €. The BEC, BEC or BAWGNC are three such families.

We are now ready to prove the analog of Lemma 6.1

LEMMA 6.2 Let 2 < d, < d. and c. be family of channels ordered by degra-
dation. Let xg = Ag and x¢ = f(ce,x4—1), t > 1. Then (a) The sequence of
distributions {x;} is decreasing in t in the sense x441 < x¢; (b) If cc < cor then
x¢(ce) < x¢(cer).

Proof We first show the claims by induction. We have xq = Ao(j and x; =
f(e,x0) = ¢, so xo > x1. Therefore, for ¢t > 2, we assume x;_1 < X;_o as the
induction hypothesis. Since f(c,x) is increasing in x, we obtain f(c,x¢—1) <
f(c,x¢—2) and we deduce that x; < x;_1. To prove the second claim assume that
Ce < Ce. Then x;(c.) = cc < ¢ = x1(cer). The general statement is deduced
similarly to the case of the BEC: x:(cc) = f(ce,x¢—1(ce)) < f(cer,xe—1(ce)) <
f(CE/,Xt_l(Cel)) = Xt(Ce/). ]

Statement (a) of the Lemma says that DE iterations give a ”decreasing” se-
quence of probability distributions xg = Ag > X1 = ¢ > Xg = -+ = X¢ > ....
This means that for each & > 1 we have an increasing sequence of moments
Mgk(Xo) =0< Mgk(Xl) = Mgk(c) < Mgk(Xg) < ...Mgk(Xt) < ..., and
since this sequence is bounded by 1, it converges to a real number in [0, 1].
Let m33, be the limits for each £ > 1. Since even and odd moments are equal,
odd moments also converge towards the same set of numbers m3;_; = mgy.
2|=1/k > 1 Carleman’s criterion'! is satisfied thus the set of num-
bers {m}°} are the moments of some probability distribution x., with moments

Since |m
Mog—1(X00) = Mag(x00) = m$5_; = m35. To summarize, we have x; — X in
the sense d(x¢,Xo0) — 0.

LEMMA 6.3 The limiting distribution X is a solution of the DE fized point
equation Xoo = f(C,Xoo)-

Proof In the case of the BEC this statement was quite trivially obtained directly
from the continuity of f(e, ). For general channels we use the tools introduced

11 pamely that S5 (mgs)~1/2F = +oo
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above. It is sufficient to show d(x, f(C, X)) = 0 because then all moments of
Xoo and f(c,Xo) are equal and by Carleman’s criterion the two distributions
must be equal. By the triangle inequality for any ¢,

d(Xoo, [ (€ X00)) < d(Xoo, Xp41) + d(Xe41, f(¢,x¢)) + d(f(c,x¢), [, Xo0)) -

The second term vanishes because x;11 = f(c,x¢). We now argue that the lim-
its of the first and third terms when ¢ — 400 vanish. By construction of x.,
limyg s 4 oo Mog(xt) = M(Xoo), which implies lim;—, o d(Xoo, X¢+1) = 0 by domi-
nated convergence. To compute the limit of the third term we recall that x; > X

SO
d(f(cvxt)v f(cvxoo)) = H(f(C, Xt) - f(CaXoo)
=H(c® ((X?dc—l)@)dv—l _ (Xilidc—l)®dv_1))
< H((Xgﬂdcfl)éédv—l _ (X?édc_l)@dv_l)
= H((Xgﬂdcfl _ Xélidc—l _i_Xélédc—l)@dU—l _ (Xidc—l)(gdu_l)
dy—1

Il
M

dy— 1 B
( » )H((xgﬂdc L xBd—1y8p g (xBde—1y8ds—1-p)

v—1

> (e xEe
p

p=1
— (2(1,,—1 _ 1)H(XEEdC71 _ Xé.idc_l) )

IN

The last entropy is estimated thanks to similar tricks,

(P = x10e1) = H (x5 — 0 +3000) B = 530

& d -1
= ( c )H((xt — Xoo) B A xBdem17a)
q

g=1
< (2% D) H (% — Xoo) -
Putting these results together we obtain the simple inequality

d(f(C, Xt)a f(C,Xoo)) S (2dv71 - 1)(2dC71 - 1)H(Xt - Xoo)
=% = D% = Dd(xt, xc0)

which implies (by an argument above) lim;_, o d(f(c,x¢), f(¢,Xs0)) = 0. O

From statement (b) of the lemma, it follows that if x;(c.) = Ao (in the sense
that d(x¢, As) — 0) for a channel c., then x:(ce) = Ay for a less noisy channel
ce < c.. Hence we can define a BP threshold as

€BP = SUP{€ : Xoo(€) = Ao}

Not surprisingly, with a bit more work, one can show that the DE fixed point
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allows to calculate the probability of error

—+oo

Jlim PBp,b(dv,dc,e,t):/ dl%(lfsign(l))(c€®(Xi.idfl)d“)(l), (6.41)
—+o0

—o0
For € < egp we have x, = A, which yields a vanishing probability of error. It
is also possible to show that above egp this is an increasing function of e.

EXAMPLE 22 If we consider e.g., the BSC, then DE predicts a threshold for the
(3,6)-ensemble of €2 = 0.084. This means that as long as the channel introduces
fewer than 8.4 percent errors, the BP decoder will with high probability be able
to recover the correct codeword from the received word. Note that for rate one-
half the maximum number of errors which a capacity-achieving code can tolerate
is around 11 percent. So we see that, as for the BEC, the simple (3, 6)-regular
ensemble achieves a good fraction of capacity under BP decoding. ([l

Exchange of limits

At this point some readers might be slightly worried. We have defined density
evolution by looking at the errors which remain after ¢ iterations when we take
the blocklength to infinity. Subsequently we have analyzed DE by looking what
happens if we take more and more iterations. In short, we have looked at the
limit limy_y oo lim, o0

This is certainly a valid limit, but if the implication is sensitive to the order in
which we take the limit then one might worry how well experiments for “prac-
tical” block lengths of lets say thousands to hundreds of thousands of bits and
“practical number of iterations” lets say dozens to hundreds of iterations might
fit the theory. At least for the BEC there is a fairly simple and straightforward
analytic answer: the limit is the same regardless of the order and can also be
taken jointly.

We will not prove this result here. The key is to consider the converse limit
lim,, o lim;_, and to prove that it gives the same result. Note that due to
the special nature of the BEC, the performance is monotonically decreasing in
the number of iterations (things only can get better if we perform further itera-
tions). From this basic observation we can deduce the following: Let t(n) be any
increasing function so that ¢(n) tends to infinity if n tends to infinity. Then, for
any channel parameter €, the error probability under the limit lim,, .. lim;_ o
is no larger than the error probability under the joint limit when ¢ = ¢(n), which
in turn is no larger than the error probability under the limit lim;_, o lim,, 0.
If now we can show that the two extreme cases have the same limit, then any
joint limit also has this same limit.

For the BEC the limit lim,, ,, lim;_,, can in fact be analyzed. The technique
is to use the so-called Wormald method, a method which we will encounter soon
when we will analyze simple algorithms to solve the K-SAT problem.
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For the general case the situation is more complicated. Numerical experiments
and analytic arguments show that also in the general case the limit does not
depend on the order. But in order to show this rigorously one currently has to
impose some further constraints on the ensemble.

BP versus MAP thresholds

This is a good point to make a small digression on issues treated in detail in
part ITI. In the language of statistical mechanics the BP threshold corresponds
to a dynamical phase transition in the sense that we have here a sharp change
in behaviour of an algorithm. The MAP probability of error also displays a
threshold behaviour in the limit of infinite block length: it vanishes for € < epap
and is strictly positive for € > ey ap. Clearly we always have egp < epap since the
MAP decoder is the one among all decoders that minimizes the error probability.
There is an important conceptual difference between the two thresholds. The
MAP threshold can be shown to be a singularity of the infinite block-length
Shannon conditional entropy (3.23) (further averaged on the code ensemble)
lim_~E[H(X[Y)

n—+oo n

or, in view of (3.24), of the free energy in thermodynamic limit. This entropy is
a continuous convex function of €, which vanishes for € < eyap and is strictly
positive for € > epap. Thus epap is a non-analyticity point and corresponds to
a thermodynamic phase transition in the sense introduced in Chapters 2 and 4.
However the infinite block-length Shannon conditional entropy has no singularity
at the BP threshold. This is an instance of the generic fact that dynamical
thresholds related to algorithms are not visible on free energies. As we will see
in part III, very interestingly and perhaps surprisingly from the point of view of
coding, although the MAP and BP phase transitions are of a different conceptual
nature, they are deeply related. In particular, in turns out we can compute the
MAP threshold and probability of error from the very same DE equations which
determine the BP threshold.

Notes

Gallager 1963. BEC: Luby et al, BMS Rich Urb, Techniques in Modern book,
Exch of limits KU. (and this is what was done in (Luby et al. 1997). see (exchange
of limits) ?7?)

6.1 RESTRICTION TO THE ALL-ZERO CODEWORD. Use the symmetry of the
BP decoder to prove that one can restrict to the all-zero input codeword in Equ.
(6.15).

to do
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6.2 ALGEBRAIC PROPERTIES OF CONVOLUTIONS. Consider the variable node
and check node convolution operations, ® and H, defined in (6.24) and (6.25).
Show the following properties:

(i) ® and B are are commutative and associative.

(ii) Ap is the neutral element for ® and Ay is the neutral element for H. Ex-
plicitly, Ag ® a =a and A,, Ha = a.

(iil) A is an absorbing element for ® and Ay is an absorbing element for H.
Explicitly, Ay, ® a = Ay and AgHBa = Ay.

(iv) Check the linearity a; ® (ag +a3) = a1 ® ag) + (ag ®a3) and a; H (ay +a3) =
a; Hag) + (ag Bag).

(v) Find a counterexample to show that the two convolutions do not mix well:
(a1 ® ag) B az # a1 ® (ag Bag).

(vi) Show that there is no distributivity: (a; B ag) ® az # (a1 ® ag) H (ag ® ag).

6.3 FroMm BMS 10 BEC. Reduce the DE equations (6.28), (6.30) valid for
general BMS channels to the polynomial equations (6.22), (6.23) of the BEC
case.

6.4 ORDERING BY DEGRADATION. We defined “ordering by degradation” for
symmetric distributions by ag = aj if and only if Myg(az) < Mak(ag) for all
integers k > 1. Take as > a; and show that:

(i) a2 ®b > a; ® b and bHB ag > b B ay for any symmetric distribution b.

(ii) There exist a channel g(y|x) such that pa(z|z) = >°, q(z|y)p1(y|z) where
p1.2(y|z) are the transition probabilities associated to aj 2.

6.5 TWwWO USEFUL IDENTITIES. Show that for any two symmetric densities a
and b:

(i) Moments are multplicative under B, My (a B b) = Mak(a) Mag(b)

(ii) The duality rule holds, H(a) + H(b) = H(a®b) + H(aHb).

(iii) The duality rule implies H((a; —ag) ® (az—aq)) = —H((a; —az) B (ag —ay))
where aq, as, a3, a4 are symmetric distributions.

6.6 BELIEF PROPAGATION FOR (3,6) GALLAGER ENSEMBLE AND BAWGN
CHANNEL. Exercise 1.2 proposed to implement a program which can generate
random elements from a regular Gallager ensemble. This can be used together
with the BP algorithm to simulate transmission over a BAWGN channel.

Use elements from the (3, 6)-ensemble of length n = 1024. For every codeword
sent, generate a new code in order to get the ensemble average. When transmit-
ting with a binary linear code over a symmetric channel, we can in fact assume
that the all-zero codeword was sent since the error probability is independent of
the transmitted codeword. This simplifies our life since we do not need to imple-
ment an encoder. We assume that we send the all-zero codeword over a BAWGN
channel. In spin language the input is s* +1 = (=1)°,i = 1,--- ,n. The channel
adds to each component si* an independent Gaussian random variable with zero
mean and variance o2. At the receiver implement the message-passing decoder
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in terms of likelihoods. Since a random element from the (3,6) ensemble typ-
ically does not have a tree-like factor graph the scheduling of the messages is
important. To be explicit, use a flooding schedule. This means: send all initial
messages from variable nodes to check nodes, then process these messages and
send messages back from check nodes to all variable nodes. This corresponds to
one iteration. For each codeword perform 100 iterations and then make the final
decision for each bit.

Plot the negative logarithm (base 10) of the resulting bit error probability as a
function of the capacity of the BAWGN channel with variance 0. This capacity
does not have a closed form but can be computed numerically by means of the
integral

€ 202
Ceawane = 1 — / dy N

If the code and the decoder where optimal (in the sense that Shannon’s capacity

log2(1 + ea%_ﬁ)

is achieved) and the length of the code were infinite, where should we see the
threshold (rapid decay of error probability)?

6.7 DENSITY EVOLUTION VIA POPULATION DyNAMICS. DE for transmission
over the BEC is relatively easy to implement since in this case the “densities”
are in fact numbers (erasure probabilities). For general channels, DE is more
involved since it really involves the evolution of densities. These are the densities
of messages seen at the various iterations when the BP message-passing decoder
is implemented on an infinite ensemble for a fixed number of iterations.

A quick and dirty way of implementing DE for general channels is by means of a
population dynamics approach. Here is how this works. Assume that transmission
takes place over a given BMS channel and that we are using the (d,, d.)-regular
Gallager ensemble. Random messages are simulated by populations of size N.
The larger N the more accurate will be your result but the slower it will be.
We have one population Vy simulating channel outputs, and populations C,,,
V. simulating messages flowing out of check nodes and variable nodes, and
corresponding to the m-th iteration in the following way.

(i) Pick an initial population Vy. This set consists of N i.i.d log-likelihoods as-
sociated to the given BMS channel, assuming that the transmitted bit is 1 (we
are using spin notation here). More precisely, each sample is created in the fol-
lowing way. Sample Y according to p(y | s = 1). Compute the corresponding
log-likelihood value glog(%) and call it H.

(ii) To compute C,, proceed as follows. Create N samples i.i.d in the following
way. For each sample, call it V', pick d. — 1 samples from V,,,_; with repetitions.

Let these samples be named Uy, ...,U4,—1. Compute
de—1
V = tanh ™" ( [] tanh(Us/2)).
a=1

Note, these are exactly the message-passing rules at a check node.
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(iii) To compute V,, proceed as follows. Create N samples iid in the following
way. For each sample, call it U, pick d, — 1 samples from C,, with repetitions.

Let these samples be named V7, ..., V;_1. Further, pick a sample from V), call it
H. Compute
dy—1
U=H+ Y V.

i=1
Note, these are exactly the message-passing rules at a variable node.

Think now of each set V,, and C,, as a sample of the corresponding distribu-
tion. E.g., in order to construct this distribution approximately we might use a
histogram applied to the set. Recall, that we assume here the all-zero codeword
assumption. Hence, in order to see whether this experiment corresponds to a
successful decoding, we need to check whether in V,, all samples have positive
sign and magnitude which converges to infinity as m increases.

Implement the population dynamics approach for transmission over the BAWGN(o)
channel using the (3, 6)-regular Gallager ensemble. Estimate the threshold using
this method. Plot the threshold on the same plot as the simulation results of
problem 6.6. Hopefully this vertical line, indicating the threshold, is somewhere
around where the error probability curves show a sharp drop-off.

6.8 GALLAGER ALGORITHM A. One of the downsides of BP in a practical
application is that it requires the exchange of real numbers. Hence, in any im-
plementation messages are quantized to a fixed number of bits. One way to think
of such a quantized algorithm is that the message represents an “approximation”
of the underlying message that BP would have sent. Assume that we are limited
to exchange messages consisting of a single bit. Recall that for BP a positive
message means that our current estimate of the associated bit is +1, whereas
a negative message means that our current estimate is —1 (the magnitude of
the BP message conveys our certainty). So we can think of a message-passing
algorithm which is limited to exchange messages consisting of a single bit, as
exchanging only the sign of their estimate.

The best known such algorithm (and historically also the oldest) is Gallager’s
“algorithm A.” We assume that the codewords and the received word have com-
ponents in {0,1} (so think of transmission on the BSC). The message passing
rules are:

(i) Initialization: In the first iteration send out the received bits along all edges
incident to a variable node.

(ii) Check Node Rule: At a check node send out along edge e the XOR of the
incoming messages (not counting the incoming message along edge e).

(iii) Variable Node Rule: At a variable node send out the received value along
edge e unless all incoming messages (not counting the incoming message on edge
e) all agree in their value. Then send this value.

Assume that transmission takes place over the BSC(€) and that we are using
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a (3,6)-regular Gallager ensemble. Write down the density evolution equations
for the Gallager algorithm A.



Interlude: Message Passing for the
Sherrington-Kirkpatrick Spin Glass

This Chapter applies message passing methods to the Sherrington-Kirkpatrick
(SK) model of a spin glass. The SK model is a very particular random spin sys-
tem defined on a complete graph with pair interactions of random 1i.i.d strengths
for each edge (see Section 2.6). The impatient reader can very well jump ahead
directly to the next chapter on compressive sensing, but there are good reasons
for the present interlude. Certainly, the conceptual and historical role of the SK
model in our theoretical understanding of random spin systems cannot be un-
derestimated, however, for us the message passing analysis of this model will
serve as a stepping stone towards the technically more involved but related mes-
sage passing analysis in compressive sensing. In the present chapter we explore
message passing within the SK model and will then apply in Chapter 8 what we
have learned to compressive sensing.

The application of message passing is similar to coding in its general initial
outline. However there is a difference: the SK and compressed sensing models
are defined on complete graphs (the graph for compressed sensing is bipartite
complete). This is as far as one can get from locally tree-like graphs, so one might
think that message passing simply should not work very well for such models
and that this should be the end of the story. But in fact the story is much more
convoluted and interesting. Belief propagation works well for compressed sensing
and it also works for the SK model in its high temperature phase. For the SK
model at low temperatures simple message passing does not correctly take into
account ”long range correlations” and one has to resort to a more sophisticated
version of the theory. This new level of sophistication is not really needed for
compressed sensing, but rather for the satisfiability problem, so we postpone it
to part III.

Because of the denseness of the graph, message passing algorithms a priori
involve ©(n?) messages flowing on edges at each iteration step. From the point
of view of complexity this is not very good. Recall in coding for sparse graphs the
number of message updates at each iteration is ©(n). However, as we will see,
the denseness of the graph in fact allows to simplify the BP equations and bring
down this complexity to linear order. In the SK model the simplified equations
one ends up with, are an iterative form of the celebrated Thouless-Anderson-
Palmer (TAP) equations. Thouless, Anderson and Palmer initially derived their
equations through the analysis of a high temeprature expansion of the free energy
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and showed that the Curie-Weiss equation has to be corrected by a so-called
”Onsager reaction” term. Here we will discover that the Onsager reaction term
just appears automatically within the BP formalism.

An analog of density evolution can be derived from the (iterative) TAP equa-
tions. For historical reasons briefly explained in the Notes this goes under the
strange name of replica symmetric equations. The replica symmetric fixed point
equation predicts a threshold behaviour and it is natural to ask what is the re-
lation of this threshold with a thermodynamic phase transition threshold. The
necessary tools to answer this difficult question will only be developed in part
III. We review in Section 7.5 the main aspects of the exact solution and phase
transition of the SK model.

Sherrington-Kirkpatrick model and belief propagation approach

Sherrington-Kirkpatrick model

The Sherrington-Kirkpatrick model of a spin glass was briefly introduced in the
examples of Section 2.6. Recall that the model is defined on a complete graph
with n vertices, has binary spin degrees of freedom s; = +1,7 =1, ..., n attached
to the vertices. The Hamiltonian is

H(§) = — i JijSiSj — his“ (71)
i=1

1<i<j<n

where h is a constant magnetic field and J;; are n(n—1)/2 i.i.d random variables
(the “coupling constants”) associated to the edges of the complete graph. In
popular versions of the model one chooses J;; ~ N(0,J%/n) or J;; = £J/y/n
with i.i.d Bernoulli(1/2) signs and J > 0 a constant.

Why are the coupling constants scaled by 1/4/n? That this is the right scaling
can be seen by looking at the fluctuations of the Hamiltonian. The mean and
variance of H(s) are respectively equal to —h >, s; and (n —1)J?/2. Thus for
general spin assignements the energy has a standard deviation of O(y/n) around
a mean O(n) and we expect the thermodynamic limit to make sense and be
non-trivial. Later on it will often be useful to explicitely extract the scaling by
setting J;; = Ji;/v/n where Ji; ~ N(0,J?) or J;; = +.J.

The corresponding Gibbs distribution e=#(s) /7 is itself random. As is usual
for random Gibbs distributions, there are two levels of randomness. The first
one associated to quenched or frozen variables, here the coupling constants J;;,
and the second one corresponding to the spin assignments distributed according
to the Gibbs distribution. We refer back to Chapter 2 for a more extensive
discussion of these two levels of randomness.

One of the major achievements of the theory of random spin system is the
derivation of an exact formula for the average free energy of the SK model,
namely —lim,, 1o, 37 E[ln Z]/n, as well as a proof of the concentration of
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Add figure of a complete graph and the factor graph with factors attached. Picture
with 4 vertices and 6 edges.

Figure 7.1 Complete graph of the SK model and factor graph representation of the
Gibbs measure.

(InZ)/n as n — oo. It is perhaps a good idea to stress that the similarity of
(7.1) with the Curie-Weiss Hamiltonian should not give the false impression that
the path to the solution is easy. Embarking into it at the present stage would
distract us too much from our present goal, which is, as explained in the intro-
duction, to concentrate on the message passing approach. A brief comparison of
the message passing predictions with the exact statistical mechanics solution is
found in Section 7.5.

Belief propagation equations

We now look at BP equations for the SK model. It will shortly become clear
that these equations are in fact the same for any Ising model with pairwise
interactions (as defined in Sect. 2.1). The specificities related to the SK model
are really used only in the next section.

To proceed systematically with the formalism of Chapter 5, we first set up
the factor graph formulation (see Figure 7.1). The vertices ¢ = 1,...,n of the
original (complete) graph play the role of variable nodes. On every edge (i,j) = a
we place a factor node with factor f,(s;,s;) = e?/ii%i%i. We then attach extra
degree-one factor nodes i to each variable node i. The factor associated to 7 is
filsi) = el

Further, we let fi,—;(s;) denote the message which flows from the factor node a
to the variable node i. In a similar manner, p;,4(s;) is the message flowing from
variable node ¢ to factor node a. There is also a “trivial” message p; ,,(s;) =
fi(s;) = ePhsi flowing from degree-one factor nodes to variable nodes. Since
all messages depend on binary variables s; = 1 we can use the same type of
parametrization used for coding in Chapter 6 and set,

o= oD Ly D)
haosi 2ﬁl{ﬂm(1)’ hiva = 55 5T (1)

Up to the factor B! these are the usual loglikelihood variables associated to the
messages. In the context of spin systems they are also called cavity fields. The
reason comes from their physical interpretation which will shortly become clear
(this interpretation is also the reason why we prefer here the letter ”h” instead
of “I” used in Chapter 6).
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Add figure to show elimination of degree two factors
Figure 7.2 The factor nodes of degree two can be eliminated and one can work with

only one set of messages h;—,; flowing on the original complete graph.

The general BP equations (5.10) read

fisa (s)) = €7 [Tyeniwa Abi (5i) (7.3)
fla—si (Sz) = E~si eBJijsis; Hjeaa\i Hisa (Sj)

An exercise shows that parametrization (7.2) leads to

h’j—ﬂl =h + Zbe@j\a Bb—)j’ (74)
hos; = % atanh{tanh(5J;;) tanh(8h;—q)}

Note the similarity with (6.10) in coding theory. Equ. (7.4) reduce to such
“coding-like“ equations by setting 5 = 1 and letting J;; — 400 in which case
the factor nodes correspond to degree two ”parity checks”.

There is a special feature of systems with degree two factors that we have
not encounterd yet explicitely. The two equations in (7.4) can be conveniently
reduced to a single one with messages flowing on the original graph. To see
this note that because a factor b has degree two, a directed edge b — j can be
identified with a directed edge ¢ — j on the original graph where 7 is the unique
vertex in 0b\ j (see Figure 7.2). In other words, setting h,_,; = fzbﬁj, Equations
(7.4) become

hissj = 1 atanh{ (tanh(53.J;;) tanh(B(h + > hx—))} - (7.5)
ﬁ kedi\j

This message passing equation does not refer anymore to the factor graph. Mes-
sages flow on the original graph.

The BP-marginal, vP"(s;), at vertex i is determined from the sum of the
external and all cavity fields,

h+ Z hasi, or equivalently h+ Z hi_i. (7.6)
a€0i keoi
Explicitly, the normalized marginal is
B+ eoi hbsi)s:i

2cosh(B(h+ Y, coi hisi))

The BP estimate for the magnetization, is by definition the average spin com-

v (si) =

(7.7)
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Figure 7.3 A complete graph and the graph with a spin removed and the leftover
cavity.

puted from the BP-marginal

me? = Z siv;t (i) = tanh(B(h + Z hi—si)). (7.8)

s;€{£1} kedi

We will call mBP the BP-magnetization to distinguish it from the (true) thermal
equilibrium magnetization m; = (s;).

Let us pause to give a physical interpretation of these formulas. A single spin
s in the presence of a magnetic field h has a Hamiltonian H(s) = —hs and thus
a magnetization (s) = tanh(fh). Therefore one interprets h 43, o, hx—: as an
effective magnetic field felt by spin s;. This is often called the local field or also
the mean field. The local field is the sum of the external field A and the total
cavity field h cay = Zkeﬁi hi_;. The later is an effective field produced by the
rest of the system in a ”cavity” left out when one removes vertex ¢ from the
graph. Such a cavity is illustrated on Figure 7.3. This explains why the messages
hi_si, hissa, ﬁaﬂi are generically called ”cavity fields”.

Flooding schedule

From the perspective of traditional statistical mechanics one would view the BP
equations as fixed point equations and try to find all solutions. When multiple
solutions arise the important question is: which one to choose? Such issues are
deferred to Part III.

Here we take the algorithmic standpoint. Recall from Chapter 5, when the
underlying graph is a tree the initial conditions and iterations are clearly deter-
mined. This is also the situation where the BP equations have a unique solution
found by these iterations. But when the graph is not a tree we have to specify
initial conditions and a schedule to solve the equations iteratively. Just as in
coding we adopt the flooding schedule. A natural initialization is given by the
“prior” that we have about the local field. We therefore set

1
hgﬂ.:Batanh{(tanh(mj)tanh(ﬂ(h+ S oh)), B, =0 (7.9
ke€di\j

The BP-estimate of the magnetization at time ¢ is,

mi =tanh{B(h+ > h}_ )} (7.10)

jEDI
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Convergence of the iteration is not guaranteed in general. And even if iterations
converge the solution might not be unique, and its relation to the exact statistical
mechanical free energy is not obvious.
What is the complexity of this schedule on a complete graph? At each time
t—1

step t a node ¢ receives n — 1 messages from which one computes first h; ., =

Zkeai hf(_}z which counts as n — 1 additions. Then one computes the n — 1

outgoing messages as follows

Bt . =pB"1 atanh{(tanh(ﬂJij) tanh(B(h + hi~L — Ri-l )}’

=] i, cav j—1

which counts as n — 1 extra operations (assuming here the operation for each j
has unit cost). Since there are n nodes in total this makes 2(n — 1)n operations.
Thus the total complexity is equal to ©(n?) times the number of iterations.
In the next section we show that suitable approximations allow to reduce the
complexity by one order.

From belief propagation to Thouless-Anderson-Palmer
equations

As just noted above, because the graph is complete, a single BP iteration has
quadratic complexity which is costly. Fortunately one can simplify the BP equa-
tions and bring the complexity down to order ©(n). The key to the simplification
is that the coupling constants are weak. Indeed, recall that we have J;; = Nij /v
with fluctuations of jij = O(1), so we assume in general that the coupling con-
stants J;; are small when n — +o00, and perform an expansion of the message
passing equations. This has to be done with care however and typically one
must go beyond the lowest order term in order to obtain correct results. Inter-
estingly, these simplififications of message-passing equations lead to an iterative
form of the Thouless-Anderson-Palmer (TAP) equations. These equations have
a complexity of O(n) at each iteration. Thus they provide a linear complexity
algorithm to compute an algorithmic “TAP-estimate” of the magnetization.
Consider the BP iteration (7.9) at step ¢. Using the local field

Ni=hthicay =h+ > hiosi (7.11)
keoi

we can rewrite this iteration as

1
Wi = 5 atanh{tanh(ﬁJij) tanh(Bni~" — ﬂh;jz)}

Now, since J;; is of order 1/y/n we Taylor expand the hyperbolic tangent and
its inverse. This yields

hi_,; = Jijtanh(Bn, "' — BRIZL) + O(B%J32). (7.12)

[ J—1

This equation shows that each cavity field is O(J;;). On the other hand (7.11)
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shows that ntfl involves the sum of n — 1 such cavity fields. Therefore we expect
h; _,11 to be much smaller than nt ! and we further expand the hyperbolic tangent

in (7.12) in powers of the cavity ﬁeld
hi_,; = Jijtanh(Bn!~') — BJ;; hﬁjz(l — (tanh(,@nf‘l))Q) +0(B*J3). (7.13)
Thanks to (7.10) we can rewrite this equation as,

hi ;= Jijm:g*l—ﬁJ”h;;Zu—( ) +0(B2T) . (7.14)

Now we seek to express h , on the right hand side of this equation in terms of
magnetizations. This will allow to approximate cavity fields entirely in terms of
the magnetizations. We note that if we interchange the roles of ¢ and j in (7.14)
and use h'™}; = O(Jj;), we get (since J;; = Jj;)

]4)1

Wil = Jymi 2 + O(BJ5). (7.15)

j—)l

Replacing (7.15) in (7.14) we obtain
hi ;= Jiymit = BIEmi T2 (1= (mi™)?) + O(B2J%). (7.16)

The first two terms on the right hand side are O(n~'/2) and O(n~") while the
error term is O(n~3/2). Dropping this error term! and replacing in in (7.10), we
arrive at

mh = tanh{ﬁ(h + > JymiTt = pmi Y I (1 - (m§—1)2)> } . (7.17)

i€dj i€dj
In the statistical mechanics literature the TAP equations correspond to the fixed

point form of (7.17). Their original derivation was obtained by very different
means involving expansion methods to compute the free energy.

Discussion of the TAP equations

With the scaling of the coupling constant made explicit the iterative TAP equa-
tions are

=t 5(n+ 7 30 Jym™ =i 30 - i)
i= i=1,i4j
(7.18)

1 One may rightly object that dropping O(BsJ%) terms is not harmless because at each
iteration these errors accumulate. This difficulty can be ignored if one’s goal is to develop
the simplest possible algorithm to estimate the magnetization. For example one might
loose in precision with respect to BP but lower the complexity. Here, it turns out that one
lowers the complexity and does not loose precision with respect to BP. The algorithmic
estimate so obtained is in a certain sense optimal in a high temperature region of the
phase diagram (see Section 7.5).
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It is worth pointing out that the TAP equations take their simplest form when
Jij ~ £J with Ber(1/2) signs. Indeed .J; = J? so and setting

we get

m;tanh{ (h+2n: — BI°m! (1 — g, ))}

The parameter ¢k , is an ”algorithmic version” of the so-called Edwards-Anderson
paremeter qga = %21;1(51‘)2 which involves the equilibrium magnetizations,
and plays an important role in the exact solution of the model.

Only estimates of the magnetization are involved and there are no messages
flowing on edges anymore. At each iteration step ¢ > 1, magnetization estimates
at vertices of the graph are updated and there are n such updates, so the com-
plexity is now ©(n) times the number of iterations. An aspect of the iterations
which turns out to play a crucial role in numerical implementations is the or-
ganisation of the time indices. From a purely algorithmic nothing prevents from
trying other arrangements which might work as well or even better in practice.
With the approach taken here which starts from the more primary BP equa-
tions the arrangement of the time indices comes for free in a principled way.
This is a welcome aspect of the approach when one deals with technically more
complicated but similar problems such as compressive sensing (see Chapter ?7.

Let us now discuss the issue of initial conditions. Recall that within the BP ap-
proach we set h’=; = 0 or equivalently m}{=" = tanh(Sh) (see (7.9), (7.10)). The
TAP equations are ”second order equations” and require two initial conditions.
A look at (7.18) shows that a consistent choice is m!="2 = m!="! = 0.

The local field in (7.18) is given by the external field h plus a cavity field

n
szm —%22]21— )2

n
:%Zjijm = B*m[* (1~ qpy)
i=1

which is an approximation of the BP cavity field discussed in Sect. 7.1. This is
the field created by all spins i # j in a cavity left over by removing the spin at j.
Each contribution has an interpretation. The first term is the usual Curie-Weiss
mean field. But this mean field includes - via the terms m; - an influence of the
spin at j on itself and this “back reaction” should be should be subtracted. This
is exactly what the second term —3.J%m;(1—qra) does. This is called an Onsager
reaction term. A back of the envelope heuristic derivation of the Onsager reaction

i< T L th o8,
is found in the exercises Add a small guided

exercise
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A parenthesis: the CW model revisited

Recall that the exact solution of the CW model in Chapter 4 led us to the fixed
point equation m = tanh(8(h + Jm)) Here the local field is just the sum of
the external field h and the CW mean field Jm. Why is it that the Onsager
reaction term is not needed here? One can repeat the same theory developed in
this chapter for (non random) coupling constants J;; = J/n. Starting from BP
equations and then approximating them to leading orders in coupling constants
we obviously find again (7.17). At this point, setting J;; = J/n one easily sees
that the Onsager term is O(n~!) and can be neglected, so that only the usual
CW mean field remains. We are lead to the iterative equations

mf = tanh(B(h + = Zm . (7.19)

Since the right hand side does not depend on j we can seek a uniform solution

mj = m'. Equation (7.19) becomes

m' = tanh(B(h + Jm'™1)). (7.20)

To summarize, for the CW model the TAP equation reduces to the CW equation
because the Onsager reaction term is negligible.

This remark teaches us an important lesson. Recall that the exact solution
for the magnetization is found by selecting the fixed point of the CW equation
(4.22) which minimises the free energy. The BP approach leads to the iterative
form (7.20) which we should solve with the initial condition m" = 0. Whether
the estimate m! converges to the true magnetisation (computed in Chapter 4)
depends on the region of the phase diagram in the (3, h) plane. An analysis of
the iterations shows that this is the case outside of the spinodal region, i.e., for
BJ < 1and (8J > 1, |h| > hgp). Such intimate connections between algorithmic
and thermodynamic solutions will be discussed in more depth in Part III, so we
close this parenthesis here.

Replica symmetric equations

The goal of density evolution in coding is to write down an iterative equation
that tracks the average behaviour of the algorithm. This can also be done for the
TAP iterations under a non-trivial assumption of weak correlation for the cavity
fields.

Recall expression (7.10) for the BP-magnetization where we set for convenience

j~>z fj%z/\/i
m} = tanh{B(h + —= Z fjt%l (7.21)

1681
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where

T B o5 _
fiim Jygml™h — —=mi 25 (1 = (ml1)?). (7.22)

within the TAP approximation. A highly non trivial result states that there is
a high temperature portion of the (h,T') plane where these messages are only
weakly correlated and the central limit theorem applies

lim

1
n oo \/n Z Fimi ~ N(0,qr—1). (7.23)

j€di
where ¢; = ]E[(m?)Q] (by symmetry this expectation is independent of j).

In the case of coding, as shown in Chapter 6, the assumption of weak corre-
lation of messages is justified in a regime ¢ < n because of the locally tree like
nature of the factor graph. In fact there, we could condition on the high prob-
ability event that a computational tree of finite depth really is a tree, so that
messages are independent. For the SK model on a complete graph we cannot
rely on the same method to justify the assumption of weak correlations. It turns
out that this assumption is true in a "high temperature” portion of the phase
diagram, but fails for low temperatures. The Onsager term plays a crucial role:
if the CW contribution jijmj alone is retained the central limit theorem cannot
be applied for whatever values of temperature and magnetic field. In effect the
Onsager term is responsible for decorrelating the CW terms. A rigorous proof of
these important results was given only relatively recently by Bolthauzen and is
beyond our scope here. The reader can find evidence for the ”miraculous” role
of the Onsager term by analysing in detail the first few iterations in Section 7.4.
Clear numerical evidence can also be found in a guided exercise.

When (7.23) is satisfied we are in a position to write down ”evolution equa-
tions” for the average behaviour of the TAP iterations. Set

my = E[m}], and q: = E[(m})?] (7.24)

Thanks to (7.23) we can take the expectation of Equ. (7.21) and of the squared
version of this equation. This yields

,’"2
my = fj_:; du e\/% tanh{ﬂ(h + u'\/qt—l)},
2

u?
2

gr = [ du S tanh* {B(h + uy/g 1) }-

The initial condition (consistent with m? = tanh(Bh)) is go = 0.
The fixed point form of the iterations (7.25) are called the replica symmetric
equations. This strange name comes from the original derivations, in the statis-

(7.25)

tical mechanics literature, which involved completely different methods (see the
notes).

The solutions of the fixed point equations display an interesting threshold
behaviour when the temperature is varied on the h = 0 axis. Since tanh is an
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odd function, the fixed point version of (7.25) becomes

2

+o0 — 4
m=0, ¢q= / du e\/ﬁ tanh?(Bu+/q). (7.26)

This equation admits a trivial fixed point ¢ = 0 for all 3, which is unique and
stable for 5 < 1. For 5 > 1 this fixed point is unstable, and a second stable non-
trivial fixed point ¢ # 0 appears. This is similar to the situation we encountered
with the CW fixed point equation and therefore suggests that a phase transition
occurs in this model at (8 = 1,h = 0) when we move along the h = 0 axis.
This conclusion is correct, but it is only the tip of the iceberg and the phase
transition in the SK model turns out to be a very subtle one. For one thing,
(7.26) has a unique smoth solution for h # 0 and therefore does not predict a

phase transition for non-zero magnetic fields. It turns out that this is a wrong
prediction. The correct picture of the phase diagram in the (3, h) plane is briefly
reviewed in Section (7.5).

First iterations of the TAP equations?

We briefly outline how the mean and covariance of the messages fj can be

—1

computed for the first iterations. We consider the Gaussian model jij ~ N(0,1)
which allows to carry out explicit calculations showing that messages

@ _j5 . 0_ B 7 (n)
[i5: = Jiymy — %mi Ji2j(1 - (mj )?)
have mean E[fj(g_zz] = O(n~2) and covariance E| ,iz_)n l(i)i
tent with (7.23). The algebra clearly shows the crucial role of the Onsager term
already at the second iteration t = 2. We leave it as an exercise for the reader to
carry out similar (but more lengthy) calculations for ¢ = 3.

The case t = 1 is trivial. With the initialization m!="2 = m!="" = 0 we have

mEO) = tanh(Bh). Thus (7.22) immediately implies that fj(l_)H = J;j tanh(Bh) are
i.i.d Gaussian with E[f(l) ]=0and E[(fgl) )?] = (tanh 8h)? = qo.

J— J—

Let us now consider the second iteration t = 2. Now m{"” = tanh(Bh +

%

| = dki1q1. This is consis-

% Z;L=1 ki jijmg.o)) is also involved. For the mean we have

E[f?).] = E[Jiym{"] - \fﬁm?)E[jfj(l — (m{M)?)] (7.27)

The main trick to evaluate such expressions is to use the integration by parts

2 This section is not needed for the main development and can be skipped in a first reading.
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formula3

which yields for the first term in (7.27)

0
BJym{"] = Blz—m{] = El(1 = (m{" ) Z=m(”)
ij

We see that the result is almost equal to the Onsager term in (7.27). In fact,
integrating by parts in that term we get

BLT (1 = (")) = B[~ (" V)] + Bl 2 (1 = (1))

]

—E[(1 - (m")?)] - 2 OFym (1 - (m)?)

\/’FL g J J
2
= B0~ ()]~ 2 ml® R~ ()27
+ 25 )81~ (V)

A useful rule of thumb to bypass this last calculation is to make the replacement
ij — +1 as if the couplings where Bernoulli random variables, and add a term
O(n~1) to account for the error. With these results we see that (7.27) becomes

E[f2) = O(n~*").

In particular

Z ](2—)>z - 1)'

Jeaz

We now turn to the covariance of messages f,€ -, and fl(i)w and show that

asymptotically it equals dx;q1. From (7.22) we get four contributions

2 2 F 7 1 1
BLAZ SN = Bl i i)
~ OB B (1 (m{0)?)
6 0 7 1 1
= i Tiem (1= ()]

+ L O 2 T30 - )0~ (D))

3 For the Bernoulli or other distributions this simple formula cannot be used directly. But
with some extra work a similar analysis is also possible.
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For k # [, an integration by parts leads to

E|[ (2) flaz] _ ﬁn (mEO))ZE[(l . (m](cl))2(1 . (ml(l))g]

k—1i

O (1 - ) (1 - (m0)?)]

PR mf2)) (1~ (m)?)]

+ P PERTR — (mi)?) (1= (mf)?)].
Using the rule of thumb alluded to above we find that E[ ,52_)” l(i)i] = O(n~?) for
k # 1. For k =1 we have
~ I} ~
B[] = BT mi)%] = 2 =m B Tm,” (1= (m})?)]
Vn
B 7
+ - (mVE[T4 (1~ (m?)?)?]
= E[(m”)*] +0(n~"/?)

where the last equality is again obtained by integration by parts. With these
results we can conclude

\/*ij%l Q1+O(7

JjEOI

3

consistently with (7.23).

Exact solution of the SK model*

In Chapter 4 we solved exactly the CW model and learned that the free energy
could be expressed in variational form (4.11). This is also true for the SK model,
however the variational expression and its derivation are considerably more sub-
tle. The correct solution was first provided by Parisi using a purely algebraic
method called the replica method. Since then, the solution has been rederived in
a more probabilistic way which goes under the name cavity method. The cavity
method which will be discussed in Part III can be seen as an ”upgraded” message
passing method that takes into account long-range correlations that BP neglects.

Here we briefly review the Parisi formula for exact average free energy. This
formula was proved much later by Talagrand. From this formula one can infer
the existence of a high temperature phase where the replica symmetric fixed
point equations are exact, and a low temperature phase where they are not. The
phase transition line separating these two phases in the (h,T') plane is called the
Almeida-Thouless (AT) line.

Let  : ¢ € [0,1] = z(q) € [0,1] be a non-decreasing cumulative distribution

4 This section is not needed for the main development and can be skipped in a first reading.
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function. Call @ the space of such cumulative distribution functions. Define the
?Parisi functional”

foa]) = —In2 — £(0,h:z) — 622/0 q2(q)dg (7.28)

where f(q, h; z) satisfies the partial differential equation

af 18 8
ai; 28h£ @(%{)2:0 (7.29)

with “final” condition f(1, h;2) = Incosh(Sh). The Parisi formula for the average
free energy of the SK model states

-1

— lim ﬁ—E[ln Z] = sup fp(x). (7.30)

n—+oo N z€Q

To gain some insight into this rather complicated formula let us consider a
simple lower bound to (7.30) obtained by taking

~J0,q€0,q0],
= {1, q € (g0, 1] (731)

This is the cumulative distribution of the Dirac mass at ¢, namely 6(q — qo).
For (7.31) the Parisi functional fp(z) reduces to the replica symmetric potential
function

2

+oo 7“7
fuslan) = =00 — ) =57 [ du S nf2cosh(3h+ puv,)), (732
and we have the lower bound
ﬁ_l
— lim —E[InZ] > sup qo)- 7.33
Jim PEmZ) 2 s fus(a) (7:3)

The right hand side of this bound is called the "replica symmetric” free energy,
and can be proven to be equal to the true free energy in the high temperature
phase. To solve the variational problem on the right hand side of (7.33) we set
fhs(go) = 0 which can easily seen to be equivalent to one of the replica symmetric
fixed point equations (compare with (7.25))

u?
*OO e~ T

qo = U tanh®{ B(h + uy/q0) } (7.34)

So the replica symmetric free energy is equal to frs(gs) where the maximizer
g« is a solution of this fixed point equation. The magnetization can as usual be
obtained by differentiating the RS free energy with respect to the magnetic field
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Figure 7.4 The Almeida-Thoulessphase transition line in the (h,T) plane separating
the high temperature phase where the RS expression for the free energy is exact and
the low temperature ”glass phase” where it is not.

(compare with Chapter 2, Section 2.4)

m— ldeS(Q*) _ lafRS(Q*) 1<6fRS> dgs _ a.fRS(Q*)
B3 dn B on s\70q ), dn = on

2

+oo e
:[m du mtanh{ﬁ(h—ku\/qj)} (7.35)

(compare with (7.25)).

An important breakthrough towards the complete proof of (7.30) was the
derivation of the lower bound (7.33) by Guerra and Toninelli and even of the
equality for sufficiently high temperatures. It turns out that this lower bound
(7.33) is tight, i.e., the replica symmetric solution is exact, above the ” Almeida-
Thouless” line given by the equation

N

+oo -5
B2 = 3 du eﬁ(l — tanh?(Bh + Buy/ay))? (7.36)

and depicted on figure 7.4. The Almeida-Thouless line separates a high tempera-
ture phase where the replica symmetric solution is exact, a the low temperature
phase where this is not so. Below this line the free energy functional (7.28) has
a supremum for non-trivial cdf’s P(q) # §(q¢ — qo). This is related to the lack
of concentration of the Edwards-Anderson parameter gza = = 3" | (s;)? which
acquires a non-trivial distribution, and to the failure of the assumption (7.23).
The full description of the physical nature of the low temperature ”glass phase”
goes much beyond the free energy formula and still offers interesting challenges
(see notes for references).

It is an interesting exercise to show that the RS formula cannot hold at low
temperatures even on the h = 0 axis. An analysis To see this one considers the
entropy obtained from this formula, i.e., sgs = —9frs/9(1/8) and checks the
requirement that it remains non-negative for all temperatures.® As exlained in
the previous section for 8 < 1 and h = 0 the only fixed point is gg = 0. The
entropy then becomes sgrg = In2 — $2/4 which is positive for § < 2(In2)/2, and
there is no obvious contradiction. However for § > 1 and h = 0 a non-trivial
fixed point appears. A careful analysis of (7.34) shows that ¢gg — 1 — B’l\/2/77r

5 This is a necessary but not a sufficient condition for the correctness of the free energy.
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when 8 — +o00, which leads to sgs — —1/(27) for 8 — 400, a negative entropy
at zero temperature which is unacceptable.

Notes

The introduction of the SK model has been enormously fruitful in the theory of
spin glasses, but also beyond, and nowadays the study of this model connects
to algorithmic issues in signal processing, estimation and computer science. The
first solution (Sherrington & Kirkpatrick 1975) used the replica trick, already
introduced by (Edwards & Anderson 1975) in their study of the spin glass model
(that bears their name) on a finite dimensional grid. The order parameter qgga =
L5 1 (s:)? characterizing the phase transition was already introduced in this
work.

The first obstacle one faces in an attempt to compute the average free en-
ergy of a random spin system is the inability to switch the expectation and the
logarithm in E[ln Z]. By Jensen’s inequality E[ln Z] < InE[Z]. The right hand
side yields the annealed approximation (see exercises) and (?) proved that this is
exact for (8 < 1,h = 0). The replica trick represents In Z as lim,,_,o(Z" — 1)/n,
computes the moments E[Z"] for integer n, and then somehow makes a ”con-
tinuation” to obtain the limit n — 0. A somewhat “blind” application of this
trick leads to (7.32) - nowadays called replica symmetric solution - but already
Sherrington and Kirkpatrick noticed that this can not be valid at low temper-
atures because it leads to a negative entropy. The replica symmetry alluded
to here is ”simply” the symmetry between the n copies of the system when
n is an integer. However, clearly this symmetry is a mysterious concept when
n — 0. And even for n integer the physical meaning of the n "replicas” of
the system is not so obvious. It was Parisi who in a series of papers first pro-
posed a correct scheme for “breaking the replica symmetry” and obtained the
correct free energy and entropies for any values of temperatures and magnetic
field (Parisi 1980). The line separating the high temperature phase where the
replica symmetric solution is valid, from the low temperature phase where one
has to resort to Parisi’s full replica symmetry breaking scheme, was first derived
in (de Almeida & Thouless 1978). This algebraic approach, although powerful,
was not easily accepted at first, and perhaps rightly so since still today it is
not mathematically understood. It was soon replaced by a more probabilistic
approach - the so called cavity method - that has much in common with the
message passing point of view - and which will be explored in more depth in
part III for the constraint satisfaction problem. After many efforts this approach
has been mathematically established (Talagrand 2000). An account of the ini-
tial replica and cavity methods for the SK model is found in (Mézard, Parisi
& Virasoro 19870, Nishimori 2001) and the mathematics of the cavity method
are found in the treatises (Talagrand 2003, Talagrand 2011, Panchenko 2013).
A comprehensive set of references to decades of work is found there. We single
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out the interpolation method (Guerra 2001, Guerra & Toninelli n.d.) establishing
the equality in (7.33) above the AT line and the strict inequality below this line
(Toninelli n.d.). The Guerra-Toninelli ideas have found applications well beyond
the SK model in coding, compressive sensing and constraint satisfaction and
form the subject of Chapter 13.

By its very nature the replica method studies average quantities. The more
probabilistic cavity method approach is well suited to study single instances
which is of crucial importance when it comes to algorithmic applications. An
important step towards the probabilistic approach was taken in a crucial paper
by Thouless, Anderson and Palmer who directly studied the free energy of single
instances via a diagrammatic expansions (Thouless, Anderson & Palmer 1977).
This paper contains a derivation of the Onsager reaction term. Such terms where
introduced by (Onsager 1936) in his theory of dielectric properties of molecular
liquids, greatly extending a long line of studies in physical chemistry. An account
of this complicated history would lead us too far but interested readers can
consult the nice book of (Boettcher 1973). This literature is not motivated by
an algorithmic approach and in particular the TAP equations are viewed as a
set of self-consistent (fixed point) relations that the local magnetizations should
satisfy.

Using the TAP equations as an algorithm to estimate “latent variables” goes
back to the work of (Opper & Winter 19965, Opper & Winter 1996a) in the
context of neural networks and is nowadays a widely used idea for systems on
dense graphs. The approach taken in this chapter, starting from the belief prop-
agation equations and working out an iterative form of the TAP equations, can
be traced back to the work of (Kabashima & Saad 1998, Kabashima 2003) on
communications problems. Although the best way to place the time indices in
the TAP equations had probably been guessed before, the approach that starts
from BP is principled and yields unambiguous results. This idea turns out to be
important for algorithmic approaches to more complicated problems. The rig-
orous study of these TAP iterations was pioneered by (Bolthauzen 2014) who
introduced techniques to prove crucial results such as (7.23). These techniques
have then been used to control the performance of the the Approximate Message
Passing algorithm. More on this is found in Chapter 8.

7.1 DBELIEF PROPAGATION EQUATIONS FOR PAIRWISE SPIN SYSTEMS. Con-
sider a spin system on a general graph G = (V, E) with Hamiltonian H(s) =
=2 (i.jyer Jijsis;. Derive in detail the BP equations (7.4) for this system.

7.2 HEURISTIC DERIVATION OF THE TAP EQUATIONS. In this problem we go
through a short heuristic argument that corrects the Curie-Weiss mean field
equation and yields the TAP equations.

7.3 DISTRIBUTION OF CAVITY FIELDS IN THE TAP THEORY. The goal of this
exercise is to numericaly justify the assumption (7.23) which forms teh bsis for
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the derivation of the RS formula in this chapter. Consider the SK model with
i.i.d Bernoulli(1/2) coupling constants J” =Zlor J” Gaussian with zero mean
and unit variance. The TAP approximation to the BP equations reads

m = tanh{3( h+2hl_>]

i£j
where the update of the cavity fields is
ht - t—l _ émt_l(l _ (mt—l)2)
z—)] \/* n 7 7

and the initialization h9_, ; = 0.

Take a number N = 50 of realizations (coupling constants) of the system
of size n = 500 or 1000 and an iteration number say ¢ = 10. Try values of
(h,T = 871) in the high temperature regime: the following should be suitable
(h=05T=12)and (h=1,T =0.8).

(i) Plot the histogram of the total cavity field

cav E hz—>j

i#£j

This field is equal to a ”Curie-Weiss” field to which the ”Onsager reaction term”
is subtracted. Plot also the histogram of the total Curie-Weiss contribution

W= o

i#]

(ii) Check that the Edwards-Anderson parameter

n

1
Iia = n Z(mbz

i=1
is concentrated on its empirical mean over the N realizations.

(iii) Compare both histograms in (i) with the Gaussian distribution of zero mean
and variance equal to the empirical mean of the Edwards-Anderson parameter.
You should observe that the histogram of the cavity field agrees with this Gaus-
sian, but not that of the CW field.

7.4 TAP ITERATIONS. Repeat the calculations of section (7.4) for ¢ = 3 to
show that fj(i)z has mean zero and variance ¢z = E[(m§2))2] in thermodynamic
limit.

7.5 REPLICA SYMMETRIC EQUATIONS. Consider the RS equations fixed point
equations for m and q. Show rigorously that for h = 0 besides the trivial fixed
point m = 0,q = 0 for 8 > 1 there is another non-trivial fixed point m = 0,q # 0
that is stable. Furthermore show that for h # 0 there is a unique fixed point for
all .
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7.6 ANNEALED APPROXIMATION. By Jensen’s inequality we have E[lnZ] <
InE[Z]. Compute the right hand side for Gaussian couplings and deduce a lower
bound for the free energy in the thermodynamic limit.

The expression in the lower bound is called the annealed approximation be-
cause it treats the quenched couplings on the same level as the spins. It can be
shown to be exact for (h = 0,8 < 1). Check that on this interval it agrees with
the replica symmetric solution (see (7.32)) frs = -3 'In2 — % We stress that
the lower bound is strict for A # 0 so the annealed approximation breaks down
even at high temperature as soon as there is a non-zero magnetic field.

7.7 ENTROPY CRISIS. The main goal of this exercise is to show that the RS
solution cannot be correct at sufficiently low temperatures. The idea is to show
that the entropy obtained from srg = —857‘?5
tures which is not possible. Consider the RS fixed point equation (??) for h = 0.
Compute the free energy and entropy corresponding to the unique trivial fixed

point for 8 < 1. You should find that

becomes negative at low tempera-

2

fRS = —5711112—% and sgpg = —1In2— Z

and check that the entropy remains positive for < 1. Show through an analysis
of the fixed point equation that the non-trivial solution satisfies

2
q%l—ﬂl\/> for B>1
7r

and that the free energy and entropy become to leading order

1
and Spg ~ ——

frs =~ 5

1
2
The negativity of sgs shows that the replica symmetric solution cannot be valid
at low temperatures.



Compressive Sensing: Approximate
Message Passing and State
Evolution

Recall that a meaningful estimator for the compressive sensing problem is the
Least Absolute Shrinkage Selection Operator (LASSO) given by

o~ 3 1
QLASSO(Q) — argm1n£{§||y — Az|3 + )\H£||1} . (8.1)

The use of this estimator can be justified from several points of views as discussed
in Chapters 1 and 3. For example one can settle for this estimator because, in the
noiseless limit and for a certain range of parameters, the ¢; and £y minimization
problems are equivalent (Theorem 1.1). Another point of view is the Bayesian
one. The zero-temperature limit of the S-MMSE estimator for a Laplacian prior
yields the LASSO, and the Laplacian prior is a simple and tractable model for
sparse signals with unknown distribution. A justification for using this estimator
can also be given in hindsight. We will see that this estimator works well in a
fairly general setting. Together with the right structure for the measuring matrix
we can even, in some cases, get optimal performance in terms of its asymptotic (in
the size) behaviour if we look at the required number of measurements compared
to the sparsity of the signal. However it is a long road until we can arrive at this
conclusion in Chapter 14, so for the moment we will not worry about this. In the
present chapter we simply want to implement the LASSO in an algorithmically
efficient manner.

The basic idea to implement the LASSO is straightforward. We first set up a
factor graph corresponding to (8.1) and mechanically write down the message-
passing rules following the general framework about set out in Chapter 5, no
thinking required. Since the LASSO asks for the a minimizer one possible start-
ing point is the min-sum algorithm.! Quite surprisingly message passing works
although the graph is dense and not at all sparse.

In principle this program only takes a few lines and we could stop at this point.
But there are a few issues. For the straightforward message-passing algorithm
the number of messages which need to be exchanged in each iteration is of
quadratic oder in the graph size. This is true since the graph is dense. The
second problem is that the messages are functions and not numbers as was the
case for coding. This increases the complexity even further. Fortunately, as we
L This is to some degree a matter of convenience. An alternative derivation would start with

the sum-product equations for a finite temperature formulation and then look at the zero
temperature limit.
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will see, one can approximate the original message-passing algorithm to (i) first
simplify the messages to numbers, and (ii) bring down the number of messages
which need to be exchanged in each iteration to linear order. For this second
point we will proceed similarly to the derivation of TAP equations in Chapter 7.
The final algorithm we derive is called AMP, where AMP stand for Approximate
Message Passing

Besides the practical motivation to reduce complexity there is also another,
perhaps more important, reason for going through these simplifications. The
performance of the resulting AMP algorithm can be rigorously analyzed in detail.
Even though the AMP algorithm is an approximation, it works very well and its
performance can be caracterized precisely. In the context of coding we were able
to assess the performance of belief propagation thanks to density evolution. In the
large-size limit the state of belief propagation is given in terms of a distribution
or density (of messages). Density evolution then allows to track this state as a
function of the iteration. It is possible to develop a similar formalism for the
AMP algorithm. In the context of compressive sensing this formalism is called
state evolution (SE). As we will see, one can derive recursive equations for the
mean square error whose average behaviour is tracked by SE.

An important application of SE pin-points an algorithmic phase transition
curve in the ”sparsity-measurement fraction” plane. Remarkably this curve is
independent of the noise level and determines the region of equivalence of the
{1 and ¢y problems. It was first obtained by Donoho and Tanner by completely
independent means.

LASSO for the Scalar Case

We begin with the analysis of a toy problem, namely the estimation of a scalar
variable corrupted by noise. This turns out to be not only an interesting non-
trivial problem, but also an important ingredient for the solution of the esti-
mation of vector signals. Let then y = x + z where z ~ N(0,02). We ass-
sume that x is “sparse” in the sense that it is a random variable with Dirac
mass 1 — k at = 0 and mass of ”small” weight « distributed (in an unknown
way) for  # 0. More formally, this is the class S, of distributions of the form
po(z) = (1—k)d(x)+Kkdo(x) where ¢g(x) is an unknown non-negative continuous
probability distribution function normalized to one (but we suppose here that x
is known).
The LASSO estimator

argminm{%(y —z)? + )\|m|} (8.2)
corresponds to the Hamiltonian H(z|y) = 4 (y — 2)* 4+ Alz|. Let us check where
this Hamiltonian takes on its minimum. For z > 0 its derivative with respect to
x equals —(y —x) + \. Setting this derivative to 0 we find that (8.2) equals y — .
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This solution is valid for y > A. On the other hand for z < 0 the derivative is
—(y — x) — . Setting this derivative to 0 we get that (8.2) equals y + A. This is
valid for y < —A). For the remaining case —\ < y < X one checks the inequality
1y? < 2(y — x)? + A|z| which means that (8.2) equals 0. Summarizing, we get
the scalar estimator

y— A, ify> A

n(y; A) =40, if A<y <A,

y+ A, ify<—=A
This is called the soft thresholding estimator or function, and the corresponding
graph is shown in Figure 8.1.

y+A

Figure 8.1 Graph of the soft-threshold function n(y; A). The parameter X is the
thresholding parameter.

In the above estimator we need to choose the parameter \. Since ¢o(x) is
unknown one reasonable criterion is: “choose the best A for the worst prior in
S..” In mathematical terms we compute the "risk” or minimax-mean-square-
error

inf sup E[n(Y,\) — X|?. (8.3)
A>0p()ES,
Writing it explicitly and making the change of variables y — x + z the minimax-
mean-square-error equals

1 2
e 2027 2
inf su /dx x/dz r)——== M +2,N)—2)". 8.4
fnf, sup [ depo(@) [ dzpol@) o (n( ) —7) (8-4)

It is natural to choose the threshold on the scale of the noise, i.e., we set
A = ao. We also note that under the change of variables © — oz, z — oz

opo(ox) = (1 — k)o(z) + mﬁga)(x) with (()U)(x) = o¢o(ox)

is a normalized distribution also belonging to S,. In other words the ensemble
Sy is scale invariant. These important remarks imply that (8.4) equals

_z2 2
2 e
o“ inf su dxpo(x dz rTt+za)— 8.5
azopﬂegn/ Po(7) o (n( ) ) (8.5)
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and that the solution of the minimax problem is essentially independent of the
noise level. The only thing that really depends on the noise level is the overall
scale of the minimax-MSE. It should be clear that this is so because, since S, is
scale invariant, o2 is the only scale or “dimensionfull” quantity in the problem.
So dimensional analysis immediately tells us that the minimax-MSE must be
proportional to o2. This is generally not true for the usual MMSE estimator
which would be used if the prior were known. A known prior introduces another
scale in the problem, besides o2.

It turns out that in the scalar case one can compute the worst case distribution
and best possible a exactly. Let us set

2

_zZ 2
M, (K, 3 p0) = /dxpo(m)/dZi/% (n(w +2;a) - x)

and

Mscalar(’k“” a) = Sug Mscalar(K‘) a;p0)7 Mscalar("i) = infa>0Mscalar(K;7a)
POESK

For fixed a the worst case distribution turns out to be?
K K
PO wers(®) = (1= K)0(2) + 58 100() + 56 o).

Using this expression one easily deduces that

Mo (85, 0) = K(1+ a2) + (1 — £)|2(1 + a?)D(—a) — 2

_ w2
e 2

where ®(a) = [*_du ﬁ the cumulative distribution of a standardized Gaus-
sian. To find the best possible & we now minimize (8.6) over a > 0. Setting the
derivative to zero we obtain

K= 3 . (8.7)

The right hand side of (8.7) is a monotone decreasing function of «, thus given &
there exist a unique ay,.., (%) found by inverting (8.7). Finally, the minimax-MSE
(8.5) for the scalar problem is

M, eiar (K) = 02 M (Fy Qe (K)) - (8.8)

2 This was first derived by Donoho and Johnson (). See the notes and exercises for more
information.
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The vector case: preliminaries

From the point of view of statistical physics computing (8.1) is equivalent to
minimizing the Hamiltonian (or cost function)

Hiz) =)

a=1

(Yo — (Az)a)* + X Z || (8.9)

N =

We explained in Chapter 3 that this cost function can be interpreted as a spin-
glass Hamiltonian. The matrix A and the observation y are random, but once we
have a realization they are considered fixed. These are the quenched (or frozen)
variables. The degrees of freedom reside in the signal components x;. These are
“continuous spins” since z; € R rather than the usual binary variable s; = £1.
We are looking for the minimum of the Hamiltonian, and while the scalar
case could be solved straightforwardly, for the vector case we have to settle
for an algorithmic solution. According to the factor graph framework developed
in Chapter 5 we use the min-sum algorithm. The underlying factor graph is
the complete bipartite graph with variable nodes corresponding to the signal
components x;, and two types of factor nodes corresponding to the factors

e (An))? e A

A straightforward application of message passing rules leads to the following
equations involving two types of messages, call them E,_;(z;) and E;_,(x;),
i=1,---,nanda=1,---,m>

Ef——t}z(xi) - >‘|x1| + Zbe@i\a Elﬁﬁi(xi)v

B (a0) = mines, {30 - (A2))? + Tyepm ELap ) &1
In addition we have the initialization
{@La(xa = Ail. 6.11)
EQ_i(w) = mine, {5(ya — (A2)a)? + 200y A}
The min-sum estimate at time ¢, call it Zt()), is computed from
z! = argmin,, B! (z;), (8.12)
where
Bl (i) = Mzil + > Ef (). (8.13)

bedi
Recall that in Chapter 5 we discussed the BP equations for compressive sensing.
As explained there, the min-sum equations (8.10) can be obtained by taking the
B — +oo limit of BP equations. Alternatively one can derive them by a direct
application of the distributive law for (min, 4) operations.

3 Recall that min~,, means minimisation over all components of x except ;.



178

8.3

Compressive Sensing: Approximate Message Passing and State Evolution

We stress here that Z' in (8.12) is the min-sum estimate - an algorithmic quan-
tity - and although one might hope that as ¢ — 400 it converges to FLASSO (v)
this is far from obvious a priori. We will have the occasion to come back to this
issue of their comparison in Section 8.8.

Running min-sum on a complete bipartite graph with a bipartition of size n
and m respectively, requires to transmit O(mn) messages at each iteration. For
large instances this complexity is prohibitive. We will show that we can get away
with linear complexity. To be sure, the algorithm which we shall develop is an
approximation of the original min-sum message passing.* How can we derive
such an approximation? The model and the situation is analogous to that of the
SK model. Therefore, it should not come as a surprise that the methodology
which we follow for the analysis is also similar. We have seen in the previous
chapter that for the SK model we can go from the BP equations to the TAP
equations by exploiting the smallness of interaction coefficients, more precisely
Jij ~ N(0, %) or J;; = j:ﬁ with Bernoulli(1/2) signs. In the present case we
can also exploit Ay; ~ N(0,1/m) or is Bernoulli(1/2) with A,; = +£1/y/m and as
shown in section 8.4 this leads to significant simplifications and linear complexity.
Both models lead to the same final result and we will use the common notation
Agi ~ 14y/m to express the order of magnitude of the matrix elements.

Before we tacle this derivation there is one complication we first have to deal
with. Contrary to the SK or coding models the “spin variables” (here the sig-
nal components) are not binary and therefore the min-sum messages cannot be
exactly parametrized by numbers (the cavity fields in the binary case). However
it turns out that a quadratic approximation of the messages is possible, which
approximates each message by a set of two real numbers. This is the subject of
the next section.

Quadratic Approximation

The following is a fairly technical calculation. In a first reading the reader may
just look at formulas (8.14) and (8.17) that define a parametrization of messages
in terms of four real values agu_yi, Ba—si, Tisa> Vi—sa, and then skip forward
directly to the message passing equations (8.18) and (8.19). These equations are
all that is needed for the derivation of the AMP algorithm in Section 8.4.

A simple but crucial observation is that in the message passing expression

(8.10) for Efl;ll (x;) the z; dependence only enters as A,;x; in (Az),. Now since

Agix; ~ 1/y/m this contribution is small as n — +o0o, and we can consider the

t+1

o7, (x;) in powers of A,;z;. Keeping only the lowest order

Taylor expansion of E

4 Further, recall that we are not operating on a tree and so even a full fledged message
passing algorithm is not necessarily optimal. There is therefore no reason to insist on an
exact implementation of the BP algorithm.
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terms
B (i) = EETL(0) — ol (Aasms) + 52111( ai®i)” + O((Agizi)®), (8.14)

where the Taylor coefficients a!T!. and SiTL are real numbers that we determine

a—r1 a—r1
later. These are two real valued messages that approximate EZ:IZ( i)- Equation
(8.14) constitutes the quadratic approxzimation for Efl:lz( i). Replacing (8.14) in

the first message passing equation (8.10) we get

B () = EFEL(0) + M| — 2 > Aviag, + Z AbiBh i
bedi\a 2 ona
= i50) - 20 4 2+ 5o ot} (5.15)
where
ot = Zbeaz’\a Abiai—n’ ot = A (8.16)
Ebeé)i\a ARBE Zbeai\a AL B,

The second equality in (8.15) has been obtained by completing the square. The
calculation presented for the scalar case shows that the minimum of the term
{...}is equal to n(a! ; ab). Thus, when the right hand side of (8.15) is expanded
around its minimum one finds (this is justified below)

1
B! (x;) = Constant + ST (zi — 22+ O((zi — ia)?) (8.17)
714)(1
where
it =nal;ab), AL = A n "(af ; ab) (8.18)

where 7’ is the derivative of 7 with respect to the first argument. Equation (8.17)
constitutes the quadratic approximation for Efi}l( i)-

Why can one hope that it is a good approximation to expand (8.15) near its
minimum? One way to understand this is to recall the connection between min-
sum and BP. For § large the BP messages are proportional to e_ﬁEfila(”), a
weight that is dominated by z; close to the minimum of the exponent. Once this
is accepted, it remains to find this minimum and write down the Taylor expansion
around it. For A # 0 the absolute value is not differentiable at the origin so the
derivation involves a few technical subtleties that are worth discussing. ® In the
scalar minimisation problem we learned that the minimum of (8.15) over x; is
attained at z!_, , = n(al; a}). The expansmn is best performed by first assuming
that ¢ ,, >0, ie. 2l =n(al; al) = a} — ab. In this case we can set |z;| = z;
and the first derivative of (8.15) is (ab + (z; — a!))\/a} which vanishes at x!_, .
The second derivative is equal to )\/a2 = \/(an'(al; ab)) = 1/~ ,. Therefore
(8.17) holds when z!_,, > 0. The reader can work out the case z!_,, < 0 in

5 For A = 0 we have n(y; \) = y so that cubic and higher order terms in (8.17) vanish, and
t+1 t+1
Tisa = al’ Yisa = 1/ Zbe@i\a AZzBlEaz
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Since we are deriv-
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a similar way. Finally we consider the singular case z!_, = 0, i.e. n(at; ab) =
n'(al; ah) = 0. At the origin the first derivative of |z;| has a jump, and the
second derivative is formally infinite. Therefore we have to take /_,, = 0 which
is consistent with v/, = n'(a}; ab)ab/\.

The final step is to determine of . and §f_,,. For this we replace (8.17) in the
second message passing equation (8.10). Then we compare with the expansion

(8.14). After a tedious but ezact algebraic calculations this yields
¢ Ya = 2jcoa\i Agj Ty g " 1
, .
1+ Zje@a\i Agj’)/;ﬁa 1+ Zjeﬁa\i Aijﬁsa

Qgsi =
Let us summarize these calculations. The quadratic approximation assumes

a—t T

(8.19)

that the expansions (8.14) and (8.17) to second order are good approximations
and neglects cubic and higher order terms. The min-sum equations (8.10) then

reduce to a set of four equations (8.18), (8.19) for real valued messages x! .,
t

t t
Yisar Xa—is Baﬁi'

Derivation of the Approximate Passing Algorithm

The scaling A%, ~ 1/m induces important simplifications that we now derive
heuristically. It is useful to keep in mind the Bernoulli model for which A2, =
1/m and many arguments become more transparent. But the end results do not
depend on the model as long as the matrix elements are iid with sub-gaussian
distribution.

First simplications of (8.18) and (8.19)

Our derivation rests on the assumption that the term in the denominator of
(8.19)

2
1+ Z Aaj7§—>a
j€da\i
can be treated as independent of a and i. Why might this be true? Note that
Azj ~ 1/m and that we sum over n — 1 terms. This sum is therefore up to a
negligible term equal to the empirical mean of fy§ _, over all edges of the graph,
and we therefore expect this to concentrate on a value independent of a and 1.
Thus we set

0
2 _ Uy
I+ Z Aaj’Y;‘—m = X

j€da\i

(8.20)

and we treat 6; as independent of a and i. The update equation for 6, is discussed
later on. We also set

Tttz—n' = Ya — Z Aasz'—mv (8.21)

j€da\i



8.4 Derivation of the Approximate Passing Algorithm 181

so that (8.19) become

of = At A (8.22)

a—1 et a—1) a—1 et

Let us now look at a! and a} in (8.16). From 8} ,, = A\/6; we deduce that the
denominator of af and df is equal to

5 3 4

bedi\a

Furthermore note that oi\a A2, ~ 1 With these remarks we obtain

> Apiresi,  ab =0, (8.23)
bedi\a

Replacing (8.23) in the first message passing equation (8.18) one finds

fila =N Z Ablrb*)'L? et) (8.24)
bedi\a

So far the message-passing rules boil down to (8.21) and (8.24). But we still
need an equation for the updates of ;. This is easily obtained by multiplying
the second equation in (8.18) by A2, and summing over i. We get

1+ Z A2l =14 Z A2, o "(a}; ab) (8.25)

i1€0a i€0a

which, in the large size limit, becomes equivalent to (using (8.20), (8.23) and
AZ; ~1/m)

Ori1 = A+ E DI A Z Apirt i ;) (8.26)

i€0a b€87,\a

Notice a nice property of the thresholding function: the derivative n” = 0 when
n =0 and ' = 1 when 5 # 0. This prompts us to introduce a notation for the
“0-absolute value” of a real number,

1, ifz#0,
|2lo = .
0, if z=0.

Thanks to (8.24) the update equation (8.26) can be written in the nice form

B0 = A L& Z 1z |o. (8.27)
7€8a
We have simplified the min-sum equations down to (8.21), (8.24) and (8.27)
but at this point we still have ©(nm) messages to update at each iteration. A
further simplification bringing this complexity down to linear order is the subject
of the next subsection.
But before we address this issue it is useful to first consider the estimate
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obtained by minimizing F;(x;) (see Equs. (8.12), (8.13)). Without going into all
details of calculations (similar to Section 8.3) the reader should not be surprized
that within the quadratic approximation one finds

1
Ef(z;) ~ Tvt(x )2+ O((ws — 7)), (8.28)
where
T =n(ay; ay), (8.29)
and
~t1 _ Zbeaz Ablo‘b%z ag A ) (830)
Zbeaz bzﬁbﬂz ZbGﬁi Alznﬁlgﬁz
This leads to an estimate at time ¢ of the form
2= Awr ;0. (8.31)

beoi

In (8.31) all messages r;_,, entering nodes i are involved, wheras in (8.24) the

message 7% _ . is ommitted. This is a usual feature of mesage passing.

Finals steps

We are now ready to proceed from (8.21), (8.24), (8.27), to the final steps leading
to the AMP algorithm. From (8.24) we have

tJrl _
Ti e = E : Ablrb%z - alra—n’ 91‘/)

beoi
~n(Y ] Avrhis 0) = Awirtn' (Y Avirh; 00)
beot bedi
- xt - Aairfl*)iﬁfﬂ(), (832)

The second approximate equality above is obtained by a Taylor expansion to

first order in Agrf ., ~ 1/y/m. A similar step was performed when we derived

a—1
TAP from BP equations in Chapter 7. This step is crucial and will lead to a sort
of Onsager reaction term. The last equality follows by remarking again that that
7' =1 (resp. n’ = 0) whenever ) # 0 (resp. n = 0) and using (8.31). Replacing

(8.32) in (8.21),

~t—1 t—l
a—m = E Aajx + E Aa] a~>] j |0
jE€Da\i j€Da\i
~t—1 tfl ~t—1 2 t—1
- E Aajaj + E :Aaj a%j j |0+Amx — AT aa1|x |0
j€0da j€E€da

We see that r!_,, consists of the three first terms which are of order one and are
independent of i, and the last two which do depend on ¢ but are of order 1/y/m



8.5

8.5 AMP algorithm for the LASSO 183

and 1/m. So let us write

t .t t
Ta—i = Tq + 6ra—>i’

with

=Y A Bl Y AR (8.33)

j€da j€da

for the O(1) terms, and a rest 0rl_,, ~ A, zi~" for the O(1//m) term. The

O(1/m) term is neglected. Using again A2, ~ L (8.33) yields

~t—1
)

= AgEtt el 27 o — 9. (8.34)

jE€da

Moreover, replacing rlt,_”- =ri4+or, , ~ri+ Ab@ﬁ*l in estimate (8.31) we find

=1 Z Abzrb + Z Agz/\f Y

beoi beoi
=n()_ Aprp + 2715 0,). (8.35)
beodi

Finally retaining the leading term in (8.32) the update equation (8.27) for 6,
becomes

0

Equations (8.34), (8.35) and (8.36) form the AMP algorithm.

To conclude, recall that the current form of AMP has been derived for an
unknown sparse prior distribution. With only minor extra effort we can derive a
variant of AMP adapted to the case of a known (sparse) prior signal distribution
when the MMSE estimator is used instead. This is discussed in Section 8.9.

AMP algorithm for the LASSO

Let us now collect the fruits of our efforts and discuss the AMP algorithm as
well as a practical variant.

The final AMP equations (8.34), (8.35), (8.36) can be written in a somewhat
more compact notation

T = 77(@\2_1 (AT 0y),
rt =y — (42", 4 it o (8.37)
01 = A+ 0, Hﬁm\lo_

Clearly, in (8.37) there are no messages flowing on edges, but instead ©(n) values
updated at each iteration; we have gained one order of complexity with respect to
the initial message passing equations. This is similar to the complexity reduction
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we encountered when going from BP to TAP equations for the Sherrington-
Kirkpatrick model.

There are other ways to update 6; which are somewhat more heuristic and
lead to similar algorithmic performance. Here we discuss a variant of (8.37) with
a simpler update of ; which has the advantage of lending itself more easily to
a theoretical performance analysis (as shown in the next two sections). In the
scalar case we saw in Section 8.1 that the threshold in 7 is naturally set on the
scale of the noise, i.e. A = ao (and then the best possible « is determined by
solving a minimax problem). In that case, o was the standard deviation of y — .
By analogy, for the vector case it is natural to take #; on the scale of the standard
deviation of (ATr?); which is the term added to the estimate !~ ' in the first

AMP equation (8.37). A rough guess for this standard deviation is

VrTEAAT = i

Therefore we take the following heuristic value for the soft threshold at time ¢
oy
— . 8.38
el (3.39)

This completely defines a useful variant of the AMP algorithm

Z=n@ 7+ (AT ),
~t
TZ =y, — (A/x\tfl)a + T,Z—l ||£7nH0 .

015:

(8.39)

whose performance we will assess in Section 8.6.
The AMP algorithm (8.39) is almost the same than the much older Iterative
Soft Thresholding (IST) algorithm,

{?fﬁ = 0@ + (AT 2= lr']),

8.40
rat = Ya — (Ait_l)a- ( )

The fundamental difference between IST and AMP lies in the Onsager reaction
fjlw which is absent in (8.40). One can run experiments
and check that this term is responsible for the improved performance of AMP
over IST. One typically obtains a much smaller empirical MSE with much lesser

iterations.

term, namely 7

One could perhaps hope that, when the IST algorithm is tested numerically,
the unthresholded estimate

has a Gaussian histogram (here we set A = imA) It is the subject of an ex-

ercise to show that this is not so. Correlations between the terms in the sum
develop along the trajectory of the IST algorithm and the central limit the-
orem does not hold. Remarkably, it turns out that when the extra Onsager
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correction term is added to 7} (so AMP is used) the histogram of this un-
thresholded estimate becomes Gaussian! The Onsager term has the effect of
cancelling the correlations between the terms in the sum. Again, the situa-
tion is exactly analogous to the one in the SK model. We saw that the naive
Curie-Weiss mean field, ﬁ Z?:l;i;éj Jijmﬁfl, does not have a Gaussian his-
togram; whereas when the Onsager correction is added the TAP local field,
ﬁ Z?:l;#j Jiymbt — ﬁmgtfl)(l — ¢*1), has a Gaussian histrogram.

Heuristic Derivation of State Evolution

In coding theory we derived density evolution equations that track the state of
the BP algorithm, i.e. the probability distributions of messages. Density evolu-
tion then allows to compute the probability of a decoding error and assess the
performance of a coding ensemble. There exist a similar formalism called State
Evolution (SE) that tracks the state of the AMP algorithm (8.39) and allows
to calculate its performance. For the “state” at time ¢ we take the square error
|Z" — z||? incurred by the estimate Z' for a given input signal z. State evolution
tracks the average behavior of the square error in the large size limit. In other
words we seek an update equation for
r= lm C|E' gl (3.41)
where the limit is taken at fixed measurement fraction u = m/n and sparsity
k = k/n. A priori this is a random quantity which depends on the quenched
variables: measurement matrix, noise and input signal. However we will see that it
satisfies a deterministic equation, and although the analysis is semi-heuristic this
strongly suggests that (8.41) concentrates. This is indeed true and can be shown
rigorously. More precisely with probability one 7, = lim,,_, o E[||Z" — z[|?]/n.
The key feature that allows us to derive a closed form equation relating 741
to ¢ is the Gaussianity of the untresholded estimate for a given the input signal.
As explained in the previous section numerical experiments show that with the

Onsager term present, the sum ﬁ Yooy Abﬂ‘g behaves as if the central limit
1

N
remove the Onsager term from the algorithm and sample afresh the measure-

theorem applied (from now on we set A = ). Effectively, it is equivalent to
ment matrix at each time step so that the law of large numbers applies. This
remarkable observation is at the basis of the “conditioning technique”® which
allows for a rigorous derivation of SE. The rigorous proofs would lead us too far

here, and we will §imply accept, based on numerical observations, that the On-
-1z

t Hfﬂml\o c p
measurement matrix elements A,; by new iid realizations A}, sampled afresh

from N(0,1) or uniformly from {—1,+1}.

sager term r can be removed if simultaneously we replace the quenched

6 Originally developed by Erwin Bolthauzen in his analysis of TAP iterations for the
Sherrington-Kirkparick model ().

What is  known
about the exchange

of t and n limits here
?
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In other words we are analyzing the following set of equations (compare with
(8.39))

) | (8.42)

=@+ e (AT e llll2),
ra' = J=(Ar)o + 20 — = (AT

where to be consistent we have also replaced the measurements y = ﬁf@ +z
by “new measurements” at each time step yt = \/%fltg + 2z, 2 ~ N(0,1). We
will shortly show that in thermodynamic limit: (i) the first argument of the
thresholding function in (8.42) tends to a Gaussian with mean z and variance
(02 4-p~ 72 1) /?; (ii) the second argument Oﬁnﬂﬁt\b tends to (o2 +p~ 172 )12

Thus in (8.42) each component z! is distributed as the random variable

N T T
xtn<az+u o2+ —; « 02+) (8.43)
[ 7

where u ~ N(0,1) and = ~ po(-). Using definition (8.41) and the law of large
numbers, we obtain the SE updates

—u? 2 2 2
2 _ e =z Ti_1 Tt_1
Ty = dz X du —— xr+u 02—}——;04 02+>—$},

(8.44)

The consequences of SE for the phase diagram the AMP algorithm are discussed
in the next section. For completeness we first give a somewhat informal proof of
points (i) and (ii) above.

Technical details leading to (8.44)

Let us show point (i). Merging the two equations together in (8.42) the first
argument of the thresholding function becomes

1 « (b
+ﬁ2A zb—i—z o A”Af) NEVY — ) (8.45)
b=1

We discuss the behavior of each sum in the thermodynamic limit. Clearly, given
z, from the central limit theorem

1 o~ ;
LS A, (8.46)
=
tends to a Gaussian with zero mean and variance -1 7" | 22 — o2 Next, again
by the central limit theorem, one shows that the matrix entries (d;; —E(A”At)”)
tend to a zero mean Gaussian with variance 1/m. Looking at the covariance of
these entries we see that they are independent to leading order. Thus the term

n

> (6~ m(AtTAt) D@ =) (8.47)
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is also a Gaussian, with zero mean and variance

2
Ti—1

@ —ay)? =

1
m,lj I

3=
Finally, one can look at the covariance of the two approximate Gaussian variables
in (8.46) and (8.47) and show that they are approximately independent. Let us
summarize: we have obtained that in the thermodynamic limit (8.46) is A'(0, 02),
that (8.47) is N(0,72_,/u), and that they are independent. Thus their sum is

N(0,0% + 72 /i) and the first argument of the thresholding function (8.45)

tends to the random variable
72
T4 uyfo? 4 1= (8.48)
I

where u ~ N(0,1) and = ~ po(-) as announced.
It remains to show point (ii). Using the second equation in (8.42) and expand-
ing the Euclidean norm,

a2 O[2 m 1 n 2
Oz = & Z(zb TN o e 9?21))
m m b=1 \/’I’W =1
2 m 2 m n
@ 2, 20 i ~t—1
== Gtz > ade -7
m b=1 m b=1 i1=1
a2 I
NS S A 33

Clearly the first term tends to a?0?. By similar arguments as in point (i) the
second term can be shown to tend to zero and the third term to (a?/u)72 ;.
Thus in the thermodynamic limit

2
%nﬁuz Sayfo? + 7 (8.49)

as announced.

Performance of AMP

In this section we derive the phase diagram of AMP in the plane of parameters
(k, ). Recall K = k/n is the fraction of non-zero components in the signal and
p = m/n the fraction of measurements.”

The phase diagram is deduced from a study of SE updates (8.44), so the first

7 Tt is also common in the literature to parametrize the phase diagram in terms of (p, )
where p = k/m = k/u, but then the transition lines look more complicated.



188

Compressive Sensing: Approximate Message Passing and State Evolution

question we should address is to determine the multiplicity of solutions of the
corresponding fixed point equation

2 /dx (z) due_“;{ (:v+u 20T 2+72> x}2 (8.50)
T = o+ —; ot + — ) - . .
Po o n P 0

It is the subject of an exercise to show that this equation has a unique solution
72(k, 1, @, po, o) in the extended real half-line [02, +0c]. Therefore SE iterations
will tend to this fixed point solution.

It is useful to note for further use the following property

TE(K,M,Oé,po,O') = O'QTE(K,M,Oé,pg,l), (851)
where p§(x) = opo(ox) = (1 — k)d(z) + opo(ox). To prove (8.51) we set 7 = o7’
and notice that 7/ satisfies the fixed point equation (8.50) with o and pg replaced
by 1 and p§ respectively. To see this last point one makes the change of variables
x — ox and uses n(oy; o) = on(y; \). We already remarked that p§ € S, if
po € Sk, in other word the class of distributions S is scale invariant. This scale
invariance property played a crucial role in the scalar case, and not surprisingly
we will shortly see that it is also fundamental in the vector case.

Minimax Criterion and noise sensitivity phase transition

We have to make a suitable choice for the parameter o of the AMP algorithm
(8.39). Recall, since pg is unknown, we must choose the best possible o given

the worst possible pg € S,;. Formally we have to compute the minimax-MSE of
AMP

inf sup 7.2(k, i, o, po, o). (8.52)
a20poeS,

Using (8.51) and the scale invariance of S,; we find

: 2 2 2
inf Sup T« (57 Hy &5 Do,y U) =0 inf Sup  Tx (/J’a P aapg7 1)
a20poeS, @20 poeS,

=02 inf sup T*Q(u,p,oé,poa 1)
azopoesm

= o> M(k, ). (8.53)

The quantity M (x, ) is the rate of change of the minimax-MSE of AMP un-
der small variations of the noise. It has been called the noise sensitivity in the
literature.®.

Remarkably, the noise sensitivity is independent of the level of noise and a look
at the derivation above shows this is due to the scale invariance of the class of
8 In statistical physics language one would call it a "response function” or a ”susceptibility”.

This is a measure of the response of the state of the system to an external perturbation.
Here the external perturbation is the variation of the noise.
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sparse distributions. It turns out that scale invariance has more consequences,
for example, it allows to derive an explicit formula for the noise sensitivity

Mscatar (k)
M(k, p) = 1—%Mslcalar(f€) H> Mcarar() (8.54)
+00 p< Marae(K),

where M, ....(k) is given by (8.8). Moreover the saddle point (po worst, Xbest) 18
the same as the one for the scalar problem in Section 8.1. Figure 8.2 shows the
phase diagram of the AMP algorithm. The curve g = M, ....(x) is an algorith-

p

0

Figure 8.2 Left: the algorithmic noise sensitivity phase transition line in the (&, u)
plane. Right: the same line in the (u, p) plane.

mic threshold line, which separates the (k, ) plane in two regions. Below the
curve the measurement fraction is too small and the noise sensitivity (as well as
minimax-MSE) are infinite. There is no hope to recover the sparse signal with
the AMP estimate. Above the curve, the measurement fraction is large enough
so that we can recover the signal with finite error.

We point out that the noise sensitivity phase transition line has a rather ex-
plicit parametrized form whose derivation is the subject of an exercise.

-
H= 70#2@
O¢+2(e\/§—i —ad( a)) (855)
2(62 7oz<I>(7a))

Derivation of (8.54)

The starting point is again a scaling argument applied to the fixed point equation
(8.50). With the change of variables © — x, /02 + 1—2 we obtain

2
T
7—2 = (02 + ;)Mscalar(’%a a7p70—) (856)
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with
u2
5

Moaslr.op}) = [ dary(o) [an={ua+u.0)=a}’ (57

and pl(z) = \/02 + %po(x\/JQ + %) Looking back at the solution of the
LASSO for the scalar problem we see that M.,....(x, @, p]) is noting else than the
scalar MSE for a scaled signal distribution pJ and a noise level 2 = 1. Remark
also that scale invariance of S implies
Sup Mscalar(ﬁ7 a?pz)—) = Sup Mscalar(’““d a’po) = Mscalar(KH a) (858)
PoESK PoESkK
where the supremum is attained for pg yors:-

Suppose the parameters are such that M,.,..(x, @) > p. Then replacing pg by
Po,worst 111 (8.56) we find that the only solution is 7.(k, i, &, Po,worst, ) = +00.
Therefore we necessarily have sup,, cs, 7« = +00 when M, a1 (K, @) > p. On the
other hand if M, ... (K, &) < g we also have M, ... (K, &, p]) < p and Equ. (8.56)
has a finite solution,

Mcarar (K, 0, P57)

2 2 scalar
ER _ (8.59)
1= M (8, 0, p57)

This ratio is an increasing function of M,.....(k, a, pJ*) so it also follows that for
Mscalar('k‘.ﬂ a) < /’I’

2 2 Micalar(’%7 O‘)

sup T, =0 .
pOe’Sn 1 - Mscalar (K/u a)

. (8.60)
m
Now it remains to minimise over a. Recall inf,s0 M. capar(K, @) = M, carar (k). SO
when « varies over the positive real line, M.,.,... (k, &) varies over [M, .., (k), +00].
Since the ratio in (8.60) is an increasing function of M,,,..(k, @) which diverges
at Mo (K, @) = p (and remains infinite thereafter), its minimum is attained at
M, .aor (k) when M_.,...(k) < p and at +00 when M.,,,...(k) > p. This is precisely
the statement of (8.54).

Relation between AMP and solution of LASSO

We wish to revisit here a few issues that have been swept under the rug. We
started by formulating a minimization problem (8.1) which yields the LASSO.
We cannot a priori solve this problem analytically (except for the scalar case)
so we settled for a min-sum approach. After several natural approximations of
the min-sum equations, we where led to the AMP algorithm (8.37) which gives
an estimate of the signal parametrized by A\. We switched to a variant of this
algorithm, the AMP algorithm (8.39) which gives an estimate parametrized by
« instead. The reason for introducing this variant is that its performance can be
neatly analyzed thanks to state evolution.
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This approach raises two natural questions. First, what is the relation between
the two variants of AMP and how do their performance compare? In particular,
do they have the same algorithmic phase transition line? Second, what is the
relation between the true LASSO and AMP estimate? The first question is a
purely algorithmic one, whereas the second really belongs to the third part of
the course where we discuss the relations between message passing algorithms
and optimal solutions. In the present case we can quite simply obtain at least
partial answers which are worth stating immediately.

The Hamiltonian (8.9) is a convex function of x € R™, so the minima are
solutions of the stationnarity condition

AT(y — Az) = \v (8.61)

where v; = sign(z;) for x; # 0 and v; € [-1,+1] for 2; = 0.

Take the AMP iterations (8.37) and consider a fixed point (Z*,r*,0,). One
can see that z* satisfies (8.61) provided we take equation A = 6,(1— @) This
is also a condition that the fixed point of AMP iterations (8.37) must satisfy. So
we conclude that, for any fixed A, when the updates converge to a fixed point,
this fixed point is also a solution of the LASSO minimization problem.

Consider now the a-AMP update equations (8.37), (8.38) and a corresponding
fixed point (Z*,r*). This time z* satisfies (8.61) provided we take A\ = a%(l -
Hé\%) Using the analysis of Section 8.6 (specifically (8.48) and (8.49)) this
relation becomes for m — +o0o

AMa) =ay/o? + 7'3{1—
u2

ml/d;cpo(x)/du% {n’(x-i-u\/cﬂ—kﬁg;a\/ﬂ +73)} }

We conclude that when they converge the a-AMP and A(«)-AMP algorithms
converge to the same fixed point, and this fixed point is a solution of the LASSO
minimization problem.

The two variants of AMP are equivalent in terms of performance in the large
size limit. In particular the noise sensitivity phase transition line is the same.

AMP for the MMSE estimator

Even if this is perhaps a less realistic situation, it is instructive to consider the
case of a signal with known prior distribution from the class Si. In other words
po(x) = (1—kK)0(z)+ Koo (x) for a known ¢o(x). A good example to keep in mind
is a Gaussian distribution ¢o(z) = e=*/2//27; one then refers to po(z) as the
Bernoulli-Gauss model.

As explained in Chapter 3, in this setting the optimal estimator is the MMSE
estimator (3.35). Since we cannot a priori hope to compute it exactly we re-
sort to a message passing calculation. In Chapter 5 we went through the BP
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FIGURE

Figure 8.3 The denoiser 71 (y; v) for the Bernoulli-Gauss model.

equations in Example 16, and this approach can be systematically developed in
order to recursively compute the BP-estimate for the signal. The complexity of
the message passing step is again quadratic because the factor graph is bipartite
complete; but following the same route as in Sections 8.3 and 8.4, the message-
passing equations can be simplified in order to arrive at algorithm that is very
similar to (8.39). Instead of embarking in this lengthy route, one can make an
educated guess of the form of the new algorithm, just by skimming through the
previous results.

In Section 8.5 the AMP algorithm uses the soft thresholding function n(y; A)
found by solving the scalar LASSO problem. The reader should not be too sur-
prised that now the updates will involve a thresholding function given by the
MMSE estimator of the scalar case. Consider a scalar measurement y = = + z of
“signal” x affected by Gaussian noise with variance 2. The ”softer” thresholding
function is now

_w-=)?
_ Jdzzpo(x)e” =2
B _ (-2
[ dxpo(x)e” 22
and is also called a denoiser (see Figure 8.3). We stress that, contrary to the case
of LASSO, here ny(y; v) is not universal and depends on the prior. The corre-

m(y; v) =EX]Y =y]

(8.62)

sponding mean square error is the MMSE function (by convention the argument
of the MMSE function is a signal-to-noise-ratio, here v~2)

mmse(r~?) = E[(X — E[X|Y])?]

——/d Po( )/d e i {z—mz+2z;0)} (8.63)
T po(x z T T+z;V)f - .

0 V2r2 n
The AMP updates (for the vector case) are similar to (8.39)

T =m(al+ (AT m),
rh=ya— (AT + bt

(8.64)

with a number of differences that we now discuss. As already pointed out, nat-
urally n; replaces 1. The Onsager term is also different. In the derivations of
Section 8.4 this term can be traced back to a derivative of the soft thresholding
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function. We can therefore guess that now
1 n
by = — Z; 0} (xﬁ_l + (Ath)a ; I/t). (8.65)

Finally recall that for the AMP algorithm (8.39) we expressed in Section 8.6 the
threshold level thanks to the MSE through the relation 8; = ay/02 + T—j Here

the analysis leads to a similar conclusion, namely®

2
-
v =402+ L.

(8.66)
Note that the MMSE problem does not involve any parameter A or o over which
one should optimise. Note also that to run the AMP updates (8.64) one has to
precompute 7¢. To do this one has to write down the corresponding SE equations.

The performance analysis follows the same steps than in Section 8.7. The result
is a SE recursion with 79 replacing n

2 2 th 1
20y = mmse(0? + £)71)

2

e_uT 7-2 7_2 2
= [ dzpo(z) [ du {n1<$+u\/02+t;\/02+t)—a:}.
/ (=) V2r iz "

(8.67)

This equation has a nice interpretation: at time ¢t + 1 the mean square error
77,1 for the AMP estimate is given by the MMSE of a scalar signal (8.63) with

effective noise variance o2 + it at time .

Let us summarize. Equation (8.67) gives the evolution of the mean square
error of the AMP estimate. Equations (8.64), (8.65), (8.66) define the mmse-
AMP algorithm, and allow to compute the estimates for the signal. Note that
(8.66) is independent of the input signal and can be precomputed once for all.

We now turn our attention towards the phase diagram. As usual we must get
a hold on the solutions of the fixed point equation associated to (8.67). Contrary
to the LASSO case where only one solution exists, here the situation is more
complicated and multiple solutions can appear. Moreover for the LASSO the
solution could be determined rather explicitly because of scale invariance. In the
present case there is no such scale invariance since pg(z) is a fixed distribution
and typically brings in another scale besides the noise. But it is still possible to
make qualitative statements that are valid for a fairly wide class of distributions.
Moreover the phase transition line can precisely characterised in a simple manner.
For the Bernoulli-Gauss model 7;(y; s) can be explicitly be computed and all
statements that follow fairly explicitly checked; this is the subject of an exercise.

9 Where by definition 72 = limp— 400 %H@t —z||2.



194

Compressive Sensing: Approximate Message Passing and State Evolution

FIGURE

Figure 8.4 Phase diagram of mmse-AMP for the Bernoulli-Gauss distribution. The
performance is better than LASSO since we exploit prior knowledge of the signal
distribution.

Define

D(po) = lb/li[é (v *mmse(v~?)] (8.68)

Note that lim, o v~ ?mmse(r~2) = k so we always have D(pg) > k.

For a measurement rate p > D(pg) there exists only one fixed point solution
called 772, 4 such that the "noise sensitivity” limy (77 ,,,q4/0>) remains finite.
Thus for p > D(pg) the algorithm yields a correct reconstruction in the small
noise limit ¢ — 0 (and more generally a finite error for finite noise). Now,
decrease the measurement rate in the range D(pp) < p < %. One finds two or
more stable fixed points (as well as unstable ones) for all o2 > 0. Besides the
7good” fixed point which satisfies 77,4 = ©(c?) there is a "bad” one, i.c.
T2 paq = ©(1).1 Clearly, initializing iterations with 75 = 400 one is driven to
the largest stable fixed point i.e 77,4. This means that the noise sensitivity
lim, g TE’bad /o? diverges, and exact reconstruction is not possible even for very
small noise.

We therefore conclude that (8.68) is the algorithmic phase transition threshold
of AMP for a known prior; a remarkably neat result! It has been called the
information dimension since it represents the minimum fraction of measurements
needed to reconstruct a signal exactly in the noiseless limit. Note that with this
interpretation in mind the inequality D(pg) > x now appears as trivial. This
threshold is lower than the Donoho-Tanner curve derived in Section 8.6. This is
not surprising since the later concerns the worst case distribution for pg € S.

Figure 8.4 illustrates the phase diagram of AMP with known prior in the (&, i)
plane for the Bernoulli-Gauss model and compares it with AMP for LASSO.

10 When there are more than two stable fixed points we define it as the maximal one.
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8.10 Approximate Message Passing at Finite Temperature!!

The AMP equations for the LASSO and MMSE estimator can be derived in a
unified way by considering the finite temperature formulation discussed at the
end of Section 3.4. Recall that we extended the usual posterior distribution by
introducing the Gibbs distribution (3.43) at arbitrary inverse temperature 3. The
B-MMSE estimator was defined as the magnetization (3.44); the usual MMSE
estimator was recovered simply by setting 5 = 1 and the LASSO by taking
po(x) o e Pozlel and B — +oo.

In this section we start with the BP (or sum-product) equations and indi-
cate how the finite temperature AMP algorithm is obtained. This has the merit
to confirm equations (8.64)-(8.65) and will also be useful when we introduce
the Bethe free energy of compressive sensing in Chapter 11. The spirit of the
derivation is similar to Sections 8.3 and 8.4: we first derive a Gaussian approxi-
mation of message passing and then with further simplifications we bring down
the complexity from quadratic to linear order.

Gaussian approximation
A look at (3.43) shows that the sum-product equations are
{uim ) = (polw >> Mheona (70
~ = —(Az
Z—le fe 262 2e)’ Hje{)av d‘x]:u‘]—m(x])

In the second equation the free variable x; appears in

(8.69)

(Ag)a = Aaiiz ZAaij
J?ﬁz

and the integration variables can be considered i.i.d distributed x; ~ ,u;:la(xj),
j # i. Thus, according to the central limit theorem,for a given realization of
the measurement matrix and n large, \% > izi Aajj behaves like a Gaussian

random variable. As a consequence u’;ﬂl (x;) is well approximated by a Gaussian
distribution
B gt+1 /3 t4+1 N2
,uflilz o oz Aati(Aaii) =5 2 B L (Aaiws) (8.70)

t+1 . . .
.- Replacing this parametri-

sation in the first message passing equation (8.69) and completing the square we
get

parametrized by two real valued messages A%, and B

2
(=4 7Un—>z)

e (8.71)

1 () o< (po(s)) e

11 This section is not needed for the main development and can be skipped in a first reading.



196

Compressive Sensing: Approximate Message Passing and State Evolution

where

Ut Zbeai\a Ay Avi vt 1
o Zbeai\a By, A} o Zbeai\a B Ay,

t+1 : t+1
i, and variance I',."

(2;). These can be expressed in terms of a denoising

(8.72)

We will shortly see that it suffices to track the mean x

of the distribution o ufi}a

function generalising (8.62), namely

T T x Be_ﬁ(/yziu?2
na(y; v) == [ 4oz (pol)) PR (8.73)
[ de (pol)) e 5

From (8.71) and (8.73) we find

Xiila =g (Ué%i; 04/ Vat—n‘)? inla = T_)n% <Uéai; g4/ Vat—m') (8'74)

where nb denotes the derivative with respect to the first argument. Equations
(8.74), (8.72) form the first half of the message passing equations.

It remains to relate Aflfi7 Bfi}z to Xfilm I’fila To do this we recall that in the

second message passing equation z, = Aqjx; has a normal distribution.

j€Da\i
Since its mean and variance are

t+1 2 T4l
> Aaih,  and Y AT e
j€Da\i j€Da\i

we get

(2a = 2 jedani Aajxéilay }
t+1
2 Zjéaa\i Agj]‘—‘j—m
(Ya = Awii = X jcoani Aasz.:laﬁ
X expq — e 2 T )
B + ZjEBa\i ajrj—m

. B
fio ) (i) o /dZa exp{—w(ya — Agi — 22)% —

and identifying with the parametrization (8.70) we find

t+1
t41 _ Yo 2 jeoani AaiXj5a t+1 1
a—1 ] 2 pt+1 a—1 B 2 pt+1 °
L+ o2 Ejeaa\i Aajrj—)a 1+ o2 Zjeaa\i Aajrjﬁa

(8.75)

Summarizing, equations (8.74), (8.75) (together with (8.72)) constitute the
Gaussian approximation of message passing. Essentially, because the underlying
factor graph is (bipartite) complete, the messages can be characterized by their
mean and variance and one can work with real valued messages. This approx-
imation has also been called relaxed Belief Propagation in the literature. This
is perfectly analogous to the quadratic approximation (8.18), (8.19) and (8.16)
where the messages are characterised by their minimum and curvature.
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From quadratic to linear complexity

Now we proceed to reduce the quadratic complexity of the above update equa-
tions. The main idea is to exploit the scaling A,; = Aq;/+/m where A, ~ N(0,1)
or Ag; = £1 with equal probabilities. Then for the denominator in (8.75) we set

1+% > ALTHL & B — D I, At (8.76)
j:l

aj* j—a j—a
j€da\i

where we have assumed that A!*! is to leading order independent of a (if the
messages were independent this would follow from the law of large numbers).
Then defining

t+1 t+1
Ra—ﬂ =Ya — Z Aa]Xj—>a

j€da\i
equations (8.75) become A1 AT = R and BiT), = L+ and (8.74) become
t+1 R Ay oV/A ) i+l — a?At RHL A, o V/AL .
Xisa = N8 Z b—si{1bis O i—sa B U Z b—si1bis O
beda\i beda\i
(8.77)

From the first equation in (8.77) we have to leading order

X;H—_}a =g ( Z Rb—HAb“ oV > AaZRa—MnB ( Z RzillAbm oV >

t ~(B),t
=T ) - A RZ—” z(ﬁ)
from which we deduce

n
Ry =y — Z ApiXp + Avixip

j=1

:yb_ZAbj +ZA RZ*}J §B + Apit A(B)t AQRb%z z( M

Now we set R} ., = R +0R!_,, where the dominant contribution is independent

b—i T

of i and equals by definition

Ry =y — > Ayal 4+ 3" A2 Rl

j=1 j=1
~ - ~(B):t 1 O t—1(B),t
- =

while the correction term is to leading order

1
SRL ., ~ Aya!t 4 o). (8.79)
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Replacing (8.78), (8.79) in the definitions of zfsgﬁ)’t and f)i(ﬁ)"t we find

0 = (50 S Ri o

(8.80)
f/gﬂ)’t = i“l(ﬂ)’t + Yo, Ry Ay oVAt
Finally summing the second equation in (8.77) over i = 1,...,n and using (8.76)
and R ,, ~ Rl + Ay, (Bt e get an update equation for Af,
A =1+ 25 (3 R Ao VA
i=1 beda\i
At n m
~1+ D (iﬁﬁ)’t + 3 R Ay U\/At) (8.81)
i=1 b=1

We have obtained a closed set of equations (8.78), (8.80), (8.81) which are the
finite temperature version of the AMP algorithm. We collect them here for the
convenience of the reader

B =g (27 + (ATR')i; 0V/AT)
Rl =y, — (AxW) sz] 15 (@7 4+ (ATRY) ;5 0v/AY) (8.82)
AL+ — 1+7Zz 177ﬁ( ~(B)t (ATRt+1) oV )

For 8 =1 we obviously recover (8.64), (8.65). It is also not difficult to see that
BN
for po(z) x eJT?la:I, B — 400 they reduce to (8.37).

Notes

Donoho Jonhson scalar case (1994) paper. Montanari et al min-sum to AMP; sate
evolution. Paris group other but equivalent approach mmse-AMP. alpha-lambda
calibration map. A word about convex optimisation for lasso, and gradient de-
scent, and IST.

8.1 A GENERALIZATION OF IST AND ITS CONNECTION TO LASSO. The stan-
dard Iterative Soft Thresholding algorithm has the form

starting from the initial condition z¥ = 0. Consider the following generalization.
Let 0; and b; be two sequences of scalars (called respectively “thresholds” and
“reaction terms”) that converge to fixed numbers 6 and b. Construct the sequence
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of estimates according to the iterations

ef™ = (el + (A2 0))
It — Q _ Agt + bt’l“t_l

*

The goal of the exercise is to prove the following claim. If z*, r* is a fixed point
of these iterations, then z* is a stationary point of the LASSO cost function
H(x) = lly — Azll3 + Azl for A = 0(1 —b).

Note that this claim does not say how to specify suitable sequences b; and
0;. The point of AMP is that it specifies unambiguously that one should take
b: = ||z||o/m (for 8; there is more flexibility). The proof proceeds in three steps.
(i) Show that the stationarity condition for the LASSO cost function is

AT(g — Az*) = d,

where v; = sign(z}) for «f # 0 and v; € [-1,+1] for f = 0.
(ii) Show that the fixed point equations corresponding to the iterations above
are

i 40, =+ (ATrY);
(1-byr* =y— Az”

(iii) Remark that these two steps imply A = (1 — b).
8.2 StaTisTics OF AMP AND IST UNTHRESHOLDED ESTIMATES. Consider a
sparse signal z, with n iid components distributed as

(1 — k)d(z0) + ga(xo 1)+ ga(xo +1).

Generate m noisy measurements y = ﬁﬁgtﬁ—g where A,; = +1 are Bernoulli(1/2)
and z, are iid Gaussian zero mean and variance o2. Consider the AMP iterations
(8.37) with the choice 6" = a/|rt||2/+/m. The derivation of state evolution rests
on the assumption that the i-th component of the unthresholded estimate

1 = -
~t t
T4+ — Apiry,
1+¢mzb:1 biTh

(given z,) has Gaussian statistics. The mean is xg; and the variance o2 + 72
where 72 = ||zt — x,|3/n.
Perform an experiment to check this numerically. Compute also the statistics of
the un-thresholded estimate for the IST iterations, i.e. when the Onsager term
f;lm is removed. Compare the two histograms. Indications: Fix a signal
realization z. Try n = 4000, m = 2000, £ = 0.125 and 40 instances for A and z.
Try various values for o and a. Look at the i-th components of the un-thresholded

estimate for components such that say zo; = +1 (or —1, or 0).

8.3 UNICITY OF SOLUTION OF SE FIXED POINT EQUATION. Consider the SE
fixed point equation (8.50). Show that there is a unique fixed point solution in
[02, +00] (the value +oo included). Hint: write the fixed point equation for the
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new variable 72 = 02 +72/p in the form 72 = F(7) and show that F is a concave
function of 7. Proceed graphically.

8.4 NOISE SENSITIVITY PHASE TRANSITION. Derive the parametrised form
(8.55) of the noise sensitivity threshold line.

8.5 STATE EVOLUTION AT FINITE TEMPERATURE. Consider the finite tempera-
ture AMP algorithm of Section 8.82 and derive the corresponding state evolution

equations. Recover the state evolution equation (8.67) for MMSE estimation and
(8.44) for the LASSO.

8.6 BERNOULLI-GAUSS MODEL. Consider the prior

22

e
z)=(1-kK)o(x) +K——.
(i) Compute the denoiser (8.62) and check,

y2

B
( ) ) . Yy 27 (1+v2)
771 Yy v _1+U2 72(12—2 ) 7%'
e+ (1-kK)X
1+v2 V2
(ii) Check also from (8.63)
y2
+o0 e 2
K

mmse(r %) = K / dyy? v2r

71 2 _ 2 _ w2
+7% ) 1+1TH HTi;'e 2.2

(iii) Show that lim, _,o v~ ?mmse(r~2) = x. This implies D(pg) > k.

(iv) Finally analyse the solutions of the mmse-AMP fixed point equation when
the undersampling rate satisfies ;1 > D(po) and D(pg) < p < k. Plot the phase
transition line fi(pg) and compare with the LASSO phase transition line.



Random K -SAT: Introduction to
Decimation Algorithms

The satisfiability problem is considerably more difficult to analyze than either
coding or compressive sensing. One reason for this difficulty is that it is not an
inference problem. Indeed, in the regime where a random formula is satisfiable
with high probability (i.e., when the number of clauses per Boolean variable is
sufficiently small) there are exponentially many solutions contrary to coding or
compressive sensing where we typically only have one valid solution. At first we
might guess that this makes the problem easy: we are not asking for a particular
solution — any solution will do. But in fact it is exactly this lack of uniqueness
which makes the problem hard.

Why does this non-uniqueness cause trouble? Pick a specific Boolean variable.
From the perspective of this variable there are typically solutions for which
this variable takes on the value 0 but also solutions for which it takes on the
value 1. In fact, of the exponentially many solutions there are typically roughly
equally many of either type. So even if the message-passing algorithm succeeded
in computing the marginals of all bits correctly (here we assume that we put a
uniform measure on all solutions and compute the marginal with respect to this
measure) all these marginals would be roughly uniform and we cannot extract
from them a globally valid solution. Therefore a straightforward application of
a message-passing algorithm does not work. A new ingredient is needed.

One approach is quite natural given the above description. Assume for a mo-
ment that message-passing is capable of accurately computing marginals (or if
you prefer assume that they are given by an “oracle”). Then we can proceed as
follows. Compute the marginal for one variable. As long as this marginal does
not put all mass on either 0 or 1 it means that there are solutions which take on
the value 0 as well as solutions which take on the value 1 for this variable. So in
this case choose any value for this variable, and reduce the formula by eliminat-
ing this variable and all clauses which are now satisfied. This reduction is called
the decimation step. If the marginal has all its mass on 0, then pick the value
0, and if it has all its mass on 1 then choose the value 1. Again, decimate. It is
clear that this procedure succeeds in finding a satisfiable formula if one exists.

The above description assumed that message-passing is capable of exactly
computing the marginals (or that we have an oracle). Since this is generally
not the case, we proceed slightly differently. Estimate marginals for all variables
thanks to a message passing algorithm, say Belief propagation. Then pick a
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variable with maximal bias and decimate according to this bias. The hope is
that by picking a variable with maximal bias we minimize the chance of making
a mistake. This will be true as long as the message-passing algorithm predicts
the marginals with reasonable accuracy. The above idea is what is used in Belief
Propagation Guided Decimation (BPGD). We will talk in more detail about
this algorithm in the present chapter. In Chapter 17 when we shall have more
concepts and tools at our disposal, we develop an upgraded version of BPGD
called Survey Propagation Guided Decimation (SPGD).

Unfortunately, currently there does not exist a rigorous analysis for BPGD. It
is instructive to first consider the much simpler Unit Clause Propagation (UCP)
algorithm and show how to analyse it rigorously. Unit clause propagation is a
decimation algorithm where we do not decimate according to a good estimate
of the marginals but according to a much simpler rule. As long as degree one
clauses are present we satisfy them (this is also what belief propagation would
“tell us”), while if degree one clauses are not present we select a variable at
random and set its value at random. This sort of algorithm has a somewhat
mediocre performance, i.e., the threshold aycp(K) up to which it works is much
below the actual satisfiability threshold a(K). But it is relatively easy to analyze
and it will give us the excuse of introducing a very powerful general machinery
of analyzing such types of graph processes, called the Wormald method. This is
our starting point in the next section.

Analysis of a stochastic process by differential equations

Simple algorithms can often be formulated in terms of a stochastic process and
if the state space is sufficiently simple the progress of the algorithm can often
be analyzed in terms of a system of differential equations. Here we give an el-
ementary introduction to this method via a very simple toy example. We first
treat this example formally and then discuss the Wormald theorem which allows
to make the analysis rigorous. Although the Wormald theorem is rather long to
state, it has a general applicability and it is often not very hard to verify the
hypothesis.

A toy example

Consider n particles in a box of volume V. Think of n and V as large with the
initial density of particles p = n/V fixed as n,V — +oo. These particles can
annihilate each other according to a simple model. Assume that time is discrete
and takes integer values. At each time instant and for each pair of particles (i, 7)
present, the probability that these two particles annihilate each other is equal
to 1/V2. How will the number of particles evolve? Let N(t) denote the number
of particles which are left at time ¢, with N(0) = n. This is a stochastic process
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described by its current state N(t). We have the relationship
N({t+1)=N(t)—2 Z 1((¢,7) is annihilated between ¢ and ¢ + 1). (9.1)
1<i<j<n

It is easy to write down the expected progress in one time step given the current
state N (t) by taking the conditional expectation of (9.1). Using linearity of the
expectation, the probability 1/V of annihilation, and that there are N (¢)(N(t) —
1)/2 pairs, we obtain

EIN(t+1) | N(8)] = N(t) -2 X0 =D

2 V2
iy - OO 1)
This means’
EIN(+1) = Ny | M) = -2 1 o) 9.2

As long as the number of remaining particles is large one may hope that N(t)
concentrates on its expectation. If this is the case we can drop the expectation.
Wormald’s theorem essentially makes this step rigorous. Dropping the expecta-
tion in (9.2) and setting N (t) = nz(t/n) we have
t o1 t , th2 1

nz(ﬁ + ﬁ) - nz(ﬁ) =—p Z(ﬁ) + O(ﬁ) (9.3)
The natural time scale is 7 = t/n and for n > 1 we are lead to consider the
differential equation

dz(T)
dr

for the deterministic time evolution of the average particle density. One easily
verifies that with the initial condition z(0) = 1 (i.e., N(0) = n) the solution
is z(1) = 1/(7p? + 1). If we undo the scalings we see that according to this
model the expected number of remaining particles evolves as n?/(tp? + n). In
this derivation we have replaced the stochastic process (9.1) by a deterministic
description (9.4). One might hope that the behaviour of specific instances of
N(t) are close to the deterministic solution, at least as long as N(t) is large.

= —p2(r)? (9.4)

Wormald’s theorem gives general conditions under which this is indeed correct.

The Wormald Theorem

There are myriads of versions of increasing sophistication. We will be content
with stating and applying one particular incarnation.

THEOREM 9.1 Let Yi(") (t) be a sequence (indexed by n) of real valued discrete
time random processes, 1 < i < k, where k is fized, and so that for all 1 <

I To get the O(1/n) term one uses N(t)/n? < N(0)/n? < 1/n.
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i <k, all0<t<m™, and alln € N \Yi(n)(t)| < Bn for some constant
B. Let I C R¥ defined as T = {(y1,...,yx) : ]P’{Yi(n)(t) =ny;,1 <i<k}>
0, for some n} and let D C R¥T! be some open connected bounded set containing
the closure of {(0,y1, - ,yx) : (Y1, - ,yx) € I}. Denote by H(t) the history
of the processes up to time t, i.e., H(t) = {Y™(0),Y™(1),...,Y ™ (t)} where
y®™ — (Yl(”)’ o Yk(n))‘

Suppose there are functions f; : RFTT 5 R, 1 <4 < k such that:

1. [Trend] For all i and uniformly for all t < t(D")

t v\ e
’fl7 n ’ ’ n

)+ o(1).

E[Yi(t+1) = Yi(t) | H(t)] = fi

2. [Tail] For all i and uniformly for all t < tg)
Pr(|y, ™ (t +1) = ;" (1) > n'/® | H(t)) = o(n™?).
3. [Regularity] For each i, the function f; is a Lipschitz continuous on D.
Then we have:

a. [Differential equation] For (0,z1,--- ,2x) € D the system of differential equa-
tions
dZZ' .
% = fi(Tuzla"' azk)a 1 S 1 S ka
has a unique solution in D with initial condition z;(0) = Z;, 1 < i < k. This
solution extends to points arbitrarily close to the boundary of D.

b. [Concentration] Almost surely
n t
Y (1) = nzi() +oln),

uniformly for 0 < t < min{t(Dn),nTmax} and for each i, where z;(T) is the
solution in (a) with 2;,(0) = Yi(") (0)/n and where Tpmqy s the mazimum time
until the solution can be extended before reaching e-close to the boundary of D
where € 1s arbitrary but strictly positive.

In our simple toy example the stochastic process is integer valued Y () (¢) =
N(t) (it is indexed by the initial number of particles n). Obviously there is a
"trend“ governed by the function f(t/n, N(t)/n) = —p?N(t)?/n? in (9.2). The
”tail“ condition essentially states that at least for some time the probability that
nearly all remaining particles annihilate at once is small. Obviously the square
function is Lipshitz and the ”regularity “ condition is satisfied. This allows to
conclude that almost surely N(t) = nz(t) for ¢ finite with respect to n, where
z(t) is the solution of (9.4). We leave it as an exercise to check in more detail
that all conditions of the theorem are satisfied.
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The Unit-Clause Propagation Algorithm

Suppose that we have an algorithm that allows to find solutions of random K-
SAT formulas with uniformly positive probability (uniformly with respect to
the size n of the formulas) for some range of densities, say o < @aig(K). Then
invoking the threshold behavior (1.12) guaranteed by Friedgut’s theorem we
conclude that the formula is almost surely satisfiable for o < a1 (/). We also get
an algorithmic lower bound on the satisfiability threshold, caig(K) < as(K). The
challenge is to find an algorithm that is sufficiently simple to analyze rigorously
and at the same time finds solutions (with strictly positive probability) in a
”decent “ range of densities.

The unit clause propagation (UCP) algorithm is a simple and important
paradigm among a class of similar algorithms that provably find solutions with
positive probability. The analysis of these algorithms is based on the differential
equation method. Variants of UCP are discussed in the exercises.

Let us briefly recall the setting and notations of Chapter 1. We have n Boolean
variables z; € {0,1} out of which we can construct 2% (%) clauses (disjunctions)
containing K variables, where each variable enters as x; or Z; (the negation of
z;). A random formula from the ensemble F(n, m, K) is sampled by taking m
clauses uniformly at random with replacement. We will often think of the number
of variables contained in a clause as the length of a clause. In particular, initially
all clauses have length K and each variable entering in a clause is negated with
probability 1/2.

UCP algorithm

The algorithm is stated in table 1. Here is an informal description.

The algorithm sets the value of one variable at a time according to a rule to
be specified and reduces the formula. The clauses that are satisfied by setting
the variable are removed from the formula. Those that are not satisfied are
shortened, which simply means the variable is removed from the formula. Initially
all clauses have length K. As the algorithm proceeds some clauses disappear and
others become shorter. Once a variable is fixed, the value stays fixed and is never
changed (the algorithm never backtracks). If eventually all clauses disappear, the
formula is satisfied and we have found a solution. If a clause of length zero appears
then we have failed (indeed a clause of length zero appears it means none of its
variables satisfied it).

We still have to specify a rule to set variables one at a time. The rule is the
simplest possible and takes advantage of clauses of length one, called unit clauses.
As long as there are unit clauses present in the formula we set its unique variable
to the value that satisfies the unit clause. Note that once a unit clause appears
we are anyway forced to do so if we want to satisfy the formula (since we do not
backtrack). When there are no unit clauses we simply pick a random a variable
at random and set its value at random.

Exercise with variant
of simple UCP? The
class is teh one of
unitary algos where
one takes the unit
clause step and has
a more complicated
rule for the free step
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Algorithm 1: Unit Clause Propagation algorithm

1. As long as no zero-length clause appears, iterate the two steps:
— (Forced step) if the formula contains unit clauses choose one and
satisfy it. Reduce the formula.
— (Free step) if the formula does not contain unit clauses, choose a
variable at random and set its value at random. reduce the formula.
2. If a zero-length clause appears output ”fail”.
3. If no zero-length clause has appeared after n steps output a ”solution”.

We discuss the application of Wormald’s theorem for the analysis of UCP with
K = 3. Through this analysis one finds the algorithmic threshold aycp(3) =
8/3 &~ 2.666 (compare with the satisfiability threshold a,(3) ~ 4.26). The gener-
alization to any K > 3 is found in the exercises. We define 'time*“ ¢ as the number
of steps, i.e., the number of variables that have been eliminated. At time ¢ the
remaining formula has n —t variables. The number of clauses of length i = 1,2, 3
at time ¢ is denoted C;(t). The state of the stochastic process associated with
UCP is given by C(t) = (Ci(t),Ca(t), Cs(t)). We do not explicitly indicate the
superscript n that indexes the sequence of stochastic processes.

An crucial property of the UCP algorithm that makes the differential equation
tractable is the uniform randomness property. This property means that at any
time step ¢, given the state C(t), the formula belongs to the uniformly random
ensemble constructed out of n—t variables and C;(t) clauses of lengths i = 1,2, 3.
Here we only give an intuitive justification of this statement. At a free step we
set a variable at random (and reduce the formula) so no information is revealed
about the reduced formula. At a forced step the variable is not set at random
because it has to satisfy a unit clause. However this unit clause itself is random
(it contains the variable or its negation with probability 1/2) so from the point
of view of the reduced formula this is equivalent to a free step. In both cases at
each UCP step we get no information about the reduced formula which therefore
remains uniformly random. In other words the reduced formula could as well have
been generated ”on the fly” at the current time ¢ from the uniform ensemble with
n —t variables and C;(t) clauses of length i = 1,2, 3. Generating formulas on the
fly given the current state of the algorithm is sometimes called the principle of
deferred decisions.

Differential equations

We first write down the set of "trend* equations. At any time ¢, a variable is
chosen among the n—¢ remaining ones and is set to some (permanent) value. This
will destroy a certain number of clauses, either because they become satisfied or
because they are shortened. Clauses of length 3 can only be destroyed. Clauses
of length 2 can be destroyed, but also created from the shortening of 3-clauses.
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Thus

C3(t+1) = C3(t) — D3 causes 1(3-clause > chosen variable)
Co(t 4+ 1) = Ca(t) = D5 causes 1(2-clause > chosen variable)

+ D 5 clauses 1(3-clause > chosen variable and is not satisfied)

Now take the expectation conditioned on the current state. Because of the uni-
form randomness property this expectation is with respect to a uniform weight
over the current formulas and it does not matter if the chosen variable is set in
a free or a forced step. The number of clauses of length ¢ = 2,3 that contain
the chosen variable has a binomial distribution Bin(C;(t),4/(n — t)). So in ex-
pectation there are iC;(t)/(n —t) clauses of length ¢ = 2,3 containing the chosen
variable, and among them iC;(t)/2(n—t) are not satisfied. We obtain the ”trend”
equations

E[Cs(t +1) - C3(t)|C(t)] = — 2220 — 3¢u/n,
E[Co(t+1) — Co(t)|C(1)] = — TP + 5ot = ~2alg/n 4 SLalfe,

(9.5)

At this point we need to check that all the conditions of the Wormald theorem
are fulfilled. Obviously the number of clauses is at all times smaller than an. Also
the initial condition is deterministic. Further, changes at each step are small with
high probability, so the tail condition is also easily checked. The function giving
the trend is Lipschitz for 7 € [0,1[. In conclusion according to the Wormald
theorem almost surely Ca(t) = nca(7), C3(t) = nes(7) with 7 = t/n, where ca(7)
and c3(7) satisty differential equations

{dcg.(T) __ 3ca(7)

dr 1—7 7
dea(T) _ 3es(T) B 2co(T) (96)

dr 2(1—7) 1—7 >

for any fixed time strictly bounded away from 7 = 1. The initial conditions are
c3(0) = a, c2(0) = 0.
It is straightforward to check that the solution of (9.6) is

c3(1) = a(l —1)3, co(T) = ?T(l —7)2, (9.7)

As 7 — 1 the total number of clauses of length 2 and 3 becomes o(n).

Unit clause process

The reader will have noticed that we did not write a differential equation for
C1(t). Indeed as long as the algorithm does not fail C;(t) = O(1) and the changes
at each time step are of the same order, so that the process C(t) does not
concentrate on the solution of a deterministic differential equation. Also, if at
some time C(t) = ©(n), the algorithm has already failed anyway.
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The number of unit clauses is correctly described by a Galton-Walton branch-
ing process. The process starts with a free step which generates a cascade of
unit clauses. When a variable is set (in a free or forced step) an average of
2C5(t)/2(n — t) new unit clauses are born. Thus, using (9.7), the (birth) rate of
the Galton-Walton process is

ca(t 3o
p(T) = 12_(3_ = ?7(1 - 7). (9.8)
The maximum of (9.8) is attained at 7 = 1/2. Thus this rate remains strictly
less than 1 for all times, if and only if a < 8/3. The condition o < 8/3 ensures

that the expected number of unit clauses created during a cascade,

L4 p1(r) 4 o1+ ()P = (99)
1—7r(l—71)
remains O(1) for all 7 € [0, 1[. On the other hand when a > 8/3 the expected
number of unit clauses grows without limit.

It remains to show that for aw > 8/3 the algorithm almost certainly fails and
that for a < 8/3 it succeeds with strictly positive probability (i.e., probability
not going to zero as n — +00). We only give the main arguments, and refer to
the notes for references with detailed analysis.

Final steps of the analysis

That the algorithm fails for & > 8/3 can be seen as follows.? Note Ca(t)/(n —
t) is the density of 2-clauses at time ¢. Therefore from (9.7) if o > 8/3 we
have co(7)/(1 — 7) > 47(1 — 7) therefore for times 7 ~ 1/2 (i.e. t ~ n/2) the
density of 2-clauses is above 1. Using the uniform randomness property we have
at these times a random 2-SAT formula with density larger than 1 (with possibly
additional 3-clauses). It is known that the satisfiability threshold of the 2-SAT
ensemble is as(2) = 1. So such a formula is unsatisfiable with high probability
and UCP cannot succeed.

Now let us prove that if o < 8/3 then the algorithm succeeds. In this case,
as seen from (9.9), at any point in time C;(¢t) = O(1) hence the probability
that a variable is connected to two unit clauses is negligible and the probability
that a 0-clause is created is also negligible. In other words the probability that
UCP generates contradictions is negligible. Some care has to be taken to make
this argument completely rigorous. In particular, as we discussed we can only
guarantee the accuracy of the prediction of differential equations up to a time
very close but not equal to 7 = 1. So we need in addition an argument which
guarantees that the residual formula is satisfiable with high probability. If we look
at the solution of the differential equation, we see that if we run the algorithm
long enough then there is a time strictly before 7 = 1 where the sum of densities
2 Another way to see that UCP fails for a > 8/3 is to use the ”birthday problem”. One can

show that contradictions will be generated with high probability as soon as
C1(t) = ©(y/n). See exercises. write exercise
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of 2-clauses and 3-clauses is strictly less than 1.2 We can now argue as follows.
Drop a random variable from each 3-clause. Then the resulting formula is (up
to the O(1) unit clauses) a random 2-SAT formula of density strictly less than
1. It is known from the analysis of the 2-SAT ensemble that such a formula is
satisfiable with high probability.

Belief Propagation Guided Decimation

In the preceding section we introduced and analysed the simple UCP algorithm.
This analysis established a non-trivial lower bound for the satisfiability threshold.
On the downside, the UCP algorithm is not very powerful and so the bound
is quite far from a4(K) (for example a4(3) ~ 4.259 and UCP works up to
8/3 ~ 2.666).

We now introduce and illustrate a more powerful algorithm, called Belief Prop-
agation Guided Decimation (BPGD). The basic idea is similar to that of the UCP
algorithm. At each step we pick a variable and fix its value. This variable belongs
to a certain number of clauses. We remove the clauses it satisfies and shorten
the ones it does not satisfy, in other words we decimate the formula and get a
reduced formula. The difference with UCP lies in how we choose the variable
we decimate and how we set its value. In the UCP algorithm, the choice was
either forced upon us by the presence of unit clauses or was random when no
unit clauses are present. In the BPGD algorithm we use belief propagation to
guide the selection and set the value of the variable.

We first introduce a version of the algorithm which is guaranteed to succeed if
the factor graph is a tree. We will then apply the algorithm to formulas from the
random ensemble F(n, m, K). A rigorous analysis of BPGD for random formulas
is currently out of reach and we therefore have to be assess the performance
through experiments. In Chapter 17 we introduce a even more powerful algorithm
(the Survey Propagation Guided Decimation algorithm).

Counting and finding solutions by decimation

We briefly recall the formulation of K-SAT in Sections 3.6 and 5.6. Given a
formula we can introduce the associated factor graph with the variable nodes
connected to factor nodes by full or dashed edges according to whether a variable
i, i = 1,--- ,n appears negated or not in a clause a = 1,--- ;m. A sign J;, =
+1 (resp. —1) is associated to full (resp. dashed) edges for which z; appears
un-negated (resp. negated) in clause a. Recall also that in the spin language
s; = (—1)*. With these definitions s; = J;, does not satisfy a, and s; = —J;q

3 From (9.7) this sum is c3(7)/(1 — 7) + ca(7)/(1 = 7) = (1 — 7)(1 + 7/2).
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satisfies a. From the indicator functions of the clauses,

Falsgn) = 1= TT 501+ sika) (9.10)

i€da

we form

No =D ] falsoa)- (9.11)

z a=1

which counts the number of solutions. The "marginal”

m
Nits) = 37 T fulsan) (912)
~s; a=1
counts the number of solutions with s; fixed. Suppose one is able to compute a
marginal for a node 7 and suppose that A;(s;) > 0 for s; = +1, or 5; = —1, or
both; then we know that the formula is satisfiable. Moreover we also know the
total number of solutions N;(+1) + N (—1) = N.

Suppose for a moment that all the marginals are given to us by an oracle or
that we have some way to compute them. Then the last remarks obviously imply
that we know the number of solutions. The following decimation process uses the
marginals to find solutions.

Algorithm 2: Decimation process

1. Pick an arbitrary variable 7 and consider the marginal N(s;).

2. If Nj(4+1) > 0 (there exists an assignment with s; = +1 or x; = 0) then:
— Set s; = +1 in all clauses a € 0.
— Eliminate all clauses where variable ¢ appears negated.
— Remove s; from the clauses where it does not appear negated.

3. If M;(4+1) = 0 (there does not exist an assignment with s; = +1), then:
— Set s; = —1 in all clauses a € 0i.
— Eliminate all clauses where variable ¢ does not appear negated.
— Remove s; from the clauses where it appears negated.

4. Repeat the process until no variables are left.

Of course many improved variants of this process can be considered. However
they are not of practical use since generally we do not know the exact marginals,
and this decimation is more of conceptual value. There is one case where this
decimation process can be implemented: we saw in Chapter 5 how to find the
exact marginals when the factor graph is a tree. The following simple example
serves as a reminder and as an illustration of the decimation process. In the
next paragraph we shall formulate an extension of these ideas to general factor
graphs.

EXAMPLE 23 Consider the formula F' = x1 A (1 VT3 V 23). The corresponding
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Figure 9.1 Left: factor graph of the equation F' = z1 A (T1 V Tz V x3). Right: reduced
formula F' = Z2 V x3 obtained when we set 1 = 1.

factor graph is shown in Figure 9.1. We express the indicator functions of each
factor node as

1 1
fa(s1) =1- 5(1 + s1), fo(s1,82,83) =1 — g(l —s1)(1 —s2)(1 + s3)
We want to compute (9.11), (9.12),

No= 3" fals)fs(s1,52,53),  Nilsi) =Y fals1)fo(s1,52,53).

51,582,583 ~Si

The factor graph is a tree and therefore we have access to the exact marginals us-
ing BP. We first pick variable node 1 and compute its ”marginal” N7 (s1). For the
convenience of the reader let us recall in detail the use of message passing rules.
We initialize leaf node messages, 11 q(s1) = fo(s1) and po_sp(s2) = pz—p(s3) =
1. To compute all messages that flow in node z; one iteration suffices,

0if s1 = +1,

pa—1(s1) = fa(s1) = {1 if s =-1

and

po—1(s1) = D fols1, 52, 53)p2sp(52) iz b (s3) =

~S1

4if81:+1,
3if81:—1

Finally, multiplying the two messages flowing into node x; yields the marginal,

0if s1 = +1,
N1(81) = pp—1(51)a—s1(51) = .

3if sy = —1.
This already tells us that F' has 3 solutions. To find a solution, according to
the decimation process, since N1(0) = 0, we set s; = —1 (or #; = 1). The
reduced formula then becomes F’ = Ty V x3. We now pick node 2 and compute
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its marginal using BP on the reduced formula,

Ni(s2) = 320 = (1= 52)(1 4+ 55) x 1

o
2t sy = 41,
| 1if sy = —1.

Since N3(4+1) > 0 we set so = +1. This choice satisfies F’ so we remove the
clause ', the reduced formula is empty, and for s3 we thus have two choices s3 =
+1. We have found two solutions (s1, $2,s3) = (—1,+1,+1) and (—1,+1,—1).
Equivalently (z1,z2,23) = (1,0,0) and (1,0,1)). Of course, after setting s; =
+1, since N3(—=1) > 0 for F’, we can also look for solutions with so = —1.
This then yields a reduced formula F” = z3 where we are forced to take z3 =
1 or s3 = —1 (note N§(+1) = 0, M§(—1) = 1). Thus the third solution is
(s1,82,83) = (—1,—1,—1). Equivalently (z1,z2,z3) = (1,1, 1).

We computed Ni(+1) = 0 and N;(—1) = 3 which means that there must
exist three solutions in total and also that they all have s; = —1. The reader can
check that BP applied to F' yields Na(4+1) = 2, Nao(—1) = 1 and N3(+1) = 1,
N3(—=1) = 2. Thus there must exist two solutions with s, = 0 and one solution
with so = —1. Also, there must exist one solution with s3 = +1 and two solutions
with s3 = —1. This is all consistent with the solutions that we found.

We point out that if one is interested in the fraction of satisfying solutions we
can just normalize the messages,

Ni(si)
vi(s;) = N 1 N (1) (9.13)
Here we find v1(+1) = 0, v1(—1) = 1, va(+1) = 2/3, va(—1) = 1/3, v3(+1) =
2/3, v3(—1) =1/3.

Of course for such a small formula we can directly obtain solutions and marginals
from the truth table 9.1 (without ever using BP). The reader can verify that ev-
erything is perfectly consistent.

O

BPGD for general formulas

We now adapt the decimation process in order to turn it into an algorithm
applicable to formulas with general factor graphs. However, note that the graphs
we have in mind should be sparse.

Over a tree, BP yields exact marginals and we can pick anyone of them in each
iteration of the decimation process. But for general graphs marginals computed
by BP - call them vPF(s;) - are not exact so it will matter which ones we pick.
In order to potentially minimise the effect of the uncertainty of a marginal, in
each iteration we pick a node i such that the bias B; = |[vPF(+1) — vBP(-1)|
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X1 % X3 fax) F1(X0,%0.%3) F
0 0 0 0 1 0
0 0 1 0 1 0
0 1 0 0 1 0
0 1 1 0 1 0
1 0 0 1 1 1
1 0 1 1 1 1
1 1 0 1 0 0
1 1 1 1 1 1

Table 9.1 Satisfiability of F' = z1 A (Z1 V Tz V x3) for all possible combination of x1, 2
and x3.

is mazimized.* This way, we hope that this node has such a clear bias that its
marginals are quite exact despite the graph not being a tree.
The BPGD algorithm is summarized in table 3

Algorithm 3: BPGD algorithm

1. Run BP and calculate all marginals.

2. Pick a node i with maximum bias B; = |[v°F (0) — vBF(1)| greater than some
predefined small number § > 0. If there are many such nodes pick one at
random among them. If all biases are smaller than § > 0 pick any variable
at random.

3. Set s; to the most likely value, i.e., s; = +1 if v2F (+1) > v2F(~1) and to
s; = —1 otherwise.

4. Eliminate all clauses satisfied by the value of s; set in the previous step.
Remove s; from the other clauses.

5. Recurse until all variables are eliminated.

6 Output (s1,...,s,) and check if it satisfies the formula.

A few remarks are in order. When we run BP on general graphs we have to
decide in an ad-hoc way an initialisation of the messages and specify a schedule.
A convenient schedule is the flooding schedule. At each iteration step all vari-
able nodes send their messages towards clauses and all clauses send back their
message to variable nodes. For the initialization, since at the beginning we have
no information whatsoever about the true marginals, it is natural to initialise
the (unnormalised) messages uniformly, in other words v;_4(s;) = 1/2 for all
1=1,--- ,n.

We now discuss a few experiments. Before illustrating the performance of the
BPGD algorithm itself, we say a few words on the convergence of BP itself. In

4 The bias is the absolute value of the BP-estimate of the magnetization.
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principle, convergence of the BP messages is a prerequisite for computing the
maximal bias and decimating the formula. To test this issue we can run BP over
many instances and compute the empirical probability that it converges. The
resulting probability of convergence as a function of « is shown on figure 9.2.
For K = 3 we get a convergence threshold acony(3) & 3.86 and for K = 4 we get
Qcony (4) = 10.3.

The empirical probability of success of BPGD computed from runs over many
instances is also illustrated on figure 9.2. The probability of success remains
strictly positive until agpgp & 3.86 for K = 3 (this is approximately identical
t0 Qcony(3)). For K = 4 it remains strictly positive until agpgp & 9.3 (which is
here smaller than acony(4)). These values can be compared to the satisfiability
thresholds, a4(3) ~ 4.26 and «a,(4) ~ 9.93, predicted by the cavity method.

One
Instance One
Instance

Many

Pr{Being Satisfiable} Instances Many

Pr{Being Satisfiable} Instances

Actual
threshold Actual
threshold

~9.98

3-SAT 4-SAT

Figure 9.2 Empirical probabilities of convergence of the BP algorithm and of success
of BPGD for 3-SAT (left) and 4-SAT (right).

In Chapters 16 and 17 we develop the cavity method and the associated Survey
Propagation Guided Decimation algorithm which empirically finds solutions for
higher values of av. We will also learn that the limitations of the BPGD algorithm
are fundamentally related to the geometry of the solution space in the Hamming
hypercube {0, 1}".

Because of Friedgut’s theorem (Chapter 1) a strictly positive probability of
success of an algorithm implies that the formula is satisfiable with probabil-
ity one in the limit n — +o0o. Therefore if one would rigorously analyze the
BPGD decimation process, just as we did for UCP, the above thresholds would
be provable lower bounds for a4(K). Unfortunately such an analysis is difficult
and is currently out of reach for small values of K mainly because the uniform
randomness property does not hold and one faces the problem of tracking the
evolution of the ensemble of random formulas. But note that for large values of
K approximations of BPGD have been analysed (see the notes).
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A convenient parametrization of the BP equations

Since the alphabet is binary we can parametrize the messages in ways similar to
coding and Ising type spin models. In K-SAT we have the extra feature that the
edges of the factor graph carry a sign J;, = +1, and it turns out that a slightly
different parametrisation is convenient. This parametrisation will mostly be used
in later Chapters but the reader can already use it to implement BPGD in the
exercises.

Our parametrization uses the following loglikelihood variables

1 Pimsa(—Ji )} ~ 1 {ﬁa%i(_t]i )}
hissg = = In{ ————5 3 hgesi = = In< ————% 5. 9.14
- 2 { ,ui—m(t]ia) - 2 ,ua—n'(Jia) ( )

The sum-product equation for messages p;_,, flowing from variable to constraint
nodes is given by

pisa(EJia) = [ fosi(£ia)

bedi\a
= I1 fio—i (£ i) 11 fiy—i(FJiv)
bedi\a:Jip="Jiq bedi\a:Jip#Jia

Taking the logarithm of the ratio of these two equations we find
hisa = Z ilbai - Z iLb*}i
bedi\a:Jip="Jiq bedi\a:Jip#Jia
= Z Jiadishy—i (9.15)

bedi\a

This is the first BP equation for K-SAT. Consider now the other sum-product
equation for messages [i,_; flowing from constraint to variable nodes. This in-
volves the factor

1
fa(sp4) =1 - H 5(1 + 8 Jja) (9.16)
jEda
evaluated at s; = +J;,. For s; = —J;, this evaluates to 1 (the clause is satisfied)

fa—i(Jia) = Z H fj—a(s;)

sj,j€0a\i j€da\i

I (ise(Jja) + mima(—T5a)). (9.17)
j€da\i

For s; = Jiq the factor (9.16) is equal to 1 —];cp,\; 2(1+ s;Jjq) which implies

it = 3 (1= IT 50500 TT wioals) 09

s5,j€0a\i j€Da\i j€da\i
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Combining (9.18) and (9.17) we get

flasi(—Jia) = flasi(Jia) = Y [ 11 ;(14—53"]]‘@)} 1T #isa(sy)

s;j,j€0a\i ~j€da\i j€Da\i

= fta—i(Jia) — H /‘j—m(Jja)
j€Da\i

. Hi—a(Jja)
- jelg\i ti—a(Jja) + tj—a(—Jja)

Finally, dividing both sides by fiq—(J;e) and taking the logarithm we obtain
A 1 1
ha*m:21n{1— H 1_‘_6%1} (919)
j€da\i

Summarizing, the message passing equations (9.15) and (9.19) for K-SAT can
be cast as

(9.20)

ha—i = %ln{l - Hjeaa\i %(1 — tanh hj—m)}

Let us now work out the expresion of the bias used in the BPGD algorithm.

{hi—m = Zbeai\a JiaJibiLb—m'

An easy calculation shows that in terms of the "mean field
1 BP(+1
hi = —In w
2 "M LPP (D)
the bias is B; = |[vPP(+1) — vPP(~1)| = |tanhh,|. To compute h; from BP
messages we form the ratio,

V’iBP(—"_l) - Haeﬁi Naai(‘f'l)

VzBP(*l) B Haeai fa—i(—1)

_ H ta—i(Jia) H ta—i(—Jia)

acoisg—t1 Fa—i(=Tia) oy ) Hai(Jia)
= H ¢~ 2ha—s H e2hai, (9.21)
a€di:Jia=+1 a€dizJig=—1
The final expression for the bias is
B; = [P (+1) = v (=1)] = [tanh( D Jishai))| (9.22)
a€di

Notes

Wormald method (other names in other disciplines), Wormald proved general
thm for graph processes. Application to K sat: review of D.A for details. Uniform
randomness and principle of deferred decisions (paper of Kiroussis et al). Nature
of computation book. BPGD see also MM. Give a good reference for analysis of
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2-SAT (say also in Chap one about 2 SAT). Mention recent progress on analysis
of approximations of BPGD for large K

9.1 APPLICATION OF WORMALD’S THEOREM. Consider the toy model of sec-
tion 9.1 and check in detail that the hypothesis of Wormald’s theorem hold.

9.2 PEFERENTIAL ATTACHMENT. The purpose of this problem is to use the
Wormald method to study a model for “preferential attachment.” Consider n
nodes. Initially all nodes have degree 0. Assume that we allow a maximum degree
of dp .
nodes which have degree at most d

We proceed as follows. At every step pick two nodes from the set of all
— 1 and ”attach” them by an edge. Rather
than picking them with uniform probability pick them proportional to their

max

current degree. More precisely, assume that at time ¢ you have D;(t) nodes of

degree i. Then pick a node of degree i with probability
Di(t)

Pi(t) = { Zim o)

0, @ = G-

0 <i < duas

Initially, we have Do(t = 0) = n and D;(t =0) =0 for i = 1,--- ,d,.... Note
that at time ¢t = nd,,.,./2 all nodes will have maximum degree. Pick d,,., = 4.
(i) Write down the set of differential equations for this problem. Are the condi-
tions of Wormald’s theorem fulfilled?

(ii) Plot the evolution of the degree distribution as a function of the normalized
time for 7 = t/n € [0, dna,/2]. Hint: In general one cannot expect to solve the
system of differential equations analytically. But it is typically easy to solve them
numerically (with Mathematica for example).

9.3 UnNIT CLAUSE PROPAGATION FOR K > 3. We want to generalise the anal-
ysis of UCP to any K > 3.

(i) State the general form of the algorithm.

(ii) Generalize the derivation of the differential equations (9.6).

(iii) Solve analytically the differential equations and obtain the generalised form
of (9.7).

(iv) Compute the rate of unit clause production and obtain the generalised form
of (9.8).

(v) Deduce from the previous point the large K asymptotics of the UCP threshold
QyCp (K) .

9.4 IMPLEMENTATION OF BELIEF PROPAGATION. Implement BP according to
the flooding (or parallel) schedule. Initialize the messages uniformly randomly in
[0, 1]. One iteration means that you send messages from nodes to clauses and back
from clauses to variables. Define the following ”convergence criterion”: declare
that the messages have ”converged” if there is an iteration number (time) tcony (€)
such that no messages changes by more than € at teony (€) (take the smallest such
time).
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(i) Perform the following experiment. Take 100 K-SAT instances of length say
n = 5000 and 10000 variables and for each instance implement BP as explained
above with € = 1072. If the iterations do not converge stop them at a large
time say tmax &~ 1000. When they converge, they should do so in a shorter time
teonv(0) < tmax that does not change much with n.

(ii) Plot as a function of o the empirical probability that the iterations converge.
You should see that this probability is large for o < cony and drops abruptly
around some threshold acony. For K = 3, acony =~ 3.85 and K = 4, acony =~ 10.3.

9.5 IMPLEMENTATION OF BELIEF PROPAGATION GUIDED DECIMATION. Im-
plement the BPGD algorithm for finding SAT assignments. It uses BP (imple-
mented as in the previous exercise) as a guide to take decisions on how to fix
values for the variables. Once a variable has been fixed the K-SAT formula is
suitably reduced - this step is called ”decimation” - and BP is run again.

e Initialize with a K-SAT formula F' € F(n,m, K) of length n.

e Fort=1,... min(tcony(€), tmax) do:

— Run BP on an instance, as in the previous exercise (with the same
convergence criterion).

— If BP does not converge, return ”assignment not found” and exit.

— If BP converges, for each variable i compute its bias B; (Equ. (9.22))

— Pick a variable ¢ that has the largest bias B;.

— If vPP(+1) — vBP(~1) > 0 fix s; = +1. Otherwise fix s; = —1. (Note
that v°F (+1) — vBP(—1) is given by Equ. (9.22) without the absolute
value.)

— Replace F' by the K-SAT formula obtained by decimating variable 3.

e End-For

e Return all fixed variables.

Give for several values of «, the empirical success probability of this algorithm
when tested over 100 instances. Compare this empirical success probability with
the empirical convergence probability of the previous exercise. You should ob-
serve that K = 3 and K = 4 do not behave on the same way. Try to find an
approximate threshold agpgp beyond which the algorithm does not find SAT
assignments.
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This chapter is an epilogue for the message passing approaches discussed so
far. It is also a preview of the sort of questions we address in part III. The
analysis of message passing has allowed us to determine algorithmic thresholds
for the systems of interest. In coding for example, this threshold is the noise level
computed by density evolution which tracks the belief propagation algorithm.
For random K-SAT we determined critical clause densities associated to unit
clause propagation or to belief propagation guided decimation. For compressive
sensing we found that the threshold of approximate message passing algorithm
for LASSO is the Donoho-Tanner curve determined by state evolution. These
problems typically also have an “optimal” threshold which is independent of the
algorithms. In coding this is the maximum posterior threshold beyond which it
is impossible to reconstruct the input message even by exhaustive search. For
random K-SAT this corresponds to the satisfiability threshold beyond which,
with high probability, there are no solutions. These thresholds are optimal in the
sense that they have nothing to do with algorithms but are associated to a phase
transition inherent to the problem. In general, we want to be able to compute
such thresholds in order to assess how far our algorithmic thresholds are from
the optimal ones.

But is it possible to determine the phase transition (or optimal) thresholds?
This is not at all obvious for problems that are computationally hard. The
Mazwell construction is a method that allows to guess the location of phase
transition thresholds by “looking” at the message passing solution through the
"correct lenses”. Once the Maxwell construction has given us a guess, this can
then often be converted into a rigorous statement. The point here is that typically
the proof uses the guess as an essential input. For us, the Maxwell construction
is a crucial first step in the proof.

Whenever this program works, then this means that the message-passing al-
gorithm is not just a convenient low-complexity algorithm among other ones,
but is fact a fundamental algorithm in caracterising the problem. As we will see
more extensively in Part III, message passing solutions not only allow to guess
the phase transition (optimal) thresholds, but are also intimately related to the
full solution behind the problem at hand.

The original Maxwell construction goes back to the 19th century adventure
of trying to understand the liquid-vapour phase transition for simple substances
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V/N V/N

Figure 10.1 Left: isotherms of the ideal gas equation of state. Right: isotherms of the
van der Waals equation of state. Note that below a critical temperature, the
isotherms are no longer monotone.

(say HoO). Quite surprisingly, even though at first sight this problem seems
to have little to do with coding, compressive sensing or satisfiability, there is
a deep analogy between the original Maxwell construction and the one in our
cases. It is therefore worth to briefly review the original Maxwell construction.
We then point out that we have already seen an example of this construction
for the Curie-Weiss model without so far spelling it out explicitly. After these
preparations we turn to coding theory and treat in some detail the case of the
binary erasure channel where the Maxwell construction is the simplest. A more
comprehensive treatment of the Maxwell construction requires new concepts and
tools that are developed in Part III.

The Maxwell construction for the liquid-vapor transition

Assume that we have a gas consisting of N molecules in a container of volume
V, at thermal equilibrium at a temperature of 7" and under a pressure! of p.
How are these quantities related? The ideal gas law states that

pV = NkpT, (10.1)

where kp is Boltzmann’s constant. The left picture in Figure 10.1 shows this
relationship at different temperatures T'. As one can see from this picture and as
we intuitively know, as we decrease the volume, the pressure increases. The ideal
gas law is based on several simplifying assumptions. In reality typical molecules
interact via forces with a very short range and strong repulsive part, and a weak
long range attractive part.? Because of the short range strong repulsion it is a
good model to assume that the molecules have an “effective volume”. The ideal
gas law simply neglects this effective volume as well as the attractive part of the
1 At thermal equilibrium pressure is constant throughout the bulk of the system and equals
force by unit surface exerted by the system on the walls of the container.
2 Both repulsive and attractive parts have quantum mechanical origin. At short distance

electronic clouds repel each other due to the Pauli principle and at long distances the
quantum fluctuations leave out a dipolar Coulombic interaction between molecules.
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force (all forces are neglected hence the name ideal). The relation expressed in
(10.1) is an equation of state, since it relates quantities (p, V,T, N) that define
the “thermodynamic equilibrium state” of the system.

In 1873 van der Waals derived a more accurate equation of state taking into
account the non-zero effective size of the molecules produced by the strong repul-
sive forces, as well as the weak long range attracting forces. The van der Waals
equation is

2
(p+a%)(V7bN) = NkgpT. (10.2)
where a and b are (dimensionfull) constants that characterize the forces between
molecules. This equation is very similar in structure to the ideal gas law, but
both the volume as well as the pressure terms are modified. The constant b takes
into account the strong repulsion equivalent to an effective finite size for each
molecule. Due to this finite size the effective volume of the box which is available
to the N molecules shrinks from V' to V —bN. The constant a takes into account
attractive forces between molecules. It is assumed that these attractive forces
act only between molecules of the gas but not between the wall of the container
and gas molecules. Therefore, close to the boundary of the container, a molecule
has more neighbors away from the boundary than towards the boundary and
this creates an effective force “inwards,” reducing the pressure of the gas. The
reduction is proportional to N? because each molecule close to the wall feels
the effect of approximately IV other molecules and there are of the order of N
molecules close to the wall. To obtain an intensive quantity® we have to divide
by V2, which gives a reduction in pressure by an amount —aN?/V2. Taking into
account the reduction in effective volume and pressure the ideal gas law (10.1)
is modified to
N2
p=NET/(V —bN) —ays-
This is equivalent to (10.2).4
The right-hand side picture in Figure 10.1 shows the van der Waals isotherms
for some choice of constants a and b and for various choices of T'. Comparisons
with measurements show that the predictions of the van der Waals equation are
for the most part more accurate compared to the predictions of the ideal gas
equation. But a closer look at Figure 10.1 shows a somewhat curious and non-
physical behavior. Below a “critical” temperature, the isotherms are no longer
relating the pressure p and the volume per molecule V/N in a monotone fashion.
Below this critical temperature, there is a range where a decrease in volume leads

3 Pressure is intensive, i.e., independent of system size.

4 In terms of the density p = N/V the van der Waals equation of state reads
p = pkpT/(1 — bp) — ap?, and reduces to the ideal gas law for p — 0. The constants a and
b must be determined by experiment. On the other hand statistical mechanics computes
equations of state starting from microscopic Hamiltonians involving the intermolecular
forces, which allows to relate a and b to the expressions of the forces. Thus one can learn
information about the forces from experimental measurements of the equation of state.
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V/N V/N

Figure 10.2 The Maxwell construction. Left: one isotherm of the van der Waals
equation of state. Right: the same isotherm, where a part of the curve is replaced by a
horizontal line which is placed so that the two enclosed areas are in balance.

to a decrease in pressure. Clearly, the thermodynamic equilibrium state is not
described accurately in this range.

It was Maxwell who in 1875 suggested a modification of the van der Waals
isotherms to account for this unphysical behavior. Consider Figure 10.2. The
picture on the left shows one van der Waals isotherm which has a non-physical
non-monotonous behavior. The Maxwell construction modifies this curve by re-
placing part of the curve with a horizontal line, so as to obtain a monotonous
isotherm. This line is placed in such a way that the two areas above and below
the line are in balance. Note that these two areas represent a ”work” since they
are equal to a pressure times a volume, i.e., a force times a length. The basic
thermodynamic argument to justify the equality of the two areas is, roughly
speaking, as follows. Suppose one slowly compresses the system starting at large
volumes and then slowly relaxes the volume, so that at any instant the system
remains in thermal equilibrium at the same temperature. The work released to
the system by compressing the gas along the curved van der Waals isotherm and
the work gained by relaxing the volume along the straight line back to its original
value should be equal because the system has returned to its initial state. Indeed
no net work should be gained or done in the process otherwise we would have
a a way to extract energy from a single heat bath at constant temperature, in
contradiction to the second principle of thermodynamics.®

The horizontal line segment corresponds to a situation where the system co-
exists in two phases, namely as liquid and as vapor. Along this line the percentage
of each component changes from all vapor at the right-most point to all liquid at
the left-most point. Note that as soon as all the gas is in liquid form, any further
decrease in volume leads to a very large increase in pressure.

It is important to realize that for this physical system neither the ideal gas
equation, nor the van der Waals equation, and not even the isotherms modified
by the Maxwell construction describe the system ezxactly. These are all increas-
ingly better and more accurate descriptions, taking into account more and more
physical effects (and one can of course go further by sophisticated statistical

5 Equivalently we would have a perpetual mobile.
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h h

Figure 10.3 Phase transition in Curie-Weiss model when 8J > 1 as a function of h
(here 8J = 2). The phase transition is at h = 0.

mechanical calculations of the equation of state). The point is that they agree
reasonably well with physical experiments. For our applications we are in a con-
ceptually much easier situation. Our aim is not to find a correct theoretical
description for a real physical system. Rather, we start with a model and there-
fore, in such a situation we can even hope that the Maxwell construction gives
us a mathematically exact result. Still, it is quite remarkable that this is the case
for models about problems of engineering relevance.

Maxwell construction for the Curie-Weiss model

For the Curie-Weiss model we have already encountered a simple form of the
Maxwell construction! In Chapter 4 we solved the model and computed the
exact relationship between the magnetization m and the external magnetic field
h for a particular temperature. We saw in Section 4.2 that the magnetisation
takes on a value which minimizes the potential function

J _ 1+m
O(m) = fgmthmfﬂ Tha ( 5

Recall that if we take the derivative of the above expression, we find that m is a
solution of the fixed-point equation

). (10.3)

m = tanh(8Jm + Sh). (10.4)

For 8J < 1, this fixed-point equation has a single solution for each h, but for
BJ > 1 it has up to three solutions, depending on the magnitude of h. When
many solutions are present, we have to choose the one that minimises the free
energy function (10.3). The left picture in Figure 10.3 shows the resulting rela-
tionship between h and m for 8J = 2. The dashed part of the curve are points
(h,m) which are solutions to the fixed-point equation but where m is not the
minimizer of (10.3). Equation (10.4) is the analog of the van der Waals equation
of state with magnetisation and magnetic field being the analogs of volume per
particle and pressure. This is vividly visible if one compares the van der Waals
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isotherms Figure 10.3. The left picture on this figure shows the exact solution of
the Curie-Weiss model obtained through the minimisation of (10.3). This exact
solution confirms the Maxwell construction which here consists of correcting the
picture by drawing a vertical line separating the two equal areas on each side
of the curve. To summarise, we see that for the Curie-Weiss model the Maxwell
construction is exact.

So far message passing did not enter our considerations. Indeed on one hand
it is not relevant for the liquid-vapor transition and on the other hand we know
how to solve the Curie-Weiss model by the exact computation of the partition
function, as seen in Chapter 4.

But recall in the end of Section 7.2 we remarked that the simplifications of
BP equations applied to the Curie-Weiss model lead to a message passing form
of the Curie-Weiss equation, namely Equ. (7.20). There is an important lesson
to be drawn here. For this model message passing leads to a correct equation of
state except for the fact that it does not provide a principled way of selecting
the correct solution of the fixed point equation when multiple ones exist. Indeed
in the message passing world we do not know that we “should” minimize the
potential function (10.3). From the message passing perspective we start with a
particular value of m and then we iterate Equ. (7.20), which eventually yields
the “van der Waals” isotherm depicted on the left Fig. 10.3. The Maxwell con-
struction provides the missing step. It allows to ”correct” the message passing
solution in order to recover the exact solution. Moreover it also gives a way to
determine the location of the phase transition threshold, namely h = 0 for the
present model. It might be argued that this last point is somewhat trivial be-
cause it follows from the symmetry of the model. While this is true, at the same
time, we have here a powerful principle that we shall apply in much less trivial
situations with no symmetry present.

Let us pause to see where we are. We have seen the Maxwell construction for
two examples, but so far it is perhaps not very convincing. For the liquid-vapor
system the Maxwell construction might appear like a kludge — a rough fix for an
obvious problem. For the Curie-Weiss model, on the other hand, it might appear
like a very lucky coincidence.

It would be much more compelling if we could start with the belief propagation
equations for a non-trivial system and then from these equations could prove that
the actual equation of state and phase transition threshold have to be of the form
predicted by the Maxwell construction. In particular, this will be compelling
if the actual equation of state and phase transition threshold are difficult to
compute directly. In the next section we discuss exactly such a case — namely
the case of coding on the binary erasure channel. Here the Maxwell construction
does indeed give the correct prediction for the MAP threshold and is the starting
point for a rigorous derivation of this quantity.



10.3

10.3 Coding: the Maxwell construction for the BEC 225

Coding: the Maxwell construction for the BEC

Let us now consider coding, using Gallager’s (d,, d.)-regular LDPC ensemble,
transmission over the BEC, and BP decoding. For this case we will see how we
can determine the MAP threshold exactly. First we explain how, thanks to the
Maxwell construction, the MAP threshold can be guessed from the DE analysis
of the BP algorithm. In the next two sections we go through the key ideas that
allow to prove that the guess is indeed correct.

Contrary to a fluid or a magnetic system considered in the previous examples,
it is less clear which are the correct analogous “state variables” and “isotherms”
to which we should apply Maxwell’s equal area construction. This is the first
question we have to clarify.

We saw in Chapter 6 that the analysis of BP lead to the DE fixed point
equation for the erasure probability

r=¢(l—(1—x)det)d=1, (10.5)

By looking at (10.4) and (10.5) one might be tempted to make the following
analogies: € <> p or h the “control” parameters and x <> V/N or m the “state”
variables. The “van der Waals isotherms” would then be the curves (e(z),z)
where

e(l‘) = (1 — (1 — x)dc—l)dvfl

(10.6)

We hasten to say that this is not the correct way to proceed. To find the correct
analogy, let us have a closer look at the message passing “solution” of the Curie-
Weiss model in Section 7.2. If one traces the derivations leading to Equs (7.19)-
(7.20) we notice that the BP-magnetization at a vertex 4 is a function of incoming
messages that flow on the edges 7 — ¢ from all neighbors j € 0i. In density
evolution the analogous quantity is

gep(z)=(1—-(1— m)dc_l)d“, (10.7)

the erasure probability of a randomly chosen variable node, obtained using only
all “internal” messages and ignoring the directly received observation. Let us
compare this expression to this right hand side of (10.5). Since we ignore the
direct observation the factor € is missing; on the other hand we have a power of
d, in this expression and not just (d, — 1) as in the density evolution equation
since we take all internal inputs into account.® The correct curve to which one
should apply the Maxwell construction is

(e(x),gpp(x)) for 0<z<1 and (R,0) for x=0. (10.8)
This parametric curve (with parameter 0 < 2 < 1) is known in the literature
6 This probability is intimately related to the entropy of a BP-decoded bit. If the decoded

bit is not erased then its entropy is zero while if its erased its entropy is In 2. Thus the
total entropy of a bit under BP decoding is € ggp(z) In 2.
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as the BP EXIT curve.”. It constitutes the correct analog of the van der Waals
isotherm. Note that here we have only one isotherm since there is no explicit
temperature parameter (equivalently we work with =% = 1; see Chapter 3 for
a discussion of this point).

We now illustrate the Maxwell construction with an example.

EXAMPLE 24 (Graphical Characterization of Thresholds) The left-hand side of
Figure 10.4 shows the BP EXIT curve associated to the (3,6)-regular ensemble.
This is the curve given by (10.8). For all regular ensembles with d,, > 3 this curve
has the characteristic “C” shape starting at the point (1,1) for z = 1 and then
moves downwards and extends to (+00,0) for x — 0. For z = 0 we add to this
curve the horizontal axis R. Note that ¢(z) > 1 cannot interpret it as a channel
erasure probability. Nevertheless, in the Maxwell construction we must take into
account the whole curve. One inserts a vertical line at that unique spot so that

< =
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Figure 10.4 Left: the BP EXIT curve of the (d, = 3,d. = 6)-regular ensemble. The
curve goes “outside the box” and tends to infinity and “comes back” on the
horizontal axis. Right: the Maxwell construction places a vertcal line such that the
two shaded areas balance. The position of this line yields emap.

the two shaded areas have the same area. One can prove that the location of this
line is precisely equal to eyjap. Note that the BP threshold is also found from
the BP EXIT curve as the location of a vertical line tangent to the “C” shape.

Formal statement of the Maxwell construction and related
definitions

The Maxwell construction only gives us a guess of the MAP threshold, and to
prove this conjecture needs more work. This section formalises the conjecture
and introduces a few key definitions that are useful for the proof (in section ?7?).

7 Here EXIT stands for extrinsic information transfer. This is the information acquired
when one takes into account all incoming messages except the one coming from the
channel observation. This parametric curve has also been called “extended EXIT curve” in
the literature to distinguish it from EXIT functions introduced below.
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DEFINITION 10.1 (Trial entropy and area threshold) We define the trial en-
tropy as

Alx) = / " de(a) gup(a)

= o+ D)l aldud, — dy — d,))

dy
- —. 10.9
Lo ao9)
This integral is easily computed from (10.7) and (10.6). Note that A(z) is the
area under the EXIT curve, from the point (¢(0), ggp(0)) = (400, 0) for until

the point (e(x), ggp(x)), as indicated in Figure 10.5. By definition A(0) = 0. The

BP

Figure 10.5 The trial entropy A(z) measures the shaded area below the BP EXIT
curve.

function A(z) is decreasing for 0 < x < xpp where xp is the unique parameter
such that egp = €(zpp). For 25p < 2 <1 it is increasing, and A(1) =1 — Z—z > 0.
It follows that there is a unique value of z in the region [xyp, 1], call it x4, such
that A(x4) = 0. We call e(z4) the area threshold, and write e4 = e(x4).

The Maxwell construction conjectures that the MAP threshold is equal to the
area threshold, namely

EMAP — €EA. (1010)

Thus the MAP threshold can be computed from the BP EXIT curve, which itself
results from the density evolution equation.

In the previous paragraph we explained that the Maxwell construction applies
to the BP EXIT curve parametrized by 0 < x < 1. Here we introduce two
closely related objects: EXIT functions which are well defined functions of e.
Take a code from the (d,, d.)-regular LDPC ensemble of length n. Let X denote
the codeword, chosen uniformly at random from the set of all codewords and
let Y be the received word when we transmit over a BEC with parameter . We
set Yo; = (Y1,...Y;-1,Yi41,...Y,) the observation vector without Y;. Consider,
#PP(Y.;) and zMAP(Y.;), the BP and bit-MAP estimates when bit 7 is not
observed or erased.

DEFINITION 10.2 (BP and MAP EXIT functions) We define the BP EXIT

227
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function as

n

LS BT (V) = B

i=1

gep(€) = lim lim E

t—o00 n—oo

(10.11)

where the expectation is over the code ensemble. This limit exists and is given
by density evolution. It is explicitly given by a formula similar to the BP bit
error probability, Equ. (6.23) without the prefactor € because we do not take into
account the observation Y;. Similarly we define the MAP EXIT function as

lE PzMAP(Y.,) = E)
n
=1

gumap(€) = limsup E

n— oo

. (10.12)

where the expectation is again over the code ensemble. It can be shown that the
limit exists, however this is not obvious and this is why the definition involves a
limsup.

As the notations and terminology suggest the notions of BP EXIT curve and
function are very closely related. This is best seen on figure 10.6. The “envelope”
of the EXIT curve is precisely equal to the EXIT function gsp(€) as a function of
€. Moreover, we can give an alternative definition of the area threshold directly

gsp

Pl

€

o

0 ! 1
Figure 10.6 The BP EXIT curve (e(z), gep(x)) and its envelope ggp(€). The BP EXIT
function vanishes for 0 < € < egp and follows the branch of the BP EXIT curve
corresponding to the non trivial stable fixed point for € < epp

in terms of the BP EXIT function. Indeed the area threshold is the solution of

d

1
/ déng(E) =1- s (1013)
€A dC

The proof of these facts is left as an exercise.
The two EXIT functions defined above satisfy the obvious but important in-
equality

gumap(€) < gpp(e). (10.14)

Indeed, the MAP decoder is optimal in the sense that it minimizes the bit-
error probability. In particular it has a smaller probability of error than the BP
decoder for t iterations. This means PZMAP(Y.;) = E] < PP (Yo:) = EJ.
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The inequality then follows by summing over ¢, taking limits n — +oo first and
t — 400 second.

Key to the proof of (10.10) is the following alternative represenation of the
MAP EXIT function.

LEMMA 10.3 (Alternative formula for the MAP EXIT function) Consider trans-
massion over the BEC and let X and Y be the input and output vectors. The MAP
EXIT function defined by (10.12) satisfies

gviap(€) = limsup = LB [H(X|Y (6))] (10.15)

n—+oo N de T

Here the expectation is over the code ensemble.
Proof Representation (10.15) follows directly from the claim

1d
——H(X]Y) PzMAP(Y.,;) = E]. 10.1
S HX]Y) Z i) = E] (10.16)

Note that this equation does not involve any average over the code ensemble so
the lemma is in fact valid for a fixed finite length code. Now, to prove (10.16)
assume for a moment that each bit ¢ is transmitted over a BEC with independent
parameter €;. We have

L4 gx|y(e) fZae COCRESLY)

n de

€;=¢€

IS L HXY (e, )

n P 861' €i=¢€
1 n
==Y P@E"P (Y., = E] (10.17)
i=1
To get the second line we used the chain rule
HX|Y)=H(X; |Y)+ H(X |X;,Y)
= H(X; | Y) + H(X ;| X, Y L), (10.18)

where in (10.18) we dropped Y; in H(X ;| X;,Y) since the channel is memoryless.
Further, note H(X ;| X;,Y ;) does not depend on ¢; so that this term does not
contribute to the partial derivative with respect to ¢;. The partial derivative of
H(X; | Y) with respect to ¢; then yields (10.17). To see this note that

H(X;|Y) =PE"F(Y) = E)]
=P[Y; = EIP[}"*"(Y) = E | Y; = E] + P[Y; # E] x 0

K3

= P[zMAP(YL;) = F] (10.19)

and also that P[zMAF(Y.;) = F] is independent of ¢;. This settles (10.16). [
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Proof of the Maxwell construction for the BEC: key ideas

We first have to clarify a fine point concerning various possible definitions of
the MAP threshold. From an operational point of view the MAP threshold is
the greatest possible channel parameter below which a MAP decoder can decode
with high probability. Mathematically

1 ~
emap = sup{e € [0,1] : limsup —E[ ZIP’ @MAP(Y) # X)) = 0}
n—+4oo N im1
Instead, we will use a definition of the MAP threshold that directly uses the
entropy and has the advantage to connect more readily to the quantities that
appear in our analysis.

DEFINITION 10.4 (MAP Threshold) The MAP threshold of the (d,, d.)-regular
ensemble is defined by
1
emap = sup{e € [0, 1] : lim sup E]E[H(K | Y(e))] =0}.

n—oo

O

Are the two definitions equivalent? From Fano’s inequality one can show that
if one transmits above the MAP threshold of definition 10.4 then the bit-MAP
error probability is strictly positive. But, it is not generally true that transmitting
below the MAP threshold defined in 10.4 implies the bit-MAP error probability
vanishes as n — +00. However one can show for the codes considered here that
this is in fact true. Therefore for our purposes definition 10.4 and the operational
one are in fact equivalent. At this point the reader may just accept these remarks.
They are discussed further in the exercises.

Derivation of the upper bound: eprap < €a

From inequality (10.14) and Lemma (10.3) we have
1d
limsup — —E [H(X[|Y)] < gse(e) (10.20)
n—+oco N de

The essential idea of the proof is to integrate (10.20) over e.
First we integrate the left hand side on an interval [€, 1] with € > €gp.

1
de nmsupldiE[H(gme) )] > limsup / de LE[H(X|Y ()]

3 n—+oo T A€ n—+oo

_ lim sup{le H(X|Y(c = 1))] ~ E [H<X|Y<e>>]}

n—-+o0o

(1—2—0)—hm1nf “E[H(X|Y ()] (10.21)

n—+oo N

The lower bound follows from Fatou’s lemma by observing that the integrand
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is bounded. To get the last line we note that LH(X|Y (e = 1)) is equal to
the logarithm of the number of codewords normalized by the blocklength. It is
intuitive that the limit n — oo of this quantity, averaged over the ensemble, is
equal to the “design rate” of the code which is 1 — z—z. The proof of this claim
is purely combinatorial and we skip the steps here, but the result is valid for all
(dy, d.)-regular ensembles with 2 < d,, < d,.

Let us now integrate the right hand side of (10.20). By the definition 10.1
of the trial entropy we find (recall that z.(€) is fixed point attained by DE
iterations discussed in Section 6.7),

[ o= [ i) gt

Too (€)
= A(r(1)) — A2 (€))
=(1- %) — A0 (€)) (10.22)

Putting together (10.20), (10.21) and (10.22) we obtain

liminf LK [H(X|Y(€))] > A(roo(€)) (10.23)

n—+oo N

Finally take any € > e4. Then A(z(€)) > 0, thus liminf, o ~E[H(X[Y(€))] >
0, which means € > epap. This implies €4 > epap as announced.

The last inequality (10.23) is a special case of a general inequality valid on
any binary input memoryless symmetric channels. It is also closely related to a

similar inequality that we will obtain by the interpolation method in Chapter
13.

Brief discussion of the lower bound: eprap > €a

So far we have seen that the threshold given by the Maxwell construction is
an upper bound on the MAP threshold. There are several ways of proving the
reverse inequality. For the specific case at hand, namely transmission over the
BEC, one can give a purely combinatorial proof. The idea is to prove that when
€ < €4, with high probability, the matrix which we get if we start with the parity-
check matrix and remove all columns which correspond to non-erased bits has
rank equal to the number of erased bits. This shows that with high probability
the codeword can be reconstructed by solving the corresponding linear system
of equations, i.e., with high probability the MAP decoder succeeds. Since this
proof is very specific to the erasure channel we skip it. There is a second more
conceptual approach using spatial coupling and the interpolation technique which
applies to general BMS channels. We will get back to this approach in part III.
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10.6 Generalization to BMS channels?®

The Maxwell construction can be generalized to BMS channels but proving that
it yields the correct MAP threshold requires to develop more powerful tools as
well considerable more work. We will come back to this question in part III. For
the moment we give natural generalizations of the concepts of BP and MAP
EXIT functions which allow us to state the conjecture. The formalism of Section
6.8 is used.

We consider transmission over ”smooth” families of BMS channels ¢, parametrized
by a noise level e. Examples of such families are the BEC(e), BSC(e) or the
BIAWGNC(e). We will not formalise this notion of smoothness here except for
saying that, roughly speaking we demand H (c. ®x) is continuously differentiable
in € for all reasonable symmetric densities x (here H is the entropy functional
given by Equ. (6.38)). Note that we ask for continuous differentiability with re-
spect to the explicit € dependence of the channel and not any other implicit e
dependence possibly hidden in x. Indeed in our applications the ¢ dependencies
in the DE fixed points densities yield discontinuities.

Let us begin with the right notion of MAP EXIT function. The definition
(10.12) is really only useful for the BEC and doesn’t generalise well. At the same
time, the identity (10.16) is only valid for the BEC. For more general channels
it turns out that the identity (10.15) yields the good definition that we seek.

DEFINITION 10.5 (MAP EXIT function: general definition) Consider transmis-
sion over a smooth family of BMS channels. Let X denote the codeword, chosen
uniformly at random from the set of all codewords and let Y be the received
word. The general MAP EXIT function is defined as

1d

gmap(€) = limsup — —E [H (X|Y)] (10.24)
n—4oo 1 de

where E is the average over the code ensemble. For the BEC this reduces to

(10.12) by virtue of Lemma 10.3.

The MAP threshold is defined in 10.4 (this definition is valid in general pro-
vided we relax the range of the noise to € > 0). We immediately see gvap(€) =0
for € < epap. It is also intuitively clear that this function is monotone increasing
for € > epmap. For d, > 3 it is discontinuous at eyjap which therefore represents
a first order phase transition point.

We now introduce a BP EXIT function. A little thought shows that for the
BEC this function is equal to

0
1 — — de—1\dy _ : Hd.—1\®d,
. hI_gl (1 — (1 —my)H)% = , 1121 86H (Ce ® (x¢ )&

where z; are the density evolution iterations initialised with xg = 1 (or zg = €)
and x; = £:A¢ + (1 — 2¢) A In this expression the partial derivative indicates

8 This section is not needed for the main development and can be skipped in a first reading.
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that the derivative acts only on the explicit ¢ dependence in c. and not on the
implicit dependence in x;. The natural generalisation is

DEFINITION 10.6 (BP EXIT function: general definition) Consider transmis-
sion over a smooth family of BMS channels. The general BP EXIT function is
defined as
.0 -
gep(e) = lim = H(c, ® (xPde=1)®d) (10.25)

t——+o00 Je

As above the partial derivative acts only on c.. For the BEC this reduces to
(10.11).

Recall that at the end of Section 6.8 we defined the BP threshold as egp =
sup{€ : Xeo(€) = Ao }. It is not difficult to see that Lemma 6.2 implies ggp(e) = 0
for € < egp and is monotone increasing for € > egp (for d, > 3 the function is
discontinuous at egp). Thus, the easiest way to define the area threshold is to
consider (10.13).

DEFINITION 10.7 (Area threshold for regular codes and BMS channels) Con-
sider transmission over a smooth family of BMS channel with codes from the
(dy,d.) regular ensemble with 2 < d,, < d.. We define the area threshold €4 as
that unique solution of the equation

d

/ degpp(e) =1 — =~ (10.26)
€>€p dc

We are now ready to discuss the Maxwell construction in this general setting.
This construction conjectures that eyap = €4 and therefore provides a con-
structive way to calculate the MAP threshold. We will see in Chapter 13 that,
similarly to the case of the BEC, the upper bound eyap < €4 follows from a
Lemma proved using a ”correlation inequality” from statistical mechanics.

LEMMA 10.8 (Comparison of general EXIT functions) The generalised BP and
MAP EXIT functions satisfy

gsp(€) < gmar(€) (10.27)

For the lower bound epap < €4 we cannot resort to the combinatorial method
used on the BEC. We will have to use the ideas of ”interpolation method” and
"spatial coupling” and developed in Chapters 13 and 14, 15. With these tools in
our hands we will be able to sketch the proof of the following theorem.

THEOREM 10.9 (Maxwell construction) Consider transmission over a smooth
family of BMS channel with codes from the (d,,d.) regular ensemble with 2 <
dy < d.. For high enough but fixed degrees we have exjap = €4.

It is believed that this theorem has much wider generality and in particular,
as stated here, is valid for all degree pairs such that d. > 3. We will also see in
Chapter 15 that the proof yields much more. It provides us with a rather explicit
variational expression for the conditional entropy H(X|Y (¢)). This expression is
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analogous to ”one-letter” formulas of information theory and to ”replica formu-
las” of spin glass theory.

Discussion

Besides the original liquid-vapor physical system, we have given two explicit
examples of the Maxwell construction. For the CW model, the Maxwell con-
struction appears somewhat like a coincidence (at least if one forgets about
the physical interpretation). We first computed the exact relationship between
average magnetization and the external field and then we computed the same
relationship from a message-passing perspective. Comparing the two expressions
we see that they are related by a Maxwell construction, just like in the original
construction for an ideal gas.

Even more interesting is the situation if we cannot (or do not know how to)
in fact compute the exact free energy expression but, starting with the message-
passing formulation, can derive it using a Maxwell construction. This was the
case for our second example, namely coding. There is currently essentially no
other way of computing the MAP threshold. We have seen that the Maxwell
construction gives us a guess of where this phase transition appears and we have
also sketched some proof ideas. In the third part of these notes we will see how
we can complete these proofs using the concepts of spatial coupling and the so-
called interpolation method. So in this case, the Maxwell construction, together
with further techniques, allows us to solve, what from a classical perspective
seems to be a hard problem, namely rigorously compute the MAP threshold.

This is a general theme that applies to numerous other phase transitions. But,
there is no trivial recipe for how to apply the Maxwell construction and how to
prove that it is indeed correct. Each case requires some slightly different tricks
and techniques. In fact, it is easy to construct examples (like K-SAT with belief
propagation guided decimation) where the predictions given by a naive Maxwell
construction are not even correct. But with a little bit of experience the Maxwell
construction is a powerful paradigm.

Notes

The thesis of van der Waals in 1873 represented a fundamental step in the long
and difficult process leading from the earlier thermodynamic and kinetic theories
of gases of Boyle, Bernoulli, Gay-Lussac, Clausius and others to the description
of states of matter by the statistical mechanical laws of atoms and molecules.
Earlier experiments in the 19th century had already established that vapour can
be changed into a liquid by continuous as well as discontinuous processes (second
and first order phase transitions) and this prompted van der Waals to extend
the gas theory of Clausius to the liquid state. He managed to correctly take into



Problems

10.8 Notes 235

account, at least qualitatively, the intermolecular forces, thereby also clarifying
their nature and role. An english translation of the original work (Van der Waals
1873) and an account on its consequences on the physics of liquids well into the
20th century is found in (Van der Waals & Rowlinson 1988). Maxwell recognized
the importance of this thesis and “corrected” it with his equal area construction.
This construction appears very explicitly in (Maxwell 1875) and his explanation
is still essentially unchanged in the modern textbooks. As always history is much
more complicated, rich and fascinating and the interested reader may find an
excellent account of it in (Brush 1983).

In a classic work of modern statistiscal mechanics (Lebowitz & Penrose 1966)
the van der Waals-Maxwell has been shown to be rigorously exact for systems of
particles interacting through forces containing a hard core part and an attractive
part in the limit where the attraction becomes infinite range and at the same
time infinitely weak. This is often called the Kac limit. Surprizingly similar limits
also seem to be of relevance in coding theory and compressive sensing and we
come to this question in Chapter 14.

The relevance of the Maxwell construction in coding theory was first discovered
in (Méasson, Montanari & Urbanke 2004, Méasson, Montanari & Urbanke 2008).
For Low-Density Parity-Check codes used for transmission over the binary era-
sure channel, a constructive relationship between the belief progation and MAP
decoders is established through a new decoding algorithm called the “Maxwel de-
coder” and it is shown that the MAP threshold can be found from an equal area
construction on the EXIT function (Equ. (10.10)). This approach was partly
generalized to more general channels in (Méasson, Montanari, Richardson &
Urbanke 2009) which introduced many useful tools such as generalized EXIT
functions and proved Lemma 10.8. A different proof using correlation inequali-
ties was provided in (Macris 2007b). The complete proof of Theorem 10.9 relies
on more advanced tools introduced in part IIT and was finally carried out only
quite later (Giurgiu, Macris & Urbanke 2016). The main ideas are sketched in
Chapters 14 and 15.

10.1 VAN DER WAALS EQUATION, FIRST AND SECOND ORDER PHASE TRANSI-
TIONS. The goal of this exercise is to illustrate that phase transitions predicted
by the van der Waals equation are perfectly analogous to the ones for ferromag-
nets predicted by the Curie-Weiss equation analysed in Chapter 4. Express the
pressure p in Equ. (10.2) as a function of T" and v = V/N (volume per particle).
This equation is analogous to the one expressing h as a function of 7' and m (see
e.g., (4.24)).

(i) Let vy = Vi/N and vg = V/N the two extreme points of the Maxwell
plateau of an isotherm. These are the volume per particle occupied by the liquid
and vapour states when they coexist. Compute the critical parameters T, p., v,
such that the width of the plateau vg — vy, vanishes, in other words when the
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van der Waals isotherm has a flat inflexion point. One finds T, = 8a/(27bkp),
pe = a/(27b?), v, = 3b.

(ii) Show that for T' > T, and given p there is a single solution for v as a function
of p. The volume per particle is a smooth function of p and there is no phase
transition.

(iii) Show that for T < T, there are three solutions for the volume. According
to the Maxwell construction as p increases (at fixed temperature) the volume is
reduced discontinuously from vg to vy. This is a first order phase transition: the
transition between the liquid and vapour states is discontinuous.

(iv) Show that as T' — T, from below vg — v, o |T' —TC|1/2. This a second order
phase transition behavior: the transition between the liquid and vapour states is
continuous. The critical exponent is equal to 1/2 and is the same as the one of
the Curie-Weiss theory.

(v) Define the reduced variables T = T/T,, p = p/pe, ¥ = v/v.. Show that the
van der Waals equation becomes (p + 3/92)(30 — 1) = 8T. Although for each
fluid the coefficients a and b are different and have to be determined experimen-
tally, the van der Waals equation displays a universality which is well observed
experimentally. In particular the critical behaviour at the second order phase
transition is independent of the fluid.

10.2 ENVELOPPE OF THE BP EXIT CURVE. Starting from definition 10.11
for the BP EXIT function prove that it is the enveloppe of the parametric BP
EXIT curve (10.8) as indicated on Figure 10.6. Moreover show that Definitions
10.1 and 10.13 for the area threshold are equivalent.

10.3 DETAILS OF PROOF OF LEMMA 10.3. If you have never done it before
prove the chain rule used in (10.18). Starting from the definition of the MAP
estimate in Chapter 3 for the BEC show in detail that H(X;|Y) = P[zMAP(Y) =
E], used in (10.19).

10.4 ON THE DEFINITION OF THE MAP THRESHOLD I. The goal of this
exercise is to show that if we are transmitting above the MAP threshold de-
fined according to 10.4 then the average bit error probability is non vanish-
ing. Set P, = P(@MAP(Y) # X;)]. Note that by the Fano inequality we have
H(X;|Y) < ha(P;) where hs is the binary entropy function. Use concavity of hs
and subadditivity of H(X|Y) to show that

%]E[H(X\X)] < ha (E[i 2_; Pi]) '

Deduce that if € > epap there exist § > 0 independent of n such that
1 n
E[=Y P;| > h;1(6).
BRI

In other words the average bit error probability remains strictly positive.

10.5 ON THE DEFINITION OF THE MAP THRESHOLD II. In general we cannot
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conclude that if we are transmitting below the MAP threshold defined accord-
ing to 10.4 then the average bit error probability vanishes. In other words from
E[H(X | Y)/n] < 4 does not in general imply that the average bit error proba-
bility is small. However this is the case if we have the slightly stronger condition
E[> " H(X; | Y)/n] < 6. Let P; = P(@MAP(Y) # X;)]. The goal of this exercise
is to show that under the stronger condition we have 2E[}""" | P;] < §/2.

First, convince yourself that under MAP decoding the error probability con-
ditioned that we observed y is equal to min, p(z | y). Then, prove the following
statements

B> H(X | Y)) = B[ Bylha(minp(e | V)]
> ") Ey[2minp(z | V)]

i=1
2 n
= EE[; Pl

The claim follows.

10.6 LARCGE DEGREE LIMIT OF THE AREA THRESHOLD: BEC. Consider the
limit of large degrees d,, d. — +oo with a fixed ratio d, /d.. This means that the
design rate R =1 — g—z of the code ensemble is fixed. Use (10.13) to show that
in the large degree limit e4 — 1 — R. Note that this means the area threshold

tends to the Shannon threshold (or capacity) of the BEC in this limit.

10.7 LARGE DEGREE LIMIT OF THE AREA THRESHOLD: BMS CHANNELS. Us-
ing the tools introduced in Section 6.8 it can be shown that if x,, is a sequence
of symmetric densities ordered by degradation (i.e. x,+1 > x,) which tends to
X, in the sense d(xp,xx) = H(x, — X«) = 0 as n — +o00, then

lim gH(ce ® Xp) = QH(Ce ® Xy )
€

n—-+oo 86

provided c. is sufficiently ”smooth” (e.g. see the next exercise). It follows that if
X 18 the limit of density evolution iterations

0 _
gep(€) = 5 H(ce ® (xEdemt) @),

Now, consider the large degree limit as in the previous exercise and show that
Xoo — Ag as dy, d. — 400 with fixed ratio d,, /d.. Deduce that the area threshold
satisfies

li H(c.,)=1-R.
d,,,,dclg-i-oo (ces)

Verify this means €4 tends to the Shannon threshold of the channel (equivalently
1 — H(c.) is the capacity of a BMS).
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10.8 A SMOOTHNESS CONDITION ON DEGRADED CHANNEL FAMILIES. Let c.
a degraded channel family, i.e., co = ¢ for € > e. We want to show that the
regularity condition (k a strictly positive numerical constant)

H((cer — C6)®2)1/2 < n|e/ — ¢
is sufficient for
0 0
1.[[ _— H = — H *
n—1>+<x> Oe (CE © Xn) Oe (CE ©x )

to hold where x,,41 > x,, and lim, o H(z, — z.) = 0.
Use the duality rule, the moment expansion (see Section 6.8) and the Cauchy-
Schwarz inequality to show that

H((Ce’ - Ce) 0y (Xn - XOO)) < H((CE/ - C€)®2)1/2H((XH - XOO)®2)1/2~

Deduce the claim from this inequality.

10.9 BP EXIT FUNCTION FOR GENERAL BMS CHANNELS. Consider a smooth
family of degraded channels where smoothness is defined as in the previous ex-
ercise. Consider the definition 10.6 of the BP EXIT function and show that the
limit: (i) equals %H(Q@(xg‘icfl)@dv); (ii) vanishes for € < epp; (iii) is monotone
increasing for € > epp (use the moment expansion).
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The Bethe Free Energy

We have discussed how we can analyze the performance of various low-complexity
algorithms, in particular algorithms of message-passing type. We have seen that
in the limit of infinite system size, such algorithms have thresholds and we were
able to characterize these thresholds quantitatively. Such thresholds are often
called dynamical thresholds since they are associated to the dynamics of a pro-
cess. For us this process is the algorithm.

But there is typically also a static phase transition. This corresponds to a
phase transition which describes a change in the properties of the system it-
self, independent of any algorithmic question. We already discussed such phase
transitions in the Curie-Weiss and Ising model on a tree where the threshold
appeared as a non-analyticity in the free energy. In this context one also speaks
of a ”thermodynamic” phase transition. Similar phase transitions also occur
in our coding, compressive sensing and K-SAT problems. These belong to the
realm of spin glasses described by random Gibbs distributions and their phase
transitions are considerably more subtle. In coding we can ask how much noise
we can add so that with high probability there is a unique codeword which is
“compatible” with the received information. In communications language, this
corresponds to the MAP threshold. For compressive sensing we can ask how the
number of measurements has to scale with the number of unknowns so that with
high probability there is a unique sparse vector which is compatible with the
measurements. In K-SAT we can ask how many constraints we can have per
Boolean variable so that with high probability a random formula is satisfiable.
This is usually referred to as the SAT-UNSAT phase transition threshold.

Why are we interested in these quantities? Some systems are given to us and
we cannot change them (e.g., K-SAT). In this case, in order to gauge how well
our algorithm is performing, it is important to know how well a computationally
unbounded system could in principle do. But often we are actually in control
of the system itself. Think of the coding problem or also compressive sensing.
It is typically us who design the code or the measurement matrix. So in these
cases it is important to know that the system itself is designed in such a way
that at least in principle, if we had unbounded computational resources at our
disposal, it has a good performance comparable to the information theoretic
ultimate limit. For example, in coding we can then compare the MAP threshold
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to the ultimate limit, namely the Shannon threshold, and hopefully these two
thresholds are close.

As we will see, there are two basic themes which appear. First, static phase
transition thresholds are in general much harder to compute than the dynamical
ones. In a few cases we are able to derive rigorous quantitative statements. In
some other ones, we will have to be content with computations which are believed
to yield the correct value but fall short of a mathematical proof. The second,
perhaps more surprising theme is that the analysis of the static phase transition
threshold can often be carried out by looking at the behaviour of the message-
passing algorithm! Why message-passing, a sub-optimal and local algorithm,
should have any bearing on the description of the static phase transition is at
first glance puzzling.

As we will see in the next few chapters, the key object which connects these
two themes is the so-called Bethe free energy. Roughly speaking, it is an “ap-
proximation” to the true free energy which itself depends on the fixed points
of the message-passing algorithm. In some instances the static thresholds, the
average free energy and related information theoretic quantities, are correctly
predicted by a suitably averaged form of the Bethe free energy.

Let us briefly discuss the philosophy behind the introduction of the Bethe
free energy. Computing the true free energy for typical statistical mechanics (or
general graphical) models is an impossible task. An important approximation
philosophy is the so-called "mean-field theory.” In this theory, when looking at
the interactions of a “spin” with the rest of the system, we take into account
very close neighbors exactly, while we model influences of the remaining system
simply by a mean field, i.e., a field which accounts for the average influence of the
remaining of the system. For models defined on sparse graphs that are locally
tree-like, or on complete graphs with the interactions suitably scaled,! a ” correct”
form of mean field theory was developed by Bethe and Peierls. This leads to the
so-called Bethe free energy approximation, which is a “sophisticated” version of
the most basic Curie-Weiss mean field theory. As we will see the Bethe-Peierls
theory involves fixed point equations that are the same as those occurring in
Belief-Propagation - hence the connection with message passing algorithms. The
use and to some extent interpretation of these equations is however different.

We consider a general Gibbs measure of the form

1 m
p@ = 7 L aton). (11.1)
where the variables z; € X,i=1,...,nand f,,a =1,..., m are kernel functions

associated to factor nodes and depend on zs, = {x;,7 € da}. In Chapter 5
we discussed the sum-product algorithm that computes BP-marginals for such
measures. Recall when the graph is a tree these are the exzact marginals. Similarly

1 Recall for the Curie-Weiss model Jij = jij/n, for SK and compressive sensing

Jij = jij/\/ﬁv Aai = Aai/\/rT’L
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we will see that on a tree the free energy F' = —3~ ! In Z can be expressed exactly
in terms of the marginals. This is the starting point of the formalism developed
in this chapter. Remarkably it turns out that this is also a useful formalism when
the graph is far from being a tree as long as the influence of each spin on the
other ones is very weak.

This chapter only introduces the concept of Bethe free energy, and the power of
the tool will appear in later ones. The exact formula that we first derive on trees
forms the basis for the general definition of the Bethe free energy on general factor
graphs. Once this is settled we directly derive the specific expressions for the Ising
model on a k regular graph, coding and K — SAT. The SK and compressive
sensing models require quite more work in order to exploit the completeness of
the underlying graph and are treated in the last two sections.

The Gibbs measure on trees

Consider the (exact) marginals

vi(w) = p(@, valwea)= Y p(z).

~Tq ~Toa

As explained in Chapter 5, on a tree these can be computed exactly by the
sum-product algorithm. More is true.

LEMMA 11.1 The Gibbs distribution on a tree can be expressed in terms of its
marginals as follows,

m n

p(@) =[] va(@oa) [] (vi ()" (11.2)

a=1 1=1

where d; is the degree of variable node i.

Proof 'We prove (11.2) by induction over number the number m of factor nodes.
For m = 1 the unique clause is connected to variable nodes with d; = 1. Thus
(11.2) is trivial in this case. Now, we assume (11.2) is true for a tree graph G
with m check nodes and prove that it also holds for the new Gibbs distribution
with m + 1 factor nodes, obtained when one adds one factor node ¢ connected to
a variable node 7 in such a way that the new graph is a tree (we do not discuss
the somewhat trivial case where the new factor is disconnected). The original
tree G and the new tree are depicted on figure 11.1. If z = (21, - ,x,) are the
variables on (G, the new distribution reads

m

1
Puew ("Eac\i7£) = ch (Iac) H fa (:Caa) . (113)

new a=1

Consider the conditional probability p (zge\; | ) of an assignement z.\; given
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contains variables
81y ey SN -

Soc\i

Figure 11.1 Induction procedure: G is the original tree with m check nodes
a=1,---,m and variables z = (21, -+ ,Z,) to which we add a new factor ¢
connected to a unique ¢ € G. The new graph is also a tree.

x. We observe that

Vhew,c (-Tac)

Puow (Zoevi | ) = Puew (Toeyi | 2:) = ()
new,? \ <1

)

(11.4)

where v, and v,.,,; stand for marginals of p,,,. At this point it is a good
idea to pause and remark that the first equality in (11.4) is valid for any factor
graph model? but the second is valid because the new factor ¢ preserves the tree
structure.® Therefore, if v,.,, (z) is the marginal of (11.3) with respect to Toe\is

we have

Prew (xac\iaz) = Prew (xac\i ‘ l) View (&)
View,c ($ac)

= 0 T e (Z) -
Upewyi (Ti) ()

We now turn our attention to the term v,.,, (z). By definition

View (Z) =

{3 setoan)} f[f (z00)

ZToc\i

1
= 7 T atean,

new

(11.5)

(11.6)

where we have set Z%C\Z_ fo(z9e) = fo(x;). The distribution (11.6) has the
factor graph depicted on figure 11.2. There are n variable nodes but the tree still
has m 4+ 1 check nodes. However ¢ can be ”absorbed” in any arbitrarily selected

2 This identity is an instance of the Markov random field property.

3 See Section ?? for a brief discussion of the case where the new factor is attached to more

than one node and creates loops.
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Figure 11.2 Factor graph for the marginal distribution (11.6). We select an arbitrary
check b € 9i\ c.

check b € 9i \ ¢,

Vo (@) = 2T @2) i (won) T fo (0)

Znew
a#b
L o) T fo (00)
= —fi(x o (Toa
Znew b ob - 1o

where we have set f. (2;) f5 (zas) = fo (xap). We recognize this last expression as
a Gibbs distribution defined on the original tree-graph with m check nodes and

variable node degrees d;, i = 1,--- ,n. So we can apply the induction hypothesis
10 View,
m n
View (@) = [ Vaowa (@0a) [ | Wewi (i) (11.7)
a=1 i=1
Here .., and v,.,,; are marginals of v,.,. But clearly, since v,., is itself a

marginal of p,..., they also are marginals of p,.... Replacing (11.7) in (11.5) yields
the desired result for the Gibbs distribution p,., with m + 1 factor nodes. O

The free energy on trees

We first recall a general and important expression (not restricted to trees) for
the free energy which we have seen in Chapter 2. This formula is best expressed
when the Gibbs measure (11.1) is represented in its traditional physics form

p(z) =  oxp(~FH (z). (118)

where the relation between the Hamiltonian and the kernel functions is

H(z)=—p"" Infolzoa) (11.9)
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Replacing (11.8) in the definition of the free energy (??) one easily finds for the
free energy F = -3~ 'In Z,

F=(H)-B"S[p (11.10)

where
=Y Hz)., Shl=-p@hp).
zp(z) -

Here (M) is the Gibbs average of the Hamiltonian. Physically it represents the
total average internal energy that the system possesses, and is commonly called
the internal energy. S[p] is called the Gibbs entropy and is nothing else than the
Shannon entropy of the Gibbs measure.

We now apply relation (11.10) to the Gibbs measure on a tree graph.

THEOREM 11.2  On a tree graphical model the (un-normalized) free energy F' =
—B7'InZ can be expressed in terms of its marginals as

F=p3" 1ZZVa Za) iza + B~ IZ (1-d ZVZ )Iny; (z;)
=1

a=1 x94
(11.11)
Proof Using (11.9) the internal energy contribution yields

m

<H>N —p~ 122,“ lnfa mda)

a=1 z

—p71 Z Z v(zoa)In fo (2oa) -

a=1 zgq

This expession for the internal energy is completely general and does not depend
on having a tree graph. To compute the contribution of the entropy we use (11.2)
in lemma 11.1. This gives

ZZp YInv, (xgq)

a=1 z

—Z(l— Zp )Invy; (x;)
Z—sza Toa) In vy (29a) Z i)ZVi (w4) Inv; (2;)

a=1 xyq =1
This expression for the entropy is exact only for tree graphs. Combining the

energetic and entropic contributions yields (11.11) O

In chapter 5 we learned how to compute the marginals in terms of exact
message passing equations on the tree. We have two types of messages: those
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flowing from variable to check nodes p;—4(z;) and those flowing from check to

variables node p,—,;(x;). The exact marginals are given by,
[l.co; fa—i(zi)
Emi Ha i ﬂaﬂz(lfq)
Vo (Z9a) = f"'&za)nieaa Hisa(ws) (11.12)
a\L0a) = 5= Fo(@oa) Licon Hiva (@)

with messages satisfying the sum-product equations

{Mz‘—)a (‘rl) = Hbeﬁi\a ﬂb‘)i (.7}1)
flasi (Ti) =, fa(Toa) Hjeé)a\i fj—a (T;)

On a tree the messages are uniquely defined by their “initial” values at the leaf
nodes. From a leaf factor the outgoing message equals f,(za,), and from a leaf
variable it equals 1.

Using these expressions in (11.11), a straightforward calculation (exercise)
leads to the alternative expression for the free energy

V; (.Z‘l> =

(11.13)

THEOREM 11.3  On a tree graphical model the free energy F = —3~11n Z can be
expressed in terms of the BP messages as a sum of three contributions associated
to variable nodes, check nodes and edges

F:Zn:Fi+zm:Fa— Z Fia, (11.14)
=1 a=1 (

i,a)EE

where the three contributions are

F; = —5—1111{2 I e (xi)} (11.15)

z; bEDL

F, = _5—1111{2 fa(@oa) [] tiza (xi)} (11.16)

Zoa i€0a

Fig = =571 IH{ZMi%a () fla—si (ch)} (11.17)

It is worth to note that in this formula the normalisation of the messages

is irrelevant (here we derived the formula with the unnormalised messages of

(11.13)). This can be seen by checking (exercise) the invariance of F under the

renormalizations fiq—; — Zq—i fla—s and iy — Zi—q fi—q for any arbitrary

numbers Z,_,; and z;_,,. In particular one can use normalized or unnormalised
messages in (11.14)-(11.17).

Bethe free energy for general graphical models

We now turn our attention to general graphical models of the type (11.1) with
a general factor graph (not necessarily a tree). We assign to each edge two ditri-
butions f;—4(s;) and fiq—i(s;). The collection of all distributions forms two | E|-
dimensional vectors denoted by u and ji indexed by the directed edges ¢ — a and
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a — i. The notation is the same than for the sum-product messages for reasons
that will become clear, however the reader should bear in mind that conceptually
these are general distributions, and are not (for the moment at least) solutions
of the sum-product equations (for one thing the sum-product equations do not
necessarily have a unique solution on a non-tree graph).

The Bethe free energy is, by definition, the functional (or function)

Foetne M’ll-l :ZFi [{iizsp, b € Di}] + ZFG {tisa,i € Oa}]
- ZFai {ima flasi}] - (11.18)

with the three contributions associated to variable and factor nodes, and edges,
given by the same formulas as in (11.15)-(11.17). Again, as remarked in the pre-
vious section, Fy.,. is invariant under the transformation fiq—; — 24— fla—; and
Wiosb = Zisq [i—q for any arbitrary numbers Z,_,; and z;_,,. However here - by
convention - we complete the definition of Fg.,. by requiring that the messages
are normalized probability distributions. This will allow a clearer formulation of
Theorem 11.4 below.

What is the idea behind this definition? The Bethe free energy exactly gives
the true free energy for factor graphs that are trees. For a loopy factor graph
it may seem a reasonable idea to propose the Bethe free energy as an educated
guess that hopefully approximates well the true free energy. Although this is a
very useful point of view, there is no simple universal and positive answer to
this question. We will see that for the coding problem a positive answer can be
given for an ”average” form of the Bethe free energy. It should not be thought
that this is natural since our codes have locally tree-like Tanner graphs. Indeed
for the K-SAT problem the answer turns out to considerably more subtle. Also,
surprisingly at first sight, a positive answer can also be given in the case of
compressive sensing which has a bipartite complete factor graph (again for an
average form of the Bethe free energy). For the moment we just point out that
a crucial issue which may already have come to the mind of the reader. How
does one choose the messages? The rule of thumb of the physicist would be to
take messages that minimize the Bethe free energy functional. One could hope
to motivate this guess by the variational principle (see Chapter 2) where the
variational ansatz for the free energy must be minimized over the set of trial
parameters in order to find the best possible approximation to the true free
energy. However the Bethe free energy does not satisfy the variational principle
for the simple reason that for general non-tree graphs the right hand side in (11.2)
is not a normalized probability distribution and therefore not a valid variational
ansatz. There is no a priori fundamental justification for choosing the messages
as the ones that minimize the Bethe free energy functional. We will come back
to this issue in Chapter 12. When we connect an ”average form” of the Bethe
free energy with the exact one in coding and compressive sensing we will that,
in a sense, it is saddle points that play an important role.
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In any case, the stationary points of the Bethe free energy do play an important
role and a first important step is to determine them. One then discovers the
following important result.

THEOREM 11.4  The stationary points of Fg.,. [Hvﬂ satisfy the sum-product
equations and conversely the solutions of the sum-product equations are station-
ary points of the Bethe free energy.

Proof We only discuss discrete alphabets X'. We have function of 2|E||X| vari-
ables restricted to the simplex defined by jiq—i(%:) > 0, pisa(wi) > 0,3, pa—si(wi) =
Za:i ti—sa(zi) =1, (ia) € E. Moreover this function is invariant under renormal-
izations of the messages. Therefore it is convenient to parametrize the messages
. . 2|B[|X
by free variables {1mq,—i(z;), mi—aq(2:)} € R_J I I,
Ma—i(T;) Mi—a ()

ﬂa—n’(l?i) = m7 Mz‘—m(ﬂ?i) = m (11~19)

and vary Fg... over the free variables.
Let {fiq—i(2i), ti—a(x;) > 0} be a stationary point. Using the invariance under
renormalisation the stationarity conditions becomes

OFseme [H» B} o aFBethe [m7 @] =0 OFpeine [H’ E] _ 6FBethe [ma @] -0
Omi_q (7;) C Omisg (4) T O () O () .
(11.20)

Simple calculus then shows that this is equivalent to

P (@) :{ Do, Misa (i) Masi () }Zfa on) [ myo ()

Zwaa fa (xaa) ngaa Mj—a IJ

JEOa~1i

(11.21)

and

mi%(:ci)z{Z Mita (2 )m‘HZ } IT riemsi (). (11.22)

Zwb Hbe@z Mo—i 177 bediNa

Note that the prefactors {- - - } are constants. It is therefore clear that the normal-
ized messages (11.19) must satisfy the message passing equations (in normalized
form)

frasi (x5) = Dna, fa (20a) [ jcoawi ti—a (7))
o 2zp, Ja (0a) [Ljcoai Hi—va (%))

(11.23)

and
L (l‘) _ Hbeai\a /:Lb—H‘ (x’b)
5 = - .
e Zam Hbeai\a Mp—i (xz)
The reader can check the algebra explicitly. So far we have shown that a station-
ary point must satisfy the message passing equations (11.23), (11.24).

(11.24)
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Now we show the converse. Suppose that (u, f1) satisfies (11.23), (11.24). Then
(11.19) implies

CL’aa) H]G@(L\z Mj—a ‘T] ~; jeaa\i

(11.25)

and

. .
Miya () = La Mizva (1) H Mp—i (X;) . (11.26)
211 Hbeaz\a mb_m xL bediNa

These two expressions imply that the prefactors {---} in (11.21) and (11.22)
are equal to the prefactors {---} in (11.25) and (11.26). To see this, replace
Ma—i(z;) in the prefactor {---} of (11.21) by the right hand side of (11.25).
Similarly replace m;_,4(x;) in the prefactor {---} of (11.22) by the right hand
side of (11.26). We can now conclude: (11.25)-(11.26) imply (11.21)-(11.22) which
are equivalent to the stationarity condition. O

Ising model on a random k-regular graph

As a first and simplest application we treat in detail the Ising model on a k-
regular graph. We already discussed the solution of this model on a tree and on
a random regular graph in Chapter 4. Recall the Hamiltonian

H(§) =—J Z S8iS5 — hZSZ

{i.j}ekE =1

where s; € {+1,—1} are binary spins, J > 0 (ferromagnetic case), the magnetic
field h € R is constant, and each edge is counted once in the interaction term.
Note that we must have 2|E| = kn. The Gibbs distribution is

1 1 '
- —BH(s) — BJsis; Bhs;
p(s) = 7€ =5 I I e 3 I_lle

{i,j}eE

Let us describe the factor graph representation of this distribution. Each edge

is represented by a degree two factor (square) node {i,j} > a =1,..., 5 with
a factor

falsissj) = 7755 (11.27)

Variables are represented by circle nodes i = 1,...,n of degree k. There are also

factor nodes i = 1,...,n of degree one attached to variable nodes, with factors

Fi(s) = e (11.28)

In order to write down the Bethe free energy we first identify all relevant



11.4 Ising model on a random k-regular graph 251

messages. For binary spins we can parametrize messages flowing from factor to
variable nodes as usual,

m Bha—isi n ~ Bhs;

La—i(8;) x e o 1+ s; tanh Bhg_s;, e, (ss) oce . (11.29)
Note that we have fixed the loglikelihood in fiz_,,(s;) to h because this is a
degree one leaf factor node which does not receive incoming updates. Similarly,
the messages flowing from variable to factor nodes are

Hisa(8i) o ePli=asi o514 s; tanh Bhi_q, 1 7(8) o ePhisisi, (11.30)

As pointed out above the normalization factors of the messages cancel out in the
Bethe free energy, and this is why our parametrization only involves proportion-
ality relations.

Now we can compute all contributions to the Bethe free energy.
Variables. With the help of (11.29) the contribution of variable nodes (11.15) to
the Bethe free energy is found to be

F, = —Blln{ Z efhsi H (1+4s; tanhﬁ/ﬁaai)}

s;==+1 a€di

-5t ln{eﬂh H 1+ tanhﬁﬁaﬁi) + e Ph H (1 — tanh 571(1%1-)}.
acoi a€oi
(11.31)
Factors. Replacing (11.30) in (11.16) we find the contribution of factor nodes of
degree two
F,=—-f"'In Z eBIsisi (1 + s; tanh Sh; ) (1 + s; tanh thﬁa)}

Si,Sj::tl

= —ftncoshBJ — g1 1n{1 + tanh 5J tanh Sh;_,, tanh ﬂhj_m} (11.32)
and those of degree one

P=—p"" m{ > (14 s;tanh 5%;%)}. (11.33)

Si::l:l

Edges. For the edges (11.17) we also have two types of contributions,

Fp=—-B"" ln{ Z (1+ s;tanh Bhi—o)(1 + s; tanhﬁﬁa_ﬁ)}

si=+1
=gt ln{l + tanh Bh;_,, tanh 5?%%1} (11.34)
and
Bo=-p! ln{ Z ePrsi(1 + s tanhﬁﬁgﬁi)} (11.35)

Si::l:l
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Replacing (11.31)-(11.35) in the Bethe free energy (11.18) we see that (11.33)
and (11.35) cancel* and we are left with

BFpethe(h, 1) Zln{ o 1] (1 + tanh Bha_s;) + e " ] (1 - tanh 55(1%)}

a€di a€di

— Z ln{l + tanh £.J tanh Sh;_,, tanh ,th%a} + ]%l In cosh 5.J

a=1

+ Z 1n{ 1 + tanh Bh;_,, tanh ﬂﬁaﬁi} (11.36)
(a,i)EE

From this expression it is straightforward to check that the stationarity equa-
tions OFBethe/ORi—sq = OFBethe/Ohi—q = 0 reduce to the BP equations

hisa =h+ Zbeaz\a iLb‘”-’
h ha—i = ' tanh™ ! {tanh [J tanh ﬂhjﬁa}

which directly proves Theorem 11.4 for the present model.

We have obtained the general form of the Bethe free energy in terms of two
sets of messages h and E In the next chapter we will see how this expression
connects to the average free energy for the model on a random k-regular graph
that we already derived in Section 4.7.

In fact, it will be convenient to work with a reduced form of the Bethe free
energy expressed in terms of only one set of messages. This reduction uses one
of the two BP equations to express one set of messages as a function of the other
one. This is particularly easy (and useful) to perform each time that the factor
nodes have degree two. Indeed from the second BP equation we have

tanh Bﬁaﬂi = tanh SJ tanh Shj_q, {i,j} € Oa

Replacing this equation in (11.36) we obtain®

BFpethe(h) = — ]%l Incosh BJ — Zln{eﬁh H (1 + tanh 8J tanh Bh;_,)

i=1 a€di

4+ e PR H (1 — tanh 8J tanh ﬁhj—m)}
a€oi

+ Z ln{ 1 + tanh BJ tanh Bh;_., tanh thﬁa}

a=1

One can now forget the factor graph language and rewrite this expression in
terms of messages flowing on the original graph by setting h;_,, = h;_; where

4 Tt is a general fact that the contributions coming from degree one factors cancel in the
Bethe free energy. We will encounter this feature again in the application to coding.

5 In the first sum for each i fixed and a € 9i there is a unique j = da \ 4; in the second sum
for each a there is a unique {i,j} = Oa.
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i=0a\ j. We have

k n
BFBethe(h) = — 771 In cosh BJ — E ln{eﬁh H (14 tanh 8J tanh Bhj_;)
i=1 jedi

+e " T (1 - tanh B.J tanh ﬂhﬁi)}
jedi
+ Z ln{l + tanh 8J tanh Bh;_, ; tanhﬁhjﬁl} (11.37)
{i,j}€E
The stationarity condition for this reduced Bethe free energy is
hisj=h+8"" Y tanh™{tanh 8.J tanh Bhy_,;}.
kedi\j

Note that this can also be obtained directly from the two original BP equations.

The reader can already compare (11.37) to (4.48) and remark the close analogy
between the two expressions. We will see in the next chapter that (4.48) is an
averaged form of (11.37) obtained by assuming all messages are independent and
identically distributed.

Application to coding

We saw in Chapter 5 that the posterior measure used for MAP decoding is

h H 1+ H Si)HehiSi.

— a=1 i€da i=1

l\D\>—~

where s; € {—1,+1}. There are two types of kernel functions

F(si) =€ and  fu(spa) = 1+ H i), (11.38)
i€da
associated to leaf factors (representing channel observations) and usual parity
checks. For an example with the corresponding factor graph we refer to figure
5.6.
The messages flowing on edges connecting variable nodes and parity checks
are

Wia (8;) elizasi, Ha—i (8;) ele=i% 5 1+ s, tanhl,_,;

and the ones flowing on edges connecting leaf factors and variable nodes are

l

hjS' .. =8y
i 17 :LLZ*)Z(S%) ox e'i—idi

i, (si) e
Replacing these messages in expressions (11.15)-(11.17) it is possible to perform
exactly all sums over the spins, and express the Bethe free energy as a function
of (I,1) = {li=a,lai}- We give the main steps of this calculation (observe that
here g =1).
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Variables. From (11.15) the contribution of variable nodes is

F, = ln{ Z elisi H (1+s; tanh[a—n’)}
s;==*1

a€di

=— ln{e’” H (1+ tanhl,_;) +e " H (1 — tanh lAaHi)}. (11.39)

a€i a€oi

Factors. From (11.16), for parity checks we have

F, = —IH{Z;(I—&— H Si) H(l—i—sitanhli_m)}.

Sda i€da i€0a
Observe that

Z H (1+ s;tanhl;,) = H Z (1 + s;tanhi;,)

Soa 1€0a i€0a s;==%1
_ 2|8a|

and
Z H S; H (14 s;tanhl;,) = H Z (s; + tanhl;_,)
Soa 1€0a  1€DQa i€0a s;==%1

= 20l H tanhl;_,q.
i€0a

Thus the contribution of parity checks is

1
F, = 111{2(1 + L[ tanh zHa)} + |9a|In 2. (11.40)

The contribution from leaf checks is given by

Fr= —ln{ Z f;(sl),uz_g(sz)} = —In{2cosh(h; +1,_7)} (11.41)
s;i==+1
and cancels with an identical contribution F;; from edges. As pointed out in
Section 11.4 this is a general mechanism when the degree of leaf factors is one.
Edges. There remains the contribution of edges connecting variable and parity
check nodes

Fm‘ = ln{ Z (1 + 85 tanh li_m)(l + S; tanh lAa_”)}
Si:il

= ln{l + tanhl;_,, tanh faﬂi} +1n2. (11.42)

Finally, the contribution of edges connecting variables and leaf factors is

F, = —ln{ Z /‘?—n(si)ﬂi—ﬁ(si)} = —In{2cosh(h; +1,_)} (11.43)
s;i==+1

and cancels with F.
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The Bethe free energy is given by the sum of the three types of contributions
(11.39), (11.40) and (11.42)

FBethe@,Z) =— Zln{ehi H (1 + tanh Za_>i) +eh H (1 — tanh lAa_”»)}
i=1

a€di a€di

_ i::ln{;(l + 1] tanhzj%)}

j€da

+ Z ln{l + tanh l;_,, tanh lAa_”»)} (11.44)
ai€k

From this expression it is straightforward to check explicitly that the stationar-

ity condition OFg../0liya = 8FBcbhc/alAa_>i = 0 is equivalent to the BP fixed
equations

li—m = hi + Zbeai\a Zb—>i7
lAa—)i — tanh ™! {Hjeaa\i tanh [, }

This confirms Theorem 11.4 in the particular case of coding.

We will see that the average over the channel outputs and the graph ensemble
of the Bethe free energy allows to derive the so-called replica-symmetric (RS)
formula for the average free energy®. It is known that for a large class of LDPC
codes and BMS channels the RS free energy is equal to the exact free energy.
In particular it allows to correctly predict the MAP noise threshold. In the next
chapters we will derive the RS formula with the specific application of the BEC
in mind, and partly prove that the RS formula is exact.

Application to K-SAT

Recall from Chapter 3 the partition function of K-SAT at finite temperature
(here again s; = (—1)%, z; € {0,1})

Z = Z H <1 — (1 — eiﬁ) H %(1 + Si']ia)> . (1145)

se{—1,+1}" a=1 i€da

The Bethe free energy here serves as a first guess for —(4n)~!1n Z. Recall that
for B = 400, Z counts the number of solutions. Under the proviso that there
exist at least one solution In Z is well defined for S = +o00, and one can also use
the Bethe formula to write down a guess for the entropy of the uniform measure
over solutions (the Boltzman entropy!).

6 The adjective “replica-symmetric” is due to historical reasons. indeed these formulas were
first derived thanks to the so-called replica method which we do not cover in this course.
The approach of the replica method is algebraic in nature but mathematically more
mysterious.
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To compute Bethe free energy we use the parametrization (9.14) introduced
in Chapter 9.3 and replace the factor

fa(zoa) =1— (1 —eP) H %(1 + 8idia)-

i€a

in (11.15)-(11.17). The resulting expressions are easily found to be (exercise)

Foune(bsb) = 5" Fi{hacsiva € 0} + 3 Fa({hissasi € 9a})
i=1 a=1

- Z Fia(hi%ayila%i) (1146)
(ta)€EE
with

F=—8" m{ I+ Jia tanh Bhai) + T (1 = Jia tanhﬁﬁm)} (11.47)

acoi a€oi

1 — tanh Bh;

=-p! —(1—eP 12— tanh Phisa
F,=-8 ln{l (1-e )AH 5 } (11.48)
i€0a

F,=-p""1 ln{l + tan Bh;_q tanh Bﬁaﬁi} (11.49)

Again, the reader can easily check that the stationarity condition for Fy,.,.(h, h)
is equivalent to BP equations presented in Chapter 9.3 (in Chapter 9.3 the equa-
tions (9.15)-(9.19) are written down for g = +00).

In the next chapter we discuss an important application of these formulas.
When —fBFg.m.lh, ﬁ] /mn is averaged over the graph ensemble one get a specific
prediction for the entropy of the K-SAT ensemble. This prediction is not consis-
tent with rigorous upper bounds on the SAT-UNSAT threshold. This means that
the Bethe formulas and the corresponding BP equations are not good enough to
inform us on the SAT-UNSAT transition. But this is not the end of the story.
We will see that it is necessary to further develop the approach taken in this
chapter and wander into the cavity method.

Thouless-Anderson-Palmer free energy

The three applications discussed so far concerned systems defined on sparse
graphs, however concept of Bethe free energy as defined in Section 11.3 is com-
pletely general. In particular it is also useful for systems with complete factor
graphs such as the SK model and compressive sensing. We saw in Chapters 7 and
8 that for such systems BP equations simplify down to TAP and AMP equations
which do not involve messages flowing on edges of the graph but rather, updates
of purely local “magnetizations” defined on vertices (variable nodes). Also, we
have already seen in this chapter that BP equations are stationnarity conditions
for the Bethe free energy. Thus it is quite natural at this point, to expect for the
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SK model and compresive sensing, that the Bethe free energy simplifies down to
a function of local “magnetizations” with stationary points given by the TAP
and AMP equations. For the SK model such a function of magnetizations is
called the TAP free energy.

The TAP free energy can be derived from the Bethe free energy as defined
in terms of messages (11.18) or in terms of marginals (11.11).” Here we choose
(11.11) as a starting point.

Recall the Hamiltonian (7.1). Just as in the k-regular Ising model or coding
we distinguish two types of factors

fa(Si,Sj) = 66 \/7518_] and f{(sz) _ e,@hsi

where a = {i,j} runs over all n(n — 1)/2 edges of the complete graph and
i=1,---,n are degree one factor nodes connected to variable nodesi =1, - - - , n.
Each variable node i has one edge connected to a factor i and n — 1 edges
connected to factors of type a: thus variable nodes have degree d; = n. The
Bethe free energy (11.11) then becomes

Z Z ssjulj (si,85) hz Z su

1<i<j<n sq, 5]—i1 =1 si==%1
1 1
+ B~ g E i) Invy(s;) + B~ E E vij (si,85) Invg; (si,85)
i=1 s;€£1 1<i<j<n si,8;==%1
-1
(1-n)B 5 E v; (s;) Inv; (s;)
i=1 s;=+1

where for v;(s;), v;(si), vi;(si, 5;) we take BP marginals. We immediately remark
that v;(s;) = vi(s;). Indeed,

I/*(S-) _ eﬁh&:u’zﬁz(sl) _ ﬂi—)z(57) Haeai ﬂa—"(sl) . I/(S)
7 1 - - ~ ~ - (3 1)
’ Zsi Bhs”‘iai( i) Zsi M%Hl‘(Si) Haeai Ma—»i(si)

Thus the free energy reads

Z Z SSJI/U (si,85) hz Z sivi(s

1<i<j<n al,sj—il i=1si=%1

+571 Z Z Vij (S,L',Sj)lnyl‘j (S,L',Sj)

1<i<j<n sj,s;==%1

BTN vi(si) v (si) (11.50)

i=1 s;==%1

We want to use the TAP approximations to express this free energy entirely in
terms of local magnetizations m;. This is straightforward for the contributions

7 These two definitions are perfectly equivalent if one uses the BP marginals in (11.11).
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involving® v;(s;) = (1 + m;s;)/2. We have

—hzn: Z sivi(si) +(2—n)B 12 Z vi (8;) Iny; (s;)

i=1 s;=+1 i=1 s;,=
—h . mi+ (2 —n)B7" hz(Hmi). (11.51)
i=1 i=1 2
where we recall ha(x) = —zlnz — (1 —2)In(1 — ), 0 < z < 1 is the binary

entropy function. The other two terms require to derive a TAP approximation
to order 1/n for the BP marginal?

,6 SiS
e f J S
vij(si85) = ~v/%z—m( l)iuj‘“l(sg)

i
ZSi,sJ':il ﬁf Mz—m(Sz)/Jg—m(Sg)

which, with the help of

Miﬁa(si) Ml_” H Mb*)l O(eﬁhél H eﬁhbaléz

beaa\z beda\i
o wi(si)e s,
becomes
3,
(aN1y.(c. 5%573‘% —Bha_isi _Bﬁaﬂjsj
Vij(si,sj) — VZ<SZ)VJ (S]>€ € € (1152)

Tij .. . N
Dsis=1 vi(s:)v;(s;) e’ V1% e=hamisig=Bhansss;

Now recall the TAP approximation for messages flowing from factors to variables
(see (7.4), (7.5) and (7.16))

- T JZ

haoi = \/Z%mj - le(l — m?)
Replacing this expression in (11.52) and expanding to order 1/n we get an expres-
sion of the marginal entirely in terms of the magnetizations. A slightly lengthy
computation yields

vij(si: 85) “Vi(si)Vj(Sj){ %(Si —mi)(s; —my)

2 72
26272

(Sl —mi)(sj —mj)}. (11.53)

Note that this formula is consistent with the constraints >, _ ., vi;(si,s;) =
vi(85)y Dog,=x1 Vij(sir85) = vi(si), and 3o o 4y vii(si,s;) = 1. Within this

8 This formula follows from v;(1) + v;(—1) = 1 and v;(1) — v;(—=1) = m;, and is independent
of any approximation.
9 Higher order terms yield sub-extensive contributions to the free energy.
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approximation (minus) the entropy of a factor node is

> wig(sisi)Invij (siys) = > vilsivi(s;)(Invi(si) + nw;(s;))

57‘,,3_7‘::|:1 si,s]'::tl
J
+ } Sz: (s, ln{l ﬁ\/ﬁj (s; —my)(s; —my)
2627,
—mim(s; —ma)(s; —m;)
BT 2 2
~ 2 Z vi(s;) Inw;(s;) — 5 Z vi(si)vi(sj)(si —ms)=(sj —my)
s;i==*1 si,s;==%1
BT
=2 Z vi(s;) Inv;(s;) — W](l—mf)(l—m?)

s;i==+1

(where we expanded the logarithm to second order to get the second equality
and used Y, _ ., v(s;)(s;—m;)? = 1—m7 in the last one). Therefore the entropy
contribution of factor nodes in (11.50) becomes

E E VZJ (si,s5) Invgj; (si,s5)
1<i<j<n s;,8;=

2

(n—1)3 12 Z vi(si) Inv;(s;) — Z %(1—m?)(1—m§)

i=1s;==%1 1<i<j<n

(11.54)

For the internal energy associated to a factor (interaction energy of a pair of
spins) the approximation (11.52) leads to

Ty
- Z J $8i8;Vq (S8a)

si,8;==%1

B

i > l/i(Si)Vj(sj)sisj{ %(si—mi)(sj'—mj)}

si,85==%1

3

jij _ BJ%

%mimj - (1- m?)(l - m?)

and the total contribution to the free energy (11.50) is

-8 $i8;Vi; (S, 85)
> zﬂf o

1<i<j<n 5,85

J?
-y \lem] > %(1 —mi)(1—m3) (11.55)

1<i<j<n 1<i<j<n

Finally, putting together (11.50), (11.51), (11.54) and (11.55) we arrive at the
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famous TAP free energy function

Frap(m)=— > { T mim; + iy (1 —md) (1~ m?)}

1<i<j<n \/ﬁ 2n
n B n 1+m1
—h;mﬂrﬂ 1;@( 5 ) (11.56)

We leave it as an exercise to check that the stationarity condition 785;519 =0
J
is equivalent to the TAP fixed point equations

m; = tanh< Bh + z”: Bjijm-—m» z": @(1—7712) (11.57)
! i:li;ﬁj\/ﬁ Z Ji:li;ﬁj " o |

In Chapter 7 we derived the iterative form (7.18) of this equation, and we re-
marked that there is a non-trivial arrangement of time indices, that naturally
follows from the BP iterations, and is important in order to avoid numerical
instabilities in iterations. We stress that the present approach, which is not al-
gorithmic, does not give precise clues on this issue. In Chapter 12 we will see
that the RS free energy which is valid in the high temperature region above the
Almeida-Thouless line (see Section 7.5) is nothing else than an averaged form of
the TAP free energy.

Application to compressive sensing

The starting point of our derivation is, like in the previous section, expression
(11.11). The factor graph representation is analogous to that of the SK model. It

involves variable nodes ¢ = 1,--- ,n and two types of factor nodes a =1,--- ;m
and i = 1,--- ,n with factors
_gwa=(aTw)4)?
falwr, -+ ywn) =e P2 T fi(@i) = (po())”.

The following marginals are needed: those associated to variable nodes v;(x;)
and those associated to factor nodes v, (1, -+, %), v;(2;). The first step is to
find the AMP expressions for these marginals.

We first remark the exact identity v;(x;) = v;(z;). Indeed

m

V;(l”z’) X f;(%)ﬂ;%(ﬂ?i) = (po(xi))ﬁ H fra—i(xs) o< vi(x;)
a=1
Now, looking back at the analysis in Section 8.82 it is an easy exercise to find
the following AMP formulas for the messages (dropping all time indices)

(Aqi(@i—3F)~Ra)?

—# 2024 (11.58)

fla—i(xi) e
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and

fissa(zi) = (po(:))” H fuo—i(z:)

bedi\a
= {o(@)? T] ftv—i(@i) } (Hasi(w)) ™"
b=1
— I/i(-f )6+202A(A“(:“_w(6>) R”)Z. (11.59)

From (11.58)

m
vi(wi) o< (po(xi))” H fla—i(:)
a=1
= (po(xi))ﬁe‘ﬁ " (Aas (2 —3{) = R,)?

5 (po(w;))Pe 5o7a (ri— 8" ~(ATB))® (11.60)

where to get the last line we expanded the squares in the sum and used

S A% (@ - 2P Z?R Agi(zi — #7) + Y R?
a=1 a=1
~ (a; — 27)? — 2(ATR); + Y R?
a=1

= (z: — 3" — (ATR);)> = (ATR)? + Y R%.

a=1

Note also that pre factors independent of ; have been dropped since they anyway
do not contribute to the normalized marginal

(o)) e s el AT

vi(x) = [ ——p TN (11.61)
Note that one of the the AMP fixed point equations is J: f dxivi(2;)x;.
From (11.59)
) o fa(z HuHa (i)
— o5 Wa—(A2)0)? HV Yet +55 5 (Aai(zi—27)—Rq)?
and, normalizing, we rewrite this marginal as
va(z) = "ﬁ( S wf“) (x2) (11.62)

fe 20 ya Aﬂl)) H’L 1 z ($1>dxl
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where we introduced the perturbed probability distribution

(a) vi(z;)e™ 5275 (Aai(zi=2{") = Ra)?

S NE) -
i fd]}ll/z xi)e+m(Aai(in—xi Y—R,)?

(11.63)

Recalling that A,; scales as 1/y/m we find that this probability distribution can
be expanded to leading order as

Vi(a)(wi) ~ Vi(xi){ B2 ( ﬂRa)((%‘ - fz(ﬂ))2 - Mi)

202A o2A
ﬂAaiRa ~
T (z; — 27) (11.64)

where M; = [ dv;(x;)(z; — x(ﬁ )) is the AMP-mean square error. This expan-
sion is consistent with the normalisation condition.

It remains to replace the AMP approximations for the marginals (11.61),
(11.62) in the Bethe free energy (11.11) and work out the algebra.

The contribution of factors of type i=1,--.,nis (since as remarked before
v; = Vi)

Z / dz;v;(z;) In i Z / dovi(x;) ’; l(i‘;)ﬁ

= _ﬂ Z/dxzyz(xz)(xz — .fﬁgﬁ) — (ATE)z)Q

_ /B n n
2
202A P P
— Zln{/dmi (po(z:))Pe 5or5 @i= 8" = (ATR):)? } (11.65)
i=1

The contribution of factors a = 1,--- ,m is found from (11.62) and (11.63)

m

Z/dmzxa )In 2 ; Z/dxua {f[ }

a=1

—Zln{/e 507 (Va—(AD)a)? H e da:z} (11.66)
a=1 =

We analyse each term on the right hand side separately. Using (11.64) we find
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for the first term

m n

Z Z / dz; vi(z;) In I/i(a) (z;)
a=11=1
:mZ/dx,yl YInw;(z;) +§:Zﬁ2;11A2 M;

a=1i=1

:mZ/dwz vi(x;) Iny;(z;) + 4A2 iR2 Z . (11.67)

i=1

To compute the second term we use the central limit theorem to argue that
(A(z — 2)), is well approximated by a Gaussian distribution. From (11.64) we
find the mean

O, @y~ BRa
ZAM/de x — & ) () = _O'QATRZ:Mi
and the variance
S 1
2 [ des (e — #PV20@ )~ LS s
Dot [ ans o= #0103
Thus the integral in the last term of (11.66) becomes

— B (g —(Az) )2 L 2T — _
/e 707 e = (A" TT o )(xi)dxi:(EZMi) 1/2
i=1 3

(2a+ gRa Zw Mi)2

= 2
X / dzq € Zom, . o= 222 (Wa—(AR)a—za)

n _ Wa- (Aw)a-%—% Sy My)?

O S apyi2e HE R R
m

and the contribution to (11.66) is

n m BRa n 2
+ 5 i— M’L
f > ) +22£2 A2)o B“Ayzl—l S es)
orm i=1 a=1 g 1 + o2m ZiZl Mi
Summarizing, the contribution (11.66) of factor nodes a = 1,--- ;m to the Bethe

free energy is given by the addition of (11.67) and (11.68).
Finally we must consider the contribution of variable nodes to the Bethe free
energy (with our factor graph representation the nodes have degree d; = m + 1)

n

Z(l —d; )/dxzuz(xz)lnul(xl = —mZ/dxzy, () Inv;(x;) (11.69)

i=1

Note that this term conveniently cancels the first term in (11.67).
Collecting (11.65), (11.67), (11.68), (11.69) we find the free energy within the
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AMP approximations

1 B . T p\2

Fgethe = 5 1+72M 202A EZ(A R);

m A;v) BRq Z’L M-)2
2 M o2Am i=1 2
J4A2 ZR Z )+ Z 202 0'2m S,
- Zln{/dwi (po(a))Pe7om @ =87 ~(ATR); >2} (11.70)
i=1
11.9 Notes

to do: precursors: Bethe-Peierls, Kikuchi, TAP paper, paper of Yedidia-Freeman-
Weiss, applications to coding, K-SAT, compressive sensing. Other aspects: Von-
tobel formula (counting object), Loop expansion (Bethe is first term of a system-
atic expansion), bound of Wainwrigth (ferro type systems), cluster expansion.

Problems

11.1 BETHE FREE ENERGY IN TERMS OF MESSAGES. Using the sum product
equations, derive the expressions (11.14)-(11.17) for the Bethe free energy start-
ing from its expression (11.11) in terms of the marginals. Check that Fg.,. is
invariant under the transformations fi,—; — 24— fla—i and fi—p — Zimq fioa
for any arbitrary numbers 2, .; and z;_.4.

11.2 STATIONARITY CONDITION. Consider the k-regular Ising model and cod-
ing. Recover the fixed point form of the BP equations from the stationarity
condition for the Bethe free energies (11.36), (11.37) for the Ising model and
(11.44) for coding (note that the two cases are very similar).

11.3 BETHE FREE ENERGY OF LDGM coDES. Consider an LDGM code with
regular left and right degrees on a BMS channel and derive the expression of the
Bethe free energy in terms of messages flowing on edges.

11.4 BETHE FREE ENERGY OF K-SAT. Complete the calculations leading to
the Bethe free energy of K-SAT, formula (11.46)-(11.49). Derive the BP equa-
tions at finite temperature from the stationarity condition and check that you
find back the zero temperature limit (9.15)-(9.19) for § — +oc.

11.5 BETHE FREE ENERCY IN THE CURIE-WEISS. Consider the Curie-Weiss
model of Chapter 4. Go through the method of Section 11.7 with the appropriate
simplifications to show that the Bethe free energy reduces to (for large n)

Fow(m) = —— Z mym; — thl *1Zh2(1+2mi).
i=1

1<z<_]<n

Show that for n — +o0o the stationary points necessarily have approximately
constant magnetization m; = m + O(1/n) where m satisfies the Curie-Weiss
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fixed point equation and that at the stationary points Fow (m)/n tends to the
potential function ®(m) entering in the exact expression of the Curie-Weiss free
energy (4.11). Conclude that for the Curie-Weiss model

1 1
lim ——InZ= lim — i F .
W T Y S B ey O ()
11.6 TAP FREE ENERGY. In Section 11.7 we derived the TAP free energy
(11.56)starting from (11.11) involving the marginals. Derive this formula directly
from (11.18) using TAP approximations for the messages.
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Potential Functionals and Replica
Symmetric Formulas

The main idea behind the density or state evolution analysis of message pass-
ing algorithms is to track their average behaviour. This allows to analyze their
performance and derive the algorithmic phase transition threshold. But we also
saw in Chapter 10 (for coding) that one can guess the static phase transition
threshold through a Maxwell equal area construction. There, the Maxwell con-
struction was formulated for the BEC on EXIT curves which are the analog of
van der Waals isotherms. However we did not provide any clear general principle
for deciding what are the correct variables for which the equal area construction
works. For the CW model the guess is quite trivial for symmetry reasons. In cod-
ing, for the BEC it is less trivial and even less so for general binary symmetric
channels.!

We will see in this chapter that by carrying the variational approach of the
previous chapter one step further we will be able to provide some clues to refor-
mulate the Maxwell construction in a different language which is less ambiguous
and more amenable to a correct generalisation. In particular, using the varia-
tional approach, we will provide clear recipes to find the static phase transition
threshold for coding on general BMS channels and compressive sensing. For the
satisfiability problem the situation is much more subtle and here we show that a
“naive” variational approach does not work. The correct variational approach is
based on an extension of our basic message passing procedures whose discussion
is postponed to Chapters 16 and 17.

We have seen that the sum-product equations are the stationarity conditions
for the Bethe free energy. Analogously, density or state evolution equations are
the stationarity conditions of an “averaged” form of the Bethe free energy, here
called the potential functional.? Obviously, since the potential functionals are a
variational formulation of the density or state evolution equations, they contain
the information about the algorithmic thresholds. But more is true. In coding
and compressive sensing potential functionals give the ezact average free energy
(or conditional entropy and mutual information) through a variational expres-
sion called the replica symmetric formula. Therefore they also allow to compute

1 In physics parlance determining the ”correct variables” for the description of a phase

transition is part of a more general and deep problem, called the determination of the
order parameter.

This is also called the ”replica symmetric potential functional.” The origin of this
terminology in spin glass theory is explained in the notes.
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the static phase transition thresholds. We already encountered an elementary
example of a variational expression for the exact free energy of the CW model.
As will be seen the replica symmetric formulas can lead to considerably more
complicated variational problems on functional spaces.

Until recently, in the present context, the replica symmetric formulas were
proved only in somewhat special cases such as the BEC channel or were sup-
ported by bounds. Recent proof techniques such as the interpolation methods
(Chapter 13) and spatial coupling (Chapter 14) have allowed to provide nice and
essentially complete proofs in the cases of coding and compressive sensing. For
K-SAT we show that the predictions of the replica symmetric free energy func-
tional are in fact wrong. Instead of being a curse this makes the subject even
more fascinating. The correct thresholds and free energies are given by pushing
the notions of Bethe and potential functionals ”one level up” (see Chapters 16,
17. That these predictions are correct for K-SAT and other similar constraint
satisfaction problems is still to a large extent an open mathematical problem.

We refrain from giving a completely general definition of the potential func-
tional and replica symmetric formula because this immediately leads to abstract
notations. Rather, we consider each paradigm separately in the next paragraphs.
Going through each of them allows to cover most essential cases.

Ising model on a random k-regular graph

The potential functional of the k-regular Ising model on a random graph is
obtained by averaging the Bethe free energy (11.37) where in the average we
consider all messages h;_,; as i.i.d random variables distributed according to a
trial distribution x(-). More precisely, we fix a trial distribution and take k i.i.d

random variables Ay, -+ , hy ~ x(-).> The potential functional is defined as
k.4 -1 8h :
frslx()] =— 55 IncoshBJ — 7 E|lnqe H(l + tanh J tanh Sh,)
r=1

k
L+ e PR H(l — tanh 8J tanh 5hr)H
r=1

+ ];ﬁ_l]E[ln{l +tanhﬁJtanhBh1tanhBh2H. (12.1)

where the expectation is with respect to hq, - - - , hr. Note that we consider a ”free
energy” per spin and the factor k/2 in the last term accounts for the number
of edges kn/2 in (11.37). We remark that only the local geometry of the graph
matters in this expression and since the degree is regular there is no expectation
over the graph ensemble. For a model over graphs with random degrees (e.g.,

3 These random variables should not be confused with h the constant external magnetic
field.
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a Erdoes-Rényi ensemble) the prefactors k/2 in the first and third terms would
be replaced by an average k/2 and the expectation would also carry over the
distribution of k.

According to the replica symmetric formula the exact average free energy is
given by (here E is over the graph ensemble)

n—+oo DN

~ fim —EnZz] = inf fius[x()] (12.2)

The proof of this formula for the k-regular model is the subject of a guided
exercise.

Since we consider the model with constant magnetic field h, constant coupling
J and on a graph with regular degree k, it turns out that the infimum is attained
for trial distributions of the form x(h) = d(h — u) where v € R. The potential
functional (12.1) then becomes a potential function of a real trial parameter u

U(u) =— gﬂ’l Incosh 8.J — g~ ln{eﬁh(l + tanh 3J tanh Su)*

+ePh1 - tanhﬁJtanhBu)kH

k
+ 2B_lln{l —&—tanhﬁJ(tanhBu)Q}. (12.3)
and (12.2) becomes
. 1 .
- nggloo %E[ln Z] = min U(u). (12.4)

In Sections 4.6, 4.7 we found the very same solution in a heuristic way by first
recursively solving for the magnetization on a tree and then accessing the free
energy by an integration argument based on the formula

10 1O
e ~ElnZ == E[(s;)] = E[(s, 12.5
5 g Z) = 1 3 ()] = Blfs)] (125)
where o is any randomly chosen node.
The variational problem (12.3) can be analysed by elementary real analysis.
The minimum u, of ¥(u) is attained among the solutions of the stationarity
condition

u = h+ B~ (k — 1) atanh(tanh 3.J tanh Bu) (12.6)
and the magnetization is found from (12.5) to be
(so) = tanh(Bh + k atanh(tanh Su, tanh 3.J)) (12.7)

At this point the reader should not be surprised that (12.6), (12.7) are the ”non-
recursive” versions of the solution on a tree (4.39), (4.41). Just because stable
(resp. unstable) fixed points of a recursive solution of (12.6) correspond to local
minima (resp. local maxima) of the potential function (12.3), it is obvious that
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the replica symmetric formula (12.4) leads to the phase diagram already found
for the model on a tree in section 4.6. We recall the main findings. For h = 0, if
BJ < k —1 (high temperature phase) the trivial fixed point u = 0 is the unique
minimum of ¥(u), whereas if 3J > k — 1 (low temperature phase) u = 0 is local
maximum (an unstable fixed point) and there are two degenerate minima. On
the other hand for h # 0 there always is a unique global minimum attained for
Uso = limy_, 1 o the iterative solution of the fixed point equation initialized with
ug = h. For h = 0 there is a continuous second order phase transition as 3 crosses
the critical point (k—1)J 1. In the low temperature phase 8 > (k—1)J~! there
is a first order phase transition as h varies from positive to negative values with
a jump in the magnetisation.

Replica symmetric formula and MAP threshold in coding

We first introduce the potential functional and state the replica symmetric for-
mula for the conditional Shannon entropy for the regular Gallager (d,,d.) en-
semble over a general BMS channel. In the next section we specialize to the case
of the BEC where the functional simply reduces to a function of a real variable
(just as for the k-regular Ising model).

Recall the notation c(-) for the distribution of half-loglikehod ratios h(y) =
3In pWID_ We have c(h)dh = p(y|1)dy where p(y|1) is the probability that the

p(y]—-1)
channel outputs symbol y when the input bit is s = (—1)* = 1. Recall also that

a symmetric channel satisfies c(—h) = e~ "c(h).

Replica symmetric functionals for BMS channels

We first define the potential functional. The main idea is to “pretend” that the
set of messages l,—; in the Bethe free energy (11.44) are i.i.d random variables
distributed according to a trial distribution x(-), and that the conjugate mes-
sages Za—)i are dependent random variables defined through the BP equation (see
(6.10))

lAa_)i = atanh{ H tanh lj_m}
j€Da\i

Then, one averages (11.44) which yields a functional of x(-). Here is the precise
prescription. Take a fixed “trial” probability distribution x(-) over R. Pick d.
i.i.d copies of the random variable [ ~ x(-), and call them Iy, k = 1,...d,.. Define
the random variable

de
= atanh{H tanh [} (12.8)

k=1
Pick d, i.i.d copies Iy, ¢ = 1,...d,. Their distribution is induced by (12.8) and
only depends on x(-). The potential functional (also called replica symmetric
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functional) is by definition

fas[x(\);c()] =E [m{eh:ﬂlu + tanhly) + ™" ﬁ(l — tanhz})}]

(=1

d
d, 1 d .
+ d—cE [m 2{1 + kl:[l tanhlk}] —d,E [111{1 + tanhly tanhhH
(12.9)

where the expectation is taken with respect to h, [, [;. For an irregular LDPC
ensemble the degrees (d,,d.) are random: the prefactors ‘;—” in the second term

and d, in the third term are replaced by %’J and d, (with d,,d. the average
degrees) and the expectation also carries over the distributions of the degrees.
To see intuitively that this is the correct generalization one can take the Bethe
expression (11.44) and apply Wald’s theorem to compute the average sums.

We also define the replica symmetric entropy functional as

has[x(.);¢(.)] = —frs[x(.);¢(.)] + E[R] (12.10)

Of course, this definition is patterned after the relation (3.24) between condi-
tional entropy and free energy in coding.

Replica symmetric formula and MAP threshold

Let Z the partition function (3.11) for coding (recall that 5 =1 in this context).
The replica symmetric formula states that

— lim lI[i‘][an] :)ilelngs[X(.);C(')] (12.11)

n—+oco n

where the infimum is taken over the space S of symmetric channel distributions,
i.e. those satisfying x(—h) = e~ "x(h). We stress that (as stated here) this formula
is only valid only for symmetric channels. We will go through the proof of (12.11)
in Chapters 13 and 14 when we introduced powerful techniques known as the
“interpolation method” and “spatial coupling”.

For us at present the most important consequence of the replica symmetric
formula is the determination of the MAP threshold. In Chapter 10 we defined
the MAP threshold as the largest e such that limsup,,_, . E[H(X | Y)]/n=0
(see definition 10.4). Recall also the general relationship (3.24)

%]E[H(X 1Y (e))] = —%E[ln 2]+ E[h]. (12.12)

Equation (12.11) has the following consequences. One can replace limsup by
lim in the definition of the MAP threshold, but much more importantly we get
explicit formulas for the conditional entropy

lim LE[H(X | Y)] = sup hu[x(); () (12.13)

n—+oo N xES
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and the MAP threshold

emar = sup{e € [0,1] : sug hrs[x(+); ¢(-)]=0}. (12.14)
peS
In practice, to calculate the conditional entropy and the MAP threshold one
still has to solve the variational problem consisting in maximizing the replica
symmetric entropy functional. The stationary point condition yields nothing else
than the density evolution fixed point equation (see Eq. (6.26)-(6.27))

X =c@ (xDde )@ 1) (12.15)

The derivation is deferred to Section 12.4, but this result should not come as
big surprise since the stationary points of the Bethe free energy are given by the
BP equations and density evolution tracks the BP algorithm. Once stationary
points, i.e. fixed points of (12.15), have been found one selects the one that yields
the largest hps[x(-)] and determines €y ,p. Since in practice fixed points are found
by iterative methods, it is fortunate that we only need to find stable fixed points.
Indeed the maximum of hgg[x(-)] is necessarily a stable fixed point.

But that is not all. We already know that (12.15) allows to determine the
BP threshold. Recall x = Ay is always a trivial fixed point of (12.15), and the
BP threshold is the smallest noise for which a non-trivial fixed point is reached
under iterations initialized with x¢(-) = ¢() or As. Therefore this algorithmic
information is also contained in the replica symmetric entropy functional: the BP
threshold is the smallest noise value such that hgs[x(-)] develops a non trivial
stationary point.

To summarize, the replica symmetric entropy functional contains all the infor-
mation we want about the algorithmic and static phase transition thresholds. In
particular it allows to deduce the density evolution equation. To determine the
BP threshold we consider the iterative solution initializing with Ag. To evalu-
ate the MAP threshold we find all (stable) fixed points of density evolution and
choose the one which yields the largest entropy functional.

Explicit application to the BEC

Potential function

Recall that a bit transmitted through the BEC is either perfectly transmitted
with probability e or erased with probability 1 — €, i.e. c(h) = eAg(h) + (1 —
€)As(h), and as a consequence the BP messages take values in {0,00}. This
suggests that it is reasonable define the potential functional for distributions of
the form

x(1) = 2A0(1) + (1 — 2) Ano () (12.16)
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where the real trial parameter x € [0,1] is interpreted as the probability of
an erasure message emanating from variable nodes. In particular the potential
functional becomes a function of a real parameter.

Now we compute each expectations in (12.9). First note that [ in (12.8) is
distributed as

(1) =200() + (1 —2) Asc(l), @=1—(1—a)% L (12.17)

One easily finds the “check node” contribution (second expectation in (12.10))
1 de de
Efln 5 (1+ [[tant)] =En(1 + [ tanix)] =2 = (1 - 2)"In2 — In2
k=1 k=1
(12.18)
and “edge” contribution (third expectation in (12.10))
E[ln(1 4 tanl; tanl;)] = (1 — 2)(1 — &) In 2

The "variable node” contribution corresponding to the first expectation in (12.10)
is more involved. First (for the BEC) one should include the term E[A] in (12.10)
directly in this contribution in order to avoid working with infinite quantities.
Conditioning on the channel outputs h = 400 and h = 0 and on the number
e=20,---,d, of likelihood variables [, = 0 one finds

dU d'u
E[ln(H(l + tanhly) + e~ 2" H(l — tanhi;))]
=1 =1
dy d dy—1 d
= (1 — v se 1—7 dufel 2d1/73 v\ e 1—3 dvfel 2dvfe
(1-0 ()u &) +ez<e>x< T~

e=0

d
=(1-2) fed—ydv*e ly=1-3 In2 + ex® In2
e=0 Yy
N d d ~d
=(1- x)—y(m + )% |y=1—z In2 4+ €2* In2

d
=dy(1—2)In2 + ei¥ In2

Putting all three contributions together and using (12.17) one finds the potential
or replica symmetric entropy function for the BEC as a function of the erasure
probability =z,

his(z;€) dy d de—1 de—1\d
e\ ) (Y 1— c 1— c 1—(1— c v _ Y
b = (g D) du(l =) el = (1))
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— plot of potential goes here —

Figure 12.1 This plot is generic only for regular ensembles with [ > 3. Irregular
ensembles can have a richer behavior and the corresponding discussion is more
complicated. The case | = 2 is somewhat special because egp = €pap.

Replica symmetric formula: conditional entropy and MAP threshold

According to (12.13) and (12.14) the conditional entropy is given by

lim LE[H(X]Y ()] = max fs(z:) (12.20)

n—+oco n

and the MAP threshold can be calculated from

€nap = sup{e: Jnax, hrs(z;€) = 0}. (12.21)

It is immediate to check that the stationary points are given by the usual density
evolution fixed point equation = e(1 — (1 — z)%e=1)dv—1,

The replica symmetric formula contains all the information about the BP and
MAP thresholds, so it is very useful to have an explicit idea of the shape of
this function and its evolution as a function of the channel noise. Figure 77
shows hrs as a function of x, for various values of €. To avoid any confusion
let us stress that there is no reason why hrg(z;€) should be non-negative. It
is only maxo<z;<1 hrs(z) that really is a "physical” entropy and therefore must
be non-negative. For all € there is a trivial maximum at = = 0, which is also
the trivial stable fixed point of density evolution. For ¢ < egp this minimum is
unique, and hence global. At € = egp the function develops a flat inflexion point
and, a second local maximum as well as a local minimum branch off. The local
maximum is a stable non-trivial fixed point of density evolution, x.,(€), and the
local minimum is an unstable fixed point z,,(€). As one increases € further the
local maximum at z.,(¢) increases until it touches the horizontal axis for ey,p. At
precisely this threshold value there are two degenerate global maxima at z =0
and © = x,,(€yap), and

hrs (0§ 6MAP) = hgs ('Tst (GMAP)E 6MAP) =0 (12'22)

Finally, for € > eyap it is x,,(€) that becomes the (unique) global maximum and
we have decoding errors since the entropy is strictly positive.
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To summarize, the potential function contains all the information about the
thresholds. The BP threshold is found by searching values of € where the function
develops flat inflexion points, and the MAP threshold is found by looking at
values of € where there exist two degenerate maxima at the same height.

MAP and BP EXIT functions

It is interesting to cast the replica symmetric formula (12.20) in an equivalent
form in which the notion of EXIT curve introduced in Chapter 10 reappears in
an automatic and natural way. Consider the stable non-trivial stable fixed point
x.,(€) of density evolution. For € > epap this is also the absolute maximum of
hrs(z;€) so

dx,

0
(0 €) + s )

&h v ox
0
&h ! ("Esmﬁ)
— (1= (€)% h)®

de 02921 fons (w5 €) =

RS
= RS

The second equality is valid because z,(¢) is a stationnary point of hgs(z;e€)
and % is finite for € > eyap (note this is in fact true for € > egp and the
right derivative diverges at egp). The third equality immediately follows from
the explicit formula (12.19). We conclude that the replica symmetric formula
implies

d . 1 {07 € < €nap (12 23)

lim —E[H(X |Y(e))] = (1—=(1 =z, () 1), e>¢

Recalling the expressions of the MAP and BP EXIT curves introduced in Chapter
10 we see that (12.23) is equivalent to

guar(€) = gpp(e) for e <egp and € > eyap (12.24)

For egp < € < eyap the MAP EXIT curve vanishes while the BP EXIT curve is
strictly positive.* Note this is consistent with the general inequality in Lemma
10.8.

The reader should go back to the exact solution of the Curie-Weiss model in
Chapter 4 and notice the intimate structural analogies with the present situation.
The Curie-Weiss free energy is given by a variational problem min_j<,,<1 f(m)
whose solutions determine both the phase transition ("MAP”) threshold h = 0
and the spinodal ("BP”) points +hg,. Finally the derivative of the free energy
yields the magnetization (a discontinuous curve at h = 0 for SJ > 1). This is
the analog of (12.23).

4 For d, > 3 the BP EXIT curve has a jump at egp where it also has a vertical slope. For
dy = 2 further analysis of x4 (€) shows that egp = emap, the two curves coincide for all ¢,
and are continuous.
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Back to the Maxwell Construction

In Chapter 10 we introduced the notion of EXIT curve and area under this curve.
We also explained how one can show for the BEC that the area threshold obtained
by the Maxwell equal area construction is equal to the MAP threshold. This
approach is not entirely satisfactory because there is no obvious guiding principle
to determine the right variables and curve on which the Maxwell construction
should be applied. Starting with the potential function this can be done in a quite
natural and automatic way as we now show for the BEC. The present method
is well suited and elementary whenever the potential functional is a function of
a real variable. This is the situation also for compressive sensing where we will
have the occasion to apply it.

Recall, the set of all pairs (¢, z) satisfying the DE equation can be parametrized
as (e(x),r), 0 <z <1 where €(z) = z/(1 — (1 — z)%~1)4 1) For each z €]0, 1]
there is a unique e(z) and we have lim, g e(z) = 400, lim, 1 e(x) = 1. As x
increases from 0 to 1 the curve (e(x),x) starts at (+00,0) and first traces the
branch of the unstable non-trivial fixed point until the turning point (egp, Zpp)
and then traces the branch of the stable non-trivial fixed point until (1,1). We
now compute the entropy change along this curve when we trace it up to a given
value of z,

/OI dhrs(z;e(x)) = hps(x; e(x)) — }}g}) hrs(z; €(x))
= hgs(z;€(x)). (12.25)

Since, at DE fixed points, hgs(z;€(x)) is stationary, we have

dhgs(z;e(x)) = %hRs(m; e(x))dx + %hRS(az; e(z)))de(x)

_ ghmu; (x)))de(x)
(1 (1 - ) de(),

and replacing in (12.25) we obtain
)
e (2 €(x)) = / & (s ) de)
0 €

:/ (1—(1—a)4Ndvde(x) (12.26)
0

We recognise that (12.26) is nothing but the ”trial entropy” of Definition 10.1,
i.e., the area below the EXIT curve (e(z); gop(2)), gup(z) = (1 — (1 — z)%e=1)dv
(see (10.8) and definition (10.1)).

Therefore from the potential function we get all the notions related to the
Maxwell equal area construction. Firstly, the trial entropy is nothing else than
hrs(z;e(x)) = A(x). Secondly, the EXIT curve is given in parametric form by
(e(x), %hRS(I; €)). The area threshold €4 = €(z4) is found by setting A(z4) =
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hrs(za;€(xa)) = 0 or equivalently
hrs(xa;e(xa)) — lir% hys(z; e(z)) = 0. (12.27)
r—

Solving for 24 and e(x4) = €4 is equivalent to solving the two equations

0
%hRs(l‘A; EA) =0, hRs(-TA§ EA) = hRS(O; GA). (12.28)

Equation (12.28) constitutes the statement of the Maxwell construction in terms
of the potential function: €4 is the noise level at which the potential function
has two maxima at the same height. Depending on the context and how it is
introduced this threshold is called ”area threshold” or ”potential threshold”.?

Last but not least, the replica symmetric formula (12.20) implies that the area
or potential threshold is equal to the MAP threshold. This is easily seen by
comparing (12.22) and (12.28).

Replica symmetric upper bound from suboptimality of belief
propagation

In the analysis of density evolution for general binary memoryless channels we
introduced the entropy functional

x| = /dhx(h) In(1 4 e™2M). (12.29)

Recall the interpretation: this is the (single letter) Shannon entropy H(Y | X) of
a binary symmetric channel whose log-likelihood distribution is x(h). It turns out
that the replica symmetric functional can be expressed entirely in terms of the
entropy functional. This gives a very convenient formalism to deal with general
channels.

We first note two identities. Let x1, -+ ,x; be symmetric distributions of &
random variables Hy, - , Hi. The distribution of Zle H, is given by the usual
convolution operation (6.24) at variable nodes, and thus

H(®F %) _/Hdhxl ) In(1 + e 2Zizahiy, (12.30)

On the other hand the distribution of Hle tanh H; is given by the check node
convolution operation (6.25),

H(BFx;) = /Hdh xi(h ln1+Htanhh (12.31)

5 For general channels both thresholds can be defined but showing their mathematical
equivalence is not easy and has been done for the restricted case of regular codes with high
enough degrees.
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Replica symmetric functionnal in terms of the entropy functional

First consider the second term in (?7?). All log-likelihood variables in this term
have trial distribution x. Thus identity (12.31) implies

dy o 1, 15 dy s
d—CE[ln§{1+l£[ltanthH——d—H(x ). (12.32)

C

Similarly for the third term in (??) using also (12.8) we have

de—1
E[ln{l + tanh H; tanh f[l H = dvE[ln{l + tanh H, H tanh Hk}]
k=1
= d, H(x B xB(d=1) (12.33)

To express the first term in (??) we first transform it into

o dy
ln{eh H(l —|—tanhH@ H (1 —tanth }
/=1 =1

_ 1 — tanh H,
=h+1 (1+ tanh Hy)} 4+ 1nd 142" }
n{él_ll o } n{ ¢ ]‘_‘[ 1—|—tanhHg

dy ~
=h+ Y _In(1+ tanh Hy) + In{1 + e~HI+EL, A
/=1

Then, using (12.8) together with both identities (12.31) and (12.31) we get

dy

1n{ehH 1—|—tanhHg )+e” H l—tanhHg H
=1 /=1
=E[h] — d,H(xZD) 4 H(c® (xPdem)@d) (12.34)

Finally, collecting (12.32), (12.33), (12.34) and replacing in the definition of
the replica symmetric entropy (12.10) we obtain the final expression,

has[x(-)] = dyH (x¥7V) — H(c @ (xF7) @)
+ %H(XEdC) — d H(x B xBdm1) (12.35)
The first two terms come the contributions of the variable nodes, while the
third and fourth one come from teh contributions of check nodes and edges. Of
course the fourth term is equal to —d, H (x®(4)). However written as in (12.35)
the formula generalizes immediately to general irregular LDPC ensembles (see
exercises). Figure 12.2 shows the typical cross section of this functional for x(-)
given by a family of BAWGNC parametrized by their entropy. The channel is a
BSC and the LDPC ensemble a regular Gallager (d, = 3,d. = 6) code.
We leave it as an exercise for the reader to check that the expression (12.19)
for the BEC is recovered by replacing ¢ = €)Ag+eAy and x = zAg+ (1 —x)Ay
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Figure 12.2 Potential functional for the LDPC(d, = 3,d. = 6) ensemble over a binary
symmetric channel (BSC), with entropy h. The values of h for these curves are, from
the top to bottom, 0.40,0.416,0.44, 0.469, 0.48. The other input x(-) to the potential
functional is the LLR distribution for the binary AWGN channel (BAWGNC) with
entropy h. The choice of BAWGNC distribution for x is arbitrary.

Compressive Sensing

Write RS free energy (can be derived by integrating out state evolution). Illus-
trate thresholds it predicts. Discuss that RS is exact. Do it for Lasso or for known
prior case ?

Replica symmetric free energy and entropy for K-SAT

In Chapter 11 we gave the expression of the Bethe free energy for K-SAT at
finite temperature. As noted there, from this expression, as long as there exist
at least one solution, taking the limit 5 — 400 one also gets a Bethe formula for
the entropy of the uniform measure over solutions. There is a natural potential
functional and replica symmetric formula derived from the Bethe expression. But,
contrary to coding and compressive sensing, it is not very difficult to see from the
corresponding formula for the entropy, that the replica symmetric expressions
cannot be exact for K-sat. This is not a curiosity of the model. In fact most
constraint satisfaction models suffer from this problem, and a better theory,
namely the cavity theory, is needed, and is developped in Chapters 16 and 17. In
the universe of factor graph models it is coding and compressive sensing that are
"special” whereas the K-sat model is believed to display the generic behavior!

The construction of the potential functional proceeds like in the case of cod-
ing. One takes as a starting point the Bethe expression (11.46) and treats all
messages h;_,, as independent random variables distributed according to a trial
distribution, while the messages iLa_>i have an induced distribution found from
the message passing equation (9.19) (generalized to non-zero temperature),

R 1 1
ha—si = ~3 ln{l —-(1- e’ﬁ) H 5(1 — tanh 5hjﬁa)} (12.36)

jeda\i
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In the coding case we limited ourselves to regular Gallager (d,,d.) ensembles.
One difference here is that while the check nodes have regular degree K, the
variable node degrees are (asymtotically) Poisson distributed with average degree
ak.

Fix a trial distribution x(h) for a r.v h € R. Pick K iid copies of the random

variable h ~ x(+). Call them hy, ..., hg. Define the induced random variable
1 =
h= —2111{ (1—e U 5 1—tanh,6hk)}. (12.37)

Pick two Poisson distributed integers p and ¢ with average aK /2. Pick p copies
hf,...ﬁ; of h and q copies hy ..., h, of h. Let

p

fas(x();a) = — 5—11E[1H{H(1 —tanh B ) [J(1 + tanh phy)  (12.38)
(=1

=1

+ H(l + tanh gh;) H(l — tanh BEE)H
=1 =1

|
Q
,_.
&=
—
=
—N
[
|
-
|
(‘0
Sk

~(1 — tanh ,Bhk)H (12.39)

+ ,BllE[ln{1 + tanh Bhy tanhﬁle}] (12.40)

where the expectation is over all random variables p, ¢, h, h (the probability dis-
tribution of A is itself dependent on x).

The replica symmetric prescription says that the free energy would be equal
to

frs(B, ) = Sl(l;)) Frs(x(+); ). (12.41)
x(-

A remark is in order here. This formula (12.41) for the free energy involves
a supremum although one would have naively expected an infimum just as in
coding and compressed sensing. There is no obvious way to explain that this is
the ”correct” prescription. The old "replica trick” directly leads to the supremum
for problems like K-SAT and the SK model, while it leads to the infimum for
Bayesian inference problems such as coding and compressed sensing. Bayesian
inference problems are special in the sense that there are special identities that
follow from Bayes rule as we explained for compressive sensing in Chapter 3.
Coding for BMS channels is even more special than compressive sensing because
the extra gauge symmetry that is implied by channel symmetry.

Recalling the general relation (2.18) between free energy and entropy, the
replica symmetric entropy can then be obtained by srs(8, o) = 0 frs/9B~ . The
zero temperature replica symmetric entropy, i.e. a prediction for the log number
of solutions, can also be found directly from limg_, oo (=5 frs(8, @)).

The stationnary points of (12.41) yield a fixed point integral equation for x(.).
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This can be split in two integral equations linking x(-) and %(-), where X(+) is the
induced distribution of h (see (12.37))

x(h) = Yoo S ek [Ty dhf (i) H{ITE, dhy (b))
x6(h— (7=, iﬁ =i iLe_))’
%(h) = [{I1es dhux(hi) }o(h + 3 In{1 — (1 —eP)
x [Ti' 2(1 — tanh Bhy) }).

These equations can be solved numerically, e.g. by the population dynamics
method. This allows to find the maximizer of the replica symmetric functional
and hence obtain a prediction for the free energy and entropy.

The computation of the entropy shows that the replica symmetric prediction
cannot hold in all regions of the («, ) plane. Indeed at sufficiently low tem-
peratures and large constraint densities the replica symmetric entropy becomes
negative, whereas the true entropy must always remain non-negative. Figure 12.3
shows sps(8 = 400, ) for K = 3. This function decreases as the clause density
increases, vanishes at ars =~ 4.677, and is negative for higher densities. Thus
the present replica symmetric analysis certainly breaks down for zero tempera-
ture and « > ags. Could it be that it is correct (at zero temperature) for all
a < ars? In other words could it be that the satisfiability threshold equals ars?
The answer is no. In problem 12.6 the reader is guided through the proof of an
upper bound ag < 4.666 for K = 3 which is slightly lower than agrs. According
to the cavity method of Chapter 16 the replica symmetric formula is exact in
a region a < a.(f) with a.(8) called the condensation threshold. At a.(3) the
free energy and entropy are not analytic and for o > «.(8) one has to resort to
even more complicated formulas, and moreover as we will see a very interesting
”structural” change happens to the Gibbs measure which is said to be ”con-
densed”. One has a.(8 = +00) < a; for all K, so for small 0 < a < ae(+00) the
zero-temperature replica symmetric entropy correctly counts the log-number of
solutions, but does not do so in the range a.(8 = +0) < a < as,. For K = 3,
for example, the cavity method predicts a.(8 = +00) & 3.86 and «, ~ 4.266.

Notes

A few words about the concept of order parameter 7

12.1 REPLICA SYMMETRIC ENTROPY FOR THE BEC. Check that (12.19) di-
rectly follows from the expression (12.35) for general channels.

12.2 REPLICA SYMMETRIC ENTROPY FOR GENERAL CHANNELS. Consider an
LDPC ensemble with general variable node degree distribution L(z) = >°, Lya*
and check node degree distribution R(z) = 3, Rgz”. The degree distributions
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from the edge perspective are A(z) = Y, Agz® and p(x) = Y, pra®. Generalize
the replica symmetric expression (12.35) to irregular codes.

12.3 REPLICA SYMMETRIC EXPRESSION FOR AN LDGM cCODE. Consider an
LDGM code ensemble and give the replica symmetric expression for the entropy
on a general channel and in particular on the BEC.

12.4 RS aNALYSIS FOR K-SAT. Derive the density evolution equations for K-
SAT. Use population dynamics (as seen in homeworks of Chapter ??) to compute
the RS prediction for o, umsas-

12.5 CRUDE UPPER BOUND ON THE SAT-UNSAT THRESHOLD. Upper bounds
for the SAT-UNSAT threshold, we call it as, are usually derived by counting
arguments. This exercise develops the simplest such argument.

An assignment is a tuple z = (21, ...,2,) where 2; = 0,1 of n variables. The
total number of possible clauses with k variables is equal to 2 (Z) A random
formula F' is constructed by picking, with replacement, uniformly at random, m
clauses. Thus there are (2¥(}))™ possible formulas.

We set m = an and think of n and m as tending to co with « fixed. This is
the regime displaying a SAT-UNSAT threshold.

It is useful to keep in mind that P[A] = E[1(A)] where 1(A) is the indicator
function of event A. In what follows probabilities and expectations are with
respect to the random formulas F'.

Let S(F) be the set of all assignments satisfying F' and let |S(F)| be its
cardinality. Since F' is a random formula, |S(F')| is an integer valued random
variable.

a) Show the Markov inequality P[F satisfiable] < E[|S(F)]].

b) Fix an assignement x. Show that P[z satisfies F] = (1 — 27%)™. Then deduce
that

E[IS(F)]=2"(1-27)™.

¢) Deduce the upper bound

< In2
T (1 —27k))
For k = 3 this yields a, < 5.191.

12.6 BOUND BY COUNTING A RESTRICTED SET OF ASSIGNMENTS. This is a
follow-up of the previous exercise. You will study a more subtle counting argu-
ment which leads to an important improvement by Kirousis, Kranakis, Krizanc
and Stamatiou, Approzimating the Unsatisfiability Threshold of Random For-
mulas, in Random Struct and Algorithms (1998). This type of method can be
further refined and has led to better bounds.

We define the set Sy, (F) of mazimal satisfying assignments as follows. An
assignment x € Sy, (F) iff:
e 1 satisfies F,

(07
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e for all ¢ such that z; = 0 (in z), the single flip x; — 1 yields an assignment -
call it z* - that violates F.

a) Show that if F' is satisfiable then S,,(F) is not empty. Hint: proceed by
contradiction.

b) Show as in the first exercise the Markov inequality P[F' satisfiable] < E[|S,,(F)]]
¢) Show that
E[|Sn(F)|] = (1 —-27")™ Z P[N;.2,—0 (2" violates F') | z satisfies F].

x

d) Fix z. The events E; = (2’ violates F) are negatively correlated, i.e

PNz, =0 B | zsatisfies F| < H P[E; | x satisfies F]
1:x; =0

For the full proof which uses a correlation inequality (of FKG type) we refer to
the reference given above. Here is a rough intuition for the inequality. First note
that if 2; = 0 and 2° violates F, there must be some set S; of clauses (in F') that
are satisfied only by this variable 2; = 0 (this set might contain only one clause).
This restricts the possible formulas contributing to the event F;. Second note
that sets S;, S; corresponding to different such variables z; = 0, ; = 0 must be
disjoint. This "repulsion” between the sets S; and S; puts even more restrictions
on the possible formulas, compared to a hypothetical situation where the events
(and thus the sets S; and S;) would have been independent.

e) Now show that

(2F-1)

Hint: note that in the event F; there must be at least one clause containing
x; = 0 and containing other variables that do not satisfy it.

P[E; | zsatisfies F] = 1 — (1 - (Z‘i)(z))"‘

f) Deduce from the above results that lim,,_,o P[F satisfiable] = 0 as long as «
satisfies

ak
—1

(1-27M@2—e 1) < 1.

_ _ak
The improvement compared with the first exercise resides in the factor e 2-1.

A numerical evaluation for & = 3 yields the bound as < 4.667.
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— figure —

Figure 12.3 The replica symmetric prediction for the entropy (12.41) at K = 3. This
curve predicts a SAT-UNSAT threshold at o =~ 4.677 which is not consistent with
known rigorous upper bounds.
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14

Spatial Coupling and Nucleation
Phenomenon

So far we have seen that a variety of problems can be phrased in a natural way in
terms of marginalizing a highly-factorized function. Message-passing algorithms
are then the logical choice to accomplish this marginalization and we have seen
how such algorithms perform in the thermodynamic limit.

Perhaps more surprisingly, we saw that the same quantities which were im-
portant for the analysis of the suboptimal message-passing algorithm reappeared
when we looked at the seemingly more fundamental question of determining
static thresholds, like the MAP threshold or the SAT/UNSAT threshold. The
Maxwell construction is a graphical representation of this phenomenon.

We will now tie these two threads together. We will discuss a generic construc-
tion, called spatial coupling, which can be applied to a wide range of graphical
models. The idea is to take many copies of a graphical model, to place them
next to each other on a line and then to start connecting these models by “ex-
changing edges” in such a way that the local structure of the graphical model
remains unchanged but that globally we create a larger graphical model which
forms a one-dimensional chain. If in addition we impose suitable conditions at
the boundaries of the model, this larger graphical model behaves very well un-
der message-passing. Roughly speaking, the performance of the large spatially-
coupled model under message-passing (in terms of the resulting threshold) is as
good as if we had done optimal processing on the original graphical model.

For the most part we will only discuss the phenomenon but we will not give
proofs. We will see how this phenomenon has again a nice physical interpretation.
In fact — it is what is called the nucleation phenomenon in physics. Nucleation
explains amongst other things how crystals grow, starting with a seed or nucleus.

We will discuss two important consequences of the nucleation phenomenon.

First, whenever we are in control of the graphical structure and the size of
the graph is not very crucial, it is natural to construct the graph according
to the above recipe. This results in graphs which are well suited for message-
passing processing and give very good performance. E.g., for the coding problem
this construction makes it possible to design codes which, under BP decoding,
are not only provably capacity-achieving for a particular channel, but are in
fact universally so, i.e., they are capacity-achieving for the whole class of BMS
channels. A similar construction is possible for the compressive sensing problem.

There is a second, equally important application of the idea, namely to use
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spatial coupling as a proof technique. Consider e.g. the case of the K-SAT prob-
lem. Also in this case we can use spatial coupling. This means we can construct
spatially-coupled K-SAT formulas, and it is easier to find satisfiable solutions
for such formulas than for the uncoupled ones. But what is the use of this? In
coding, we were in charge of picking the code, and so we can pick coupled ones.
The same thing applies for compressive sensing. We do not have the same degree
of freedom for the constraint satisfaction problem where the formula is given
to us. The idea is the following. If we are able to analyze the performance of a
message-passing algorithm on coupled formulas then we can use the so-called in-
terpolation method to show that this algorithmic threshold is also a lower bound
on the SAT/UNSAT threshold of the uncoupled ensemble. So in this case we use
spatial coupling only as a thought experiment. Indeed, the same method can be
used in the context of coding to prove that the MAP threshold of the uncoupled
formula is at least as large as the area threshold. Together with the upper bound
on the MAP threshold which we derived in Chapter 10 this shows that the MAP
threshold of the uncoupled ensemble is equal to the area threshold.

In the remainder of the chapter we go over our three running examples. In
each case we describe the construction, the performance of the coupled system,
as well as the consequences for our problem at hand.

Coding

There are many possible ways of constructing coupled graphical models from
uncoupled ones. The “saturation phenomenon” is fairly robust with respect to
the exact way of how we construct coupled models. So the difference lies mostly
in how convenient the construction is either from a practical perspective or for
the purpose of proofs. We present below two generic ways to achieve the spatial
coupling. We start with the “protograph” construction. It has a very good per-
formance and the additional structure is well suited for implementations. Our
second construction is a “random” model. This model is well suited for proofs.
Indeed, in the sequel we exclusively use the random model when it comes to
showing plots and to formulating theorems.

Protograph Construction

To start, consider a protograph of a standard (3, 6)-regular ensemble (see (7, 7)
for the definition of protographs). It is shown in Figure 14.1. There are two
variable nodes and there is one check node. Let M denote the number of variable
nodes at each position. For our example, M = 100 means that we have 50 copies
of the protograph so that we have 100 variable nodes at each position. For all
future discussions we will consider the regime where M tends to infinity.

Next, consider a collection of (2L+1) such protographs as shown in Figure 14.2.
These protographs are non-interacting and so each component behaves just like



14.1 Coding 287

Figure 14.1 Protograph of a standard (3, 6)-regular ensemble.

-L 0 L

Figure 14.2 A chain of (2L 4 1) protographs of the standard (3, 6)-regular ensembles
for L = 9. These protographs do not interact.

a standard (3, 6)-regular component. In particular, the belief-propagation (BP)
threshold of each protograph is just the standard threshold, call it €®"(d, =
3,d. = 6). Slightly more generally: start with an (d,, d. = kd, )-regular ensemble
where d,, is odd so that |I/2] = (d, —1)/2 € N.

We will now “coupled” these copies. To achieve this coupling, connect each
protograph to |1/2] protographs “to the left” and to |I/2]| protographs “to the
right.” This is shown in Figure 14.3 for the two cases (d, = 3,d. = 6) and
(d, =7,d. = 14).

Note that [I/2]| extra check nodes are added on each side to connect the
“overhanging” edges at the boundary. This reduces the rate of this ensemble
from 1 — Z—;’ = % to

R(dy,d, = kdy, L) = (2L+1) - (22(LLj1Ll/2J) +1)/k

k-1 2[l)2]

k k(2L+1)

Note that this rate loss decreases with the length of the chain. Therefore, in
practice we want to pick the length not too small. Of course, this increases the
blocklength and so there is a natural trade-off between the block length and the
rateloss due to the boundary.

In the above construction we had to assume that d, was odd and also the
“width” of the connection was linked directly to the degree d,. In this case
the construction leads to the very symmetric ensemble. It is not very hard to
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L - 432101234 - L

L. 432101234 L

Figure 14.3 Two coupled chains of protographs with L =9 and (d, = 3,d. = 6) (top)
and L =7 and (dy = 7,d. = 14) (bottom), respectively.

extend this construction to cases where d, is even and so that “width” of the
connection is no longer directly linked to d,. But instead of following this path,
let us directly go to another extreme and introduce an ensemble which includes
much more randomness.

Random Construction

For the purpose of analysis, the following random ensemble is much betters
suited. Let us assume that d. > d,, so that the ensemble has a non-trivial design
rate.

We assume that the variable nodes are at positions [—L, L], L € N. At each
position there are M variable nodes, M € N. Conceptually we think of the check
nodes to be located at all integer positions from [—oo, o0]. Only some of these
positions actually interact with the variable nodes. At each position there are

“ = M check nodes. It remains to describe how the connections are chosen.

“Rather than assuming that a variable at position ¢ has exactly one connection
to a check node at position [i — [1/2],...,i+ [I/2]], we assume that each of the
d, connections of a variable node at position 4 is uniformly and independently
chosen from the range [i,...,7 + w — 1], where w is a “smoothing” parameter.
In the same way, we assume that each of the d. connections of a check node at
position 7 is independently chosen from the range [i —w+1, ..., i]. We no longer
require that d, is odd.

More precisely, the ensemble is defined as follows. Consider a variable node at
position i. The variable node has d,, outgoing edges. A type t is a w-tuple of non-
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negative integers, t = (fo,t1,...,tw—1), SO that Z;J;Ol t; = d,. The operational
meaning of ¢ is that the variable node has t; edges which connect to a check node
at position ¢ 4+ j. There are (d“+w 1) types. Assume that for each variable we
order its edges in an arbitrary but fixed order. A constellation c is an d,-tuple,
c¢=(c1,...,cq,) with elements in [0, w — 1]. Its operational significance is that if
a variable node at position ¢ has constellation ¢ then its k-th edge is connected
to a check node at position i 4 ¢;. Let 7(c) denote the type of a constellation.
Since we want the position of each edge to be chosen independently we impose a
uniform distribution on the set of all constellations. This imposes the following
distribution on the set of all types. We assign the probability

FRRIGLCED

wdv

Pick M so that Mp(t) is a natural number for all types ¢. For each position i pick
Mp(t) variables which have their edges assigned according to type t¢. Further,
use a random permutation for each variable, uniformly chosen from the set of all
permutations on d, letters, to map a type to a constellation.

Under this assignment, and ignoring boundary effects, for each check position
i, the number of edges that come from variables at position i — j, j € [0,w — 1],
is M %’“. In other words, it is exactly a fraction % of the total number Md, of
sockets at position i. At the check nodes, distribute these edges according to a
permutation chosen uniformly at random from the set of all permutations on
Md, letters, to the M check nodes at this position. It is then not very difficult
to see that, under thls dlstrlbutlon for each check node each edge is roughly
independently chosen to be connected to one of its nearest w “left” neighbors.
Here, “roughly independent” means that the corresponding probability deviates
at most by a term of order 1/M from the desired distribution. As discussed
beforehand, we will always consider the limit in which M first tends to infinity
and then the number of iterations tends to infinity. Therefore, for any fixed
number of rounds of DE the probability model is exactly the independent model
described above.

LEMMA 14.1 (Design Rate) The design rate of the ensemble (dy,de, L, w), with
w < 2L, is given by

dy, dyw+1-230" (5"

Low)=(1-%y_%
R{dy, de, L w) = ( ) d oL +1

Proof Let V be the number of variable nodes and C' be the number of check
nodes that are connected to at least one of these variable nodes. Recall that we
define the design rate as 1 — C/V.

There are V.= M (2L + 1) variables in the graph. The check nodes that have
potential connections to variable nodes in the range [—L, L] are indexed from —L
to L+w—1. Consider the M & du check nodes at position —L. Each of the d. edges
of each such check node is chosen independently from the range [-L—w+1, —L].
The probability that such a check node has at least one connection in the range
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[—L,L]is equal to 1 — (wal)dc. Therefore, the expected number of check nodes
at position —L that are connected to the code is equal to M;l—z(l — (w—’l)dc). In

w
a similar manner, the expected number of check nodes at position —L + i, i =

0,...,w—1, that are connected to the code is equal to Mg—:(l - (“”TH)d“). All

check nodes at positions —L+w, ..., L—1 are connected. Further, by symmetry,
check nodes in the range L, ..., L +w —1 have an identical contribution as check
nodes in the range —L, ..., —L 4w — 1. Summing up all these contributions, we

see that the number of check nodes which are connected is equal to

d, = i\d,
C = Md—c[2L —w+2) (1= (=)")

w
i=0
O

Discussion: In the above lemma we have defined the design rate as the normal-
ized difference of the number of variable nodes and the number of check nodes
that are involved in the ensemble. This leads to a relatively simple expression
which is suitable for our purposes. But in this ensemble there is a non-zero prob-
ability that there are two or more degree-one check nodes attached to the same
variable node. In this case, some of these degree-one check nodes are redundant
and do not impose constraints. This effect only happens for variable nodes close
to the boundary. Since we consider the case where L tends to infinity, this slight
difference between the “design rate” and the “true rate” does not play a role.
We therefore opt for this simple definition. The design rate is a lower bound on
the true rate.

Density Evolution

The protograph construction has a slightly better performance if we look at
codes of finite length and also, due to the extra structure, it might be easier to
implement. On the other hand, the random ensemble is easier to deal with when
it comes to proofs. Since asymptotically they behave essentially the same, we
concentrate in the sequel on the random case.

The (dy,d., L,w) ensemble is just an LDPC ensemble with some additional
structure. It’s asymptotic performance can hence again be assessed via den-
sity evolution. Therefore, as a first step let us write down the density evolution
equations. The only difference compared to the DE equations of the uncoupled
ensemble is that now we have a potentially different erasure probability for every
position. The state is therefore no longer a scalar quantity but a vector of the
length of the chain.

DEFINITION 14.2 (Density Evolution of (d,, d., L, w) Ensemble) Let x;, i € Z,
denote the average erasure probability which is emitted by variable nodes at
position i. For ¢ ¢ [-L, L] we set x; = 0. For ¢ € [-L, L] the FP condition
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implied by DE is
w—1 w—1
1 1\ et
XT; =€ ( 7;2 17*21’14_]]@ ) . (]'4]‘)
7=0
If we define

1 w—1 de—1
—(1-= _) , 14.2
( wkzzox A (14.2)

then (14.1) can be rewritten as

1 w—1 dy—1
:6(1—,“}20:(]14,]) .
]:

EXIT Curves

As for uncoupled ensembles we can draw EXIT curves for the coupled case. Recall
that in the uncoupled case, the EXIT curve is a plot of the channel parameter
€ as a function of the EXIT value (1 — (1 —2)" 1), see e.g., Figure 10.4. In the
uncoupled case we had a simple analytical formula for this curve. For the coupled
case, no such formula exists, but one can compute the curves numerically.
Figure 14.4 shows the EXIT curves for the (d, = 3,d. = 6,L) for L =
1,2,4,8,16,32,64, and 128. Note that these EXIT curves show a dramatically

hEPB

BP(3, 6) ~ 0.4294

€

€

Figure 14.4 EBP EXIT curves of the ensemble (d, = 3,d. = 6, L) for
L =1,2,4,8,16,32,64, and 128. The BP/MAP thresholds are
BP/MAP(3 6,1) = 0.714309/0.820987, eB7/MAP (3 6. 2) = 0.587842/0.668951,
PP/MAP (36 1) = 0.512034/0.574158, €*F/MAP(3,6,8) = 0.488757/0.527014,
BP/MAP(3 6 16) = 0.488151/0.505833, €®F/MAP(3,6,32) = 0.488151/0.496366,
BP/MAP(3 6 64) = 0.488151/0.492001, €®F/MAP(3,6,128) = 0.488151/0.489924. The
light /dark gray areas mark the interior of the BP/MAP EXIT function of the
underlying (3, 6)-regular ensemble, respectively.

different behavior compared to the EBP EXIT curve of the underlying ensemble.
These curves appear to be “to the right” of the threshold €¥**(3,6) ~ 0.48815.
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For small values of L one might be led to believe that this is true since the de-
sign rate of such an ensemble is considerably smaller than 1 — d,/d.. But even
for large values of L, where the rate of the ensemble is close to 1 — d,,/d., this
dramatic increase in the threshold is still true. Empirically we see that, for L
increasing, the EBP EXIT curve approaches the MAP EXIT curve of the under-
lying (d, = 3,d. = 6)-regular ensemble. In particular, for € &~ eM*"(d,,d.) the
EBP EXIT curve drops essentially vertically until it hits zero.

Decoding Wave

“The” key to understanding why spatially coupled ensembles perform so well is
to study their FPs under density evolution. Recall that for uncoupled ensembles
the FPs are scalars. For the coupled case the state of the system is no longer a
scalar but a vector, where the length of the vector is equal to the length of the
chain. Due to this fact, there are some very interesting FPs which appear.

Assume we are operating much above the threshold. Let us assume that we
decode until we are stuck and let us plot the final erasure probability at each
section along the chain. Then it is reasonably to expect that this erasure proba-
bility is equal to the erasure probability which we would observe for an uncoupled
ensemble. The only exception are positions very close to the boundary where the
behavior is a little bit better due to the extra information we have there. The
top picture in Figure 14.6 shows this situation together with the position of the
FP on the EXIT curve. Since the FP is symmetric with respect to the middle of
the chain, only one half is shown. Imagine that we now slowly lower the erasure
probability of the channel. Due to the improved conditions at the boundary, the
“effective” erasure probability at the boundary will at some point be below the
BP threshold of the uncoupled ensemble and the BP decoder will be able to
decode the bits at the boundary. But once these bits are decoded this will lower
the “effective” erasure probability for bits a little bit further into the chain. This
effect propagates like a wave and the whole chain will get decoded. The middle
and the bottom picture in Figure 14.6 show the wave in various stages.

The perhaps the most surprising aspect is that the BP threshold for the cou-
pled chain is exactly the area threshold of the uncoupled one.

gether with the position of the FP on the EXIT curve. Since the FP is symmetric
with respect to the middle of the chain, only one half is shown.

Main Statement

THEOREM 14.3 (BP Threshold of the (d,, d., L, w) Ensemble) Consider trans-
mission over the BEC(€) using random elements from the ensemble (d,,d., L, w).
Let €%*(dy, d., L,w) denote the BP threshold and let R(d,,d.,L,w) denote the
design rate of this ensemble.
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Figure 14.5 FPs for various parameters of the channel together with the position of
the FP on the EXIT curve.

Figure 14.6 FPs for various parameters of the channel together with the position of
the FP on the EXIT curve.

Then, in the limit as M tends to infinity, and for w sufficiently large

w—1
or dU7dC7L7 < MAP dv7dC7L’ < MAr dv,dc )
€ ( w) S € ( w) S € ( )+2L(1_(1_mMAP(dv’dc))dcfl)du
(14.3)
2
8dvdc + Lﬁ
" (dy, de, L,w) > (eMAP(dv,dc)—w—% (1—dw” 5)% ) x (1 — o= 1/8) e

(1-27 )2
(14.4)
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In the limit as M, L and w (in that order) tend to infinity,

o dy
wh_r)réo Lh_)rr;@ R(dy,dc, L,w) =1 — o (14.5)
lim lim €°?(d,,d., L,w) = lim lim "*(d,,d., L, w)
w—00 L—00 w—00 L—00
= e""(dy, d.). (14.6)

Roughly speaking, the above theorems states that the BP threshold of the
coupled chain is equal to its MAP threshold and also to the MAP threshold of the
uncoupled chain. The statements in the theorem are considerably weaker than
what can be observed empirically. In particular, the convergence with respect to
the coupling width is conjectured to be exponential in w.

A very similar statement can be shown to hold for transmission over general
channels. In particular, one can show that these ensembles are good universally
for the whole class of BMS channels.

Compressive Sensing

The idea of spatial coupling can also be used in compressive sensing to attain
optimal performance by message passing. In a nutshell, the idea is to construct
appropriate sensing matrices that correspond to a “spatially coupled” factor
graph and then to apply an AMP type algorithm. The performance of the al-
gorithm is then analyzed through a state evolution recursion tailored to the
spatially coupled graph. This turns out to be a one-dimensional recursion which
displays similar phenomena than those described for the BEC.

In Chapter 8 our starting point was the Lasso estimator which is a reason-
able starting point to develop a universal algorithm that doe not assume a prior
knowledge of the signal distribution in the class F. Recall that the state evolu-
tion equation in Chapter 7?7 has at most one fixed point. Therefore, intuitively,
one does not expect that any improvement in performance can be obtained by
spatial coupling. This has indeed been corroborated by numerical simulations.
We will therefore turn our attention to a setting where the prior distribution of
the signal is known.

AMP when the prior is known

We assume that the signal distribution is from the class F, and that it is known.
In other words po(x) = (1 — €)dp(z) + epo(x) for a known ¢g(x) (for example a
Gaussian distribution). As explained in Chapter 3, in this setting the optimal
estimator is the MMSE estimator (3.35). In Chapter 5 we went through the be-
lief propagation equations in Example 16. This approach can be systematically
developed in order to recursively compute the BP-estimate. Furthermore, fol-
lowing the same route as in Chapter 8, these message-passing equations can be
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simplified in order to arrive at an AMP algorithm that is very similar to (8.37).
By skimming through the previous chapters one can almost guess the form of
the new algorithm.

In (8.37) the update of the AMP-estimate uses the soft thresholding function
n(y, A) found by solving the scalar Lasso problem. The reader should not be too
surprised that now the AMP updates involve a thresholding function given by the
MMSE estimator of the scalar case. Consider a scalar measurement y = x + vz
of “signal” z affected by Gaussian noise with variance v? (so Z ~ N(0,1)) the
thresholding function is

(w=m)?
dx xpo(x)e 2.2
mo(y,v) =EX|X +vZ =y] = / (v—2)
[ dzpo(z)e™ 22
We stress that 7y(y,v) is not universal and depends on the prior. Here v plays
the role of a threshold level analogous to A in the Lasso case. It will be adjusted
at each AMP iteration. The mean square error for this optimal estimator (of the

scalar problem) is the MMSE function?
mmse(r?) = E[(X — E[X|X + vZ])?]

:/dgcpo(at) dz %(m—m(m—i—uzw))g.

The AMP updates are the same than in Chapter 8 except 7 is replaced by 7,

.%Et-i_l) =1 (l.gt) + Z ‘AaiT-((Lt)7 I/(t)), (14.7)
a=1
= S A o s
j=1

If you go back to the derivation of the Onsager term in Chapter 8 you will see
that it can be traced back to a derivative of the soft thresholding function. You
can guess that now

B = S (oY 4 D Agr 0, 00). (14.9)
i=1 a=1

Similarly recall that in Chapter ?? we expressed the threshold level v(*) thanks
to the MSE through (8.49). Here one arrives at the same conclusion, namely

(WO = 52 4 %(H”)Q, (14.10)

where 7(Y2 is the average (normalized) MSE of the AMP algorithm (r())? =
lim,, 4 oo %EH@(” — Zoll2. We can track its evolution thanks to the recursion
(same as (??) with correct np-function)

()2 = mmse((v)72). (14.11)

I By convention the argument of the MMSE function is a signal-to-noise-ratio, here v~2.
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In hindsight one can develop an interpretation for this equation: at time ¢ + 1
the total quadratic error (7(**1))?2 for the AMP estimate is given by the MMSE
of a scalar signal with effective noise variance o2 + %(T(t))2 at time ¢.

Let us summarize. Equations (14.11) and (14.10) give the evolution of the
MSE and the threshold level. These quantities can be precomputed. Equations
(14.8) and (14.9) define the AMP algorithm, and allow to compute the estimates
for the signal.

Construction of the measurement matrix

Let us first explain the general idea. In the standard case considered so far, the
measurement matrices have iid entries Ay; ~ N(0, ﬁ) so that "their factor
graph” is a complete bipartite graph with m checks and n variables. The ratio
4 = m/n is the sampling rate. Inspired by the construction of spatially coupled
codes one may try to use matrices associated to a spatial chain of L complete
bipartite graphs coupled across a window of size w. This turns out to be a
successful idea! The sampling rate is still equal to d in the bulk of the chain.
At the boundary one has to add extra check nodes or equivalently one has to
oversample. Indeed, in order to create a seed that gets the nucleation process
started one needs a good estimate of the first few components of the signal. The
increase in sampling rate is negligible in the thermodynamic limit.

In practice, because the AMP algorithm updates purely local quantities (the
BP messages flowing along edges have been eliminated), one can forget about the
factor graph and specify directly the sensing matrix. You can convince yourself
that the sensing matrix described here has a factor graph that is a chain of
coupled complete bipartite graphs. There are many possible constructions and
ways to optimize the finite length performance. But these issues will not concern
us here, and we discus a similar construction which is similar to the one presented
in the coding case.

The signal has n components in total and we make m measurements. The
measurement matrix has n columns and m rows. Think of n given and m to
be determined later. Partition the columns in L groups? ¢ € {1,..., L} with N
columns each, so N = n/L. Consider L + w — 1 groups of rows r € {—(w —
2),...,0,1,..., L}, each with M = §N rows. The total number of measurements
ism=(w—1)M+ML = én(14+(w—1)/L). The contribution of the oversampling
rate to the total rate m/n = (1 + (w — 1)/L) vanishes for large L.

Now consider an (L +w — 1) x L matrix of variances J,.. A simple choice is

— 2w
Ire=

)

%1 if ce{r—w+1,....r+w-—1}
0 otherwise

Here we use a simple square-like and symmetric shape function for J, .. One can
generalize this to J,.. = pJ (p|r — c|) with p = (2w — 1)~! and a shape function

2 One can visualize the groups as positions along the chain.
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J (%) that is positive, supported on [—1,+1] and fjll dzJ(z) = 1. Let us also
note that taking larger variances for the seeding part of the matrix may lead to
better performance. In the sequel all equations are valid for general choices of
Irc.

To specify the matrix elements of A,;, we introduce the notation R(a) and
C(3) for the groups (r and ¢) to which row a and column ¢ belong. A simple
choice is to take iid entries

1
Agi ~ (0, MJR(a),C(i))

We notice that by construction we have the normalization ), A% ~ 1, as in
the standard (uncoupled) case. This matrix has a band structure with a band of
height and width wM x wN. However the correct regime in which the spatially
coupled model is used is N >> L so effectively the matrix is ”full”.

Spatially coupled AMP

The starting point - the BP equations - are exactly the same except they are
applied to a bigger factor graph. The derivation of the coupled AMP algorithm
then proceeds in the usual way by retaining only important terms in the regime
N — 400 and L fixed.

It turns out that the resulting equations have a few extra complications.
Namely, due to coupling, the sensing matrix elements get ”renormalized” and the
threshold level as well as the Onsager term get ”averaged”. The AMP equations
now read

~ l
‘,EEH’ = (t + Z QR (a),C(3) ‘“ra )’ ngz)) (1412)
() = o — ZAajjj;til) + b%za)ré_l (14.13)
where
®) ® N~ o) M
bra) = Z JR(a)vCQR(a c{ Z o (. + Z Qr),cAi™ Vo ))}
is.tC(i)=c b=1

The threshold levels I/gzi) and the weights Qr(a),c(i) depend only on the local

MSE (. (t)) = My oo & Djat c(i):c]EH»%gt) — x04]|3. These quantities can
all be pre-computed from state evolution. The threshold level is given by (a
generalization of (14.10))

U072 = S delo + 5 2 e OP) (1414)

This equation says that the threshold for estimates of the signal components in
group c is given by an average of the signal to noise ratios for measurements in
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the groups r € {c—w+1,...,c+w — 1}, and the later are themselves given by
an average of the local MSE in the groups ¢ € {r —w +1,...,r + w — 1}. The
sensing matrix gets renormalized by weights

R Gk 9 VR 1, 0 I
T (0?4 A re(ri)2)

Finally, the local MSE evolves as

1"

(Tc(t+1))2 _ mmse((uét))_Q), c=1,...,L (14.15)

Equations (14.14)-(14.15) are the one dimensional state evolution recursion and
can be used to derived the performance of AMP on the spatially coupled model.
The reader should ponder on this recursion and realize that its structure is
perfectly analogous to the DE recursion in coding for the BEC.

Analysis of Performance and Phase Diagram

The discussion in this paragraph is valid for a fairly wide class of functions ¢ (),
but a good exercise for the reader is to verify the claims for a Gaussian ¢g(z).
This can be done analytically for the uncoupled case and numerically in the
coupled case. Notice that in this case 79(y, s) can be explicitly be computed.

Consider the recursion (14.11) and look at the corresponding fixed point equa-
tion. Let

5(po) = sgp{V*Qmmse(V”)} > €

Here the equality is definition. The inequality is a fact, which follows by remark-

2mmse(r~2) = e. For a sampling rate § > 6(po) there exists only

ing lim, _,ov~
one fixed point solution (7g004)> = O(c?). This corresponds to correct recon-
struction in the small noise limit ¢ — 0. Now, decrease the sampling rate in the
range € < § < 6(po). One finds two or more stable fixed points (as well as unsta-
ble ones) for all 02 > 0. Besides the "good” fixed point satisfies (Tgo0a)? = O(0?)
there is a ”bad” one, i.e. (T,aq)? = ©(1) as ¢ — 0. Under the (natural) initial
condition (7°)? = +o00 one always tends to (7haq)?. This means that the noise
sensitivity lim, o MSE/o? diverges, and exact reconstruction is not possible
even for very small noise. In this context S(pg) is the algorithmic threshold of
AMP. The analogous quantity in our coding model is egp and it the CW model
it is the spinodal point.

This threshold is lower than the Lasso (or /1) threshold derived in Chapter ?7.
This is not too surprising since the later concerns the worst case distribution for
po € Fe. It is instructive to compute the phase diagram and plot the optimal,
Lasso and AMP phase transition lines in the (e, §) plane.

Let us now turn our attention to the coupled model. The performance is an-
alyzed through the one dimensional recursion (14.14)-(14.15) which gives the
evolution of the MSE profile Tc(t), as a function of time ¢ and position along the
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chain ¢ = 1,..., L. For § > §(po) the local MSE tends to (7 good)?> = O(c?)
uniformly along the chain. The advantage brought by spatial coupling appears
for a sampling rate in the range ¢ < § < 5(p0). For L — 400 and fixed w > 2
there is a 0(pg, w) < 8(po) such that for § > §(po, w) the local MSE per position
is bounded by O(0?), and in particular the noise sensitivity remains finite. Be-
cause of the oversampling of the first few signal components, the MSE falls down
to a level O(0?) for these components, and then an estimation wave propagates
along the chain. Eventually the local MSE converges to the good fixed point for
all positions Tgood,c = O(c?). Furthermore one observes that 5(p07w) — € as
w — +00. In other words in the regime N >> L >> w >> 1 the dynamical
AMP threshold saturates towards the optimal phase transition threshold. Figure
?? illustrates the phase diagram and the phase transition lines in teh (¢, d) plane
for various values of L and w.

K-SAT

For the random K-SAT problem we discussed several algorithms. The best one
is BP-guided decimation. We described this algorithm and its empirical perfor-
mance in Chapter 9.3. If we apply spatial coupling to this algorithm we see no
boost in performance. This does not mean that spatial coupling does not help for
this problem. It just means that BP-guided decimation is not the right setting for
the nucleation phenomenon. The “right” setting is in fact a more sophisticated
algorithm called survey propagation.

Rather than pursuing this avenue, let us go to a simpler algorithm, namely the
UCP algorithm which we discussed in Chapter 9. We will see that spatially cou-
pled formulas have a significantly higher threshold under UCP than uncoupled
ones. Combined with the interpolation method this gives good lower bounds on
the SAT/UNSAT threshold of uncoupled systems.

Construction

As for the case of coding, there are various ways of constructing coupled K-SAT
formulas. E.g., Figure 14.7 shows the equivalent of a protograph ensemble for
the case K = 3 where each clause at position ¢ has exactly one connection to a
variable at position 4, ¢ + 1, and ¢ + 2.

For the purpose of analysis it is again more convenient to consider a random
ensemble. As before, let w be a window size. Then, for each clause at position 7
and for each of its K connections we independently and uniformly pick a variable
at a position in the range [i,7 + w — 1] and connect it to this variable with a
uniformly chosen sign. This is the ensemble which we consider in the sequel.
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0 L—w L—-1

Figure 14.7 A “protograph”-like coupled K-SAT ensembles or K = 3.

Performance under the UCP Algorithm

Let us now focus on the UC algorithm for the coupled formulas. As for the un-
coupled case, the UC algorithm consists of two main steps: free and forced. The
operation of the algorithm at a forced step is clear: remove all the unit-clauses
until no further unit-clause exists. However, at a free step, depending on how
we might want to use the chain structure of the formula, we can have different
schedules for choosing a free variable. For a coupled formula, the schedule within
which we are choosing a variable in a free step is important

Consider for instance the following naive schedule — at a free step, pick a
variable uniformly at random from all the remaining variables and fix it by
flipping a coin. Computer experiments indicate that this naive schedule has no
threshold gain compared to the un-coupled ensemble. This is not surprising since
this schedule does not exploit the spatial (chain) structure of the formula. Hence,
in order for the UC algorithm to have a threshold improvement over the coupled
ensemble, we need to come up with schedules that exploit the additional spatial
structure of the formula. We proceed by illustrating one such successful schedule.

In the very beginning of the algorithm, all the check nodes have degree K and
there are no unit clauses. Hence, we are free to fix the variables in the first few
steps of the algorithm. Let us fix the variables from the left-most position (i.e.,
the boundary). If we do this then we are creating in effect a seed at the boundary
of the chain. Continuing this action at the free steps, we will eventually create
unit clauses and at these forced steps a natural choice is just to clear all the
unit clauses. However, when we are confronted with a free step, we will again
try to help this seed to grow inside the chain, i.e., we always fix variables from
the left-most possible position. Consequently, the schedule that we apply is as
follows.

o At a free step, pick a variable randomly from the left-most position at which
variables exists and fix it permanently by flipping a fair coin.

e At a forced step, remove unit clauses as long as they exist.

Computer experiments show that this schedule indeed exhibits a threshold
improvement over the un-coupled ensemble. E.g., for the coupled 3-SAT problem,
experiments suggest that the threshold of the UC algorithm is around 3.67. This
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is a significant improvement compared to the threshold of UC for the un-coupled
ensemble which is %.

To prove that indeed this schedule leads to this threshold we use again the
Wormald method. This means, we write down a set of differential equations which
describe the expected progress of the algorithm. Not surprisingly, the number of

differential equations we need scales linearly in the chain length.

Phases, Types, and Rounds

For the coupled ensemble, the analysis of the evolution of UC is much more in-
volved than the un-coupled ensemble. This is because of the fact that the schedule
we have used prefers the left-most variable position in a free step. Hence, the
number of variables in different positions will evolve differently. As an example,
one can easily see that during the algorithm, the first position that all its vari-
ables are set is the left-most position (i.e., position 0). After the evacuation of
position 0, position 1 becomes the left-most position of the graph and hence, the
second position that becomes empty of variables is position 1. Continuing in this
manner, the last position that is evacuated is position L + w — 2. With these
considerations, we consider L +w — 1 phases for this algorithm (see Figure 14.8).
At phase p € {0,1,--- , L +w — 2}, all the variables at positions prior to p have
been set permanently and as a result, at a free step we will pick a variable from
position p.

This statistical asymmetry in the number of variables at each position also
affects the the behavior of the number of check nodes in each position. As a
result, we consider types for the check nodes. For instance, consider a degree two
check node. It is easy to see that the probability that this degree two check node
is hit (removed or shortened) is greatly dependent on the position of variables
that it is connected to. This means that, dependent on the variable positions
to which they are connected, we have different types of degree two check nodes.
Clearly, the same statement holds for clauses of degree three, four, etc.

Let us now formally define the ingredients needed for the analysis. The no-
tation we use here is slightly hard to swallow immediately. Thus, for the sake
of maximum clarity, we try to uncover the details as smoothly as possible. We
consider rounds for this algorithm. Each round consists of one free step followed
by the forced steps that follow it. More precisely, at the beginning of each round
we perform a free step and then we clear out all the unit-clauses as long as they
exist (forced steps). We let time ¢ be the number of rounds passed so far. This
time variable will be called round time. The relation between ¢ and the natural
time (the total number of permanent fixes) is not linear. We also let L;(t) be the
number of literals left in variable position ¢ € {0,1,--- , L +w — 2}.

We now define the check types. Consider a coupled K-SAT formula to begin
with. For such a formula there are L sets of check nodes placed at positions
{0,1,---, L}. Let us consider a specific position i € {0,1,---, L} and look at the
check nodes at position ¢. Each of these check nodes can potentially be connected
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Figure 14.8 A schematic representation of how the literals at each of the positions
vary in time. The horizontal axis corresponds to time ¢ which is the number of free
steps. Here we have L = 11 and w = 3. This plot corresponds to an implementation of
the UC algorithm on a random coupled instance. The blue numbers below the plot
are the phases of the algorithm. In the beginning of the algorithm, we are in phase 0.
This phase lasts until all the literals in the first position are peeled off and as a result
£o(t) reaches 0. We then go immediately to phase 1 and this phase lasts till /1 (t)
reaches 0 and so on. We have in total L + w — 1 = 13 phases.

to any set of K variables resting in variable positions {i,4 + 1,--- ,i +w — 1}.
Some thought shows that there are various types of check nodes depending on
the variable positions that they are connected to. For example, there is a type of
check nodes for which all of the K edges go only into a single variable position
je{i,i+1,---,i+w— 1} or there is a type for with some of its edges go
to position ¢ and the rest go to position ¢ + 1 and so on. Also, as we proceed
through the UC algorithm, some of these checks are shortened to create new
types of checks with degrees less than K. We now explain a natural way to
encode these various types.

By C(t,14,7) we mean the number of check nodes at check position: € {0,1,---, L}
that have type 7 at round tme ¢. The type 7 = (70, , Tw—1) 1S a w-tuple and
indicates that relative to position i, how many edges the check has in (variable)
positions 7,2+ 1,--- ,7+w — 1. The best way to explain 7 is through an example.
Let us assume w = 4 and consider the set of check nodes at check position 20
that are only connected to variable positions 20, 22, 23 in the following way. For
each of these check nodes there are exactly two edges going to position 20, and
1 edge going to position 22 and 1 edge going to position 23 (thus each of these
checks have degree 4). Figure 14.9 illustrates a generic check node of this set.

We denote the number of these checks at time ¢ by C(t,20,(1,0,2,1)). In
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Figure 14.9 A schematic representation of checks which contribute to
C(t,20,(1,0,2,1)). All the check nodes that contribute to C(t,, 1), were initially (at
time 0) degree K check nodes resting at check position i. However, the algorithm has
evolved in a way that these check nodes have been deformed (possibly shortened or
remained unchanged) to have a specific type 7.

other words, the type is computed as follows: the check position number that
the check rests in is 20. This check is connected to a variable at position 20, and
2 variables at position 22, and a variable at position 23. So, relative to the check
position 20, we see the edge-tuple (1,0,2,1). Let us now repeat and generalize:
By C(t,i,7) we mean the number of check nodes, at time ¢, which rest in position
i, and 7 is a w-tuple that indicates relative to variable position ¢, the number
of edges that go to positions ¢,i + 1,--- ,i + w — 1, respectively. One can easily
see that by summing up elements of the w-tuple 7 = (79, -+ , Tw—1), we find the
degree of the corresponding check type. We denote the degree of a type = by
deg(7). It is also easy to see that there are (d;fl_z) different types of degree d
for d € {2,3,--- , K}. We are now ready to write the differential equations. Our
approach is as follows. Assume the phase of the algorithm is p and we are in a
round t. At a free step, we fix a variable at position p (free step). This will create
a number of forced steps in each of the positions p,p+1,--- , L +w — 1. We first
compute the average of these forced fixes in each variable position as a function
of the number of degree two check nodes. Using these averages, we then update
the average number of check and variable nodes at each position. We proceed by
explaining a key property for the analysis.

The Differential Equations

Now, having the vector 8 we can find how the number of variables and checks
evolve. For all ¢ > 0,

ALi(t) = Li(t + 1) — Li(t) = —28;(t). (14.16)

To see how the check types evolve, we note that for a given check type there are
two kinds of flows to be considered. A negative flow going out and a positive
flow coming in from the checks of higher degrees. In this regard, for a type
7= (70, ,Tw—1) With deg(7) < K let O7 be the set of types of degree deg(r)+1
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such that by removing one edge from them we reach to the type 7. The set Ot
consists of w types which we denote by 7¢, d € {0,1,--- ,w — 1}, such that

d d
T¢=7+(0,---,1,---,0), (14.17)

where + denotes vector addition in the field of reals. Thus, if deg(r) < K, we
obtain

w—1 . w—1 .
S Tac(t,i,T) C(t,i,t%)
AC(LZ,I) =-2 dio ﬂler(t)m + dgzo(l + Td)Bier(t)m. (1418)

The right-hand side of (14.18) has two parts. The first part corresponds to the
flow that is going out of C(t,i,7) and has negative sign. The right part is the
incoming flow from the check nodes of higher degrees. In the case where deg(7r) =
K, we only have an outgoing flow since no check node with higher degrees exist.
Hence, for the case deg(r) = K we can write

w—1 .
o 4 Tac(t, i, T)
Ac(tv Z?I) = -2 }20 IBZ+d(t) Li+d(t) : (1419)

We now write the initial conditions for the variables and check types. Firstly,
note that L;(0) = 2N. In the beginning of the algorithm, all checks are of degree
K, thus for types 7 such that deg(r) < K, we have C(0,4,7) = 0. For deg(r) = K

we have
C(0,4,7) = QNM (14.20)
y Oy L) T ’LUK . .
In order to write the differential equations, we re-scale the (round) time by N,
i.e.
pe L (14.21)
N’ '
and also normalize all our other numbers by N, i.e.,
Nt, -, - L;(Nt
ety ) = % and 4;(t) = SV ) (14.22)
We then obtain for ¢ € {0,1, -+, L+ w — 2},
dt;(t)
= —25;(1). 14.23
10— o) (14.23)
For i € {0,1,---,L — 1} and deg(r) < K we have
de(t,i,T) vl Tac(t, i, T) vl c(t,i, %)
— = =2 ird(t) ————= + 14+ 79)Birq(t) —————=, (14.24
dt ; /61+d( ) gz«l»d(t) ;( d)ﬁl-‘rd( ) £z+d(t) ( )

and otherwise if deg(r) = K we have

dC(t,LI) o — ) Tdc(t>iuz)
e dz_o Biralt) < (14.25)
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K 3 4 5
avc(K) 2.66 4.50 7.58
OéUC,L:507w:3(K) 3.67 7.81 15.76

Table 14.1 First line: The thresholds for UCP on the uncoupled ensemble. Second line:
UCP threshold for a coupled chain with w = 3, L = 50.

The vector 3 is also found as follows. For p being the current phase, we have

B(t) = (Bo(t), - Bryw—-20t)" = (I — A) ey, (14.26)

where A = [A; j](L4+w—1)(L+w—1) has the form

L[ i 26t R Tk ) i=j
Ai,j = 7 Zk:j—w+1 C(t,k,ﬂ'i,kyj,k) 0<| Z—] |< w, (1427)
J( ) 0 otherwise

Finally, the initial conditions are given by:
4;(0)=2, for0<i<L+w-—2
(TO’TI ?'K’Tu)—l)

c(0,i,7) = -t if deg(r)= K and 0 <i < L —1, (14.28)
N 0 otherwise

Numerical Implementation

We have implemented the above set of differential equations in C. We define
the threshold auc,rw(K) as the highest density for which the spectral norm
(largest eigenvalue) of the matrix A is strictly less than one throughout the whole
algorithm. A practical point to notice here is that, for the sake of implementation,
we assume a phase p finishes when its corresponding variable £,(t) goes below
a (very) small threshold € > 0. In our implementations, we have typically taken
€ = 1075. However, it can be made arbitrarily small as long as the computational
resources allow.

Table 14.1 shows the value of ayc, 1., (K) with L = 50 and w = 3 for different
choices of K. As we observe from Table 14.1, for the UC algorithm with the
specific schedule mentioned above, there is a significant threshold improvement
over the un-coupled ensemble.

For L. = 50,w = 3, K = 3 and several values of «, we have plotted in Fig-
ure 14.10 the evolution of largest eigenvalue of A as a function of round time t.

In order to characterize analytically the ultimate threshold for the UC algo-
rithm when L and w grow large, we proceed by further analyzing the set of
differential equations.
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Figure 14.10 The largest eigenvalue of the matrix A, plotted versus the round time ¢
(the number of rounds divided by the total number of variables NL). The plots
correspond to an actual implementation of the UC algorithm for the 3-SAT coupled
ensemble with L = 50 and w = 3. As we observe, for a < 3.67, there is a gap between
the largest eigenvalue of A and the value 1 throughout the UC algorithm. By
increasing « this gap shrinks to 0. For o = 3.66 (the right-most plot) this gap is
around 0.006.
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Spatial Coupling as a proof
technique

Spatial coupling has another use besides engineering constructions for perfor-
mant coding or compressed sensing designs. It can be used as a proof technique
for deriving rigorous results on the phase diagrams of our problems. It is the goal
of this chapter to expose the main principles of this idea.
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Cavity Method: Basic Concepts

Message passing algorithms have been very successful in providing efficient al-
gorithms in the realm of coding and compressive sensing. In the Bethe and
associated replica symmetric variational formulas for the free energy enable us
to calculate phase transition thresholds for these models. Finally, the Maxwell
construction and spatial coupling technique tie together the algorithmic and
variational approaches, and in particular the dynamical and phase transition
thresholds. On the other hand these methods are not as successful for generic
constraint satisfaction problems such as K-SAT. For example, plain belief prop-
agation does not allow to find solutions of a K-SAT formula and had to be
supplemented by a decimation process. Belief propagation guided decimation
finds solutions up to some constraint density, but it is not clear if this limitation
corresponds to some sort of fundamental dynamic threshold similar to the belief
propagation threshold. Also, for the moment, we are not able to find the SAT-
UNSAT threshold by a Maxwell construction or spatial coupling technique. At
the same time we also saw that the replica symmetric entropy functional does
not count correctly the number of solutions.

We already pointed out what could potentially go wrong in generic models with
the plain Bethe and the subsequent replica symmetric approach. We argued in
Sect 77, that if a Gibbs measure satisfies a “decoupling principle” then its (true)
marginals satisfy the sum-product equations. This motivates the introduction
of the Bethe free energy without any reference to a tree, since its stationnary
points satisfy the sum-product equations. Furthermore this also suggests that
the replica symmetric free energy should be exact. For sparse graphical models
typical instances have no short loops so the decoupling principle translates to
the absence of long range point-to-point correlations. For such models it is the
absence of long range point-to-point correlations that is at the heart of the
success of the replica symmetric approach. These arguments suggest that the
failure of the replica symmetric formula for the free energy, e.g. in K-SAT when
the constraint density increases, is related to the appearance of long range point-
to-point correlations.

The subject of long range correlations is a very subtle one which we will be
able to clarify only once we have developped the cavity method. For the moment
we just mention that besides point-to-point correlations there is another type of
long range correlation - called point-to-set correlation - which may exist even if
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the replica symmetric free energy remains exact. Point-to-set correlations are not
visible in the static properties such as the free energy, which remains analytic
even in their presence, but they are responsible for a slowdown of the dynamics
of algorithms.

In statistical mechanics of low dimensional Ising type models on regular grids
there is a well developped mathematical theory of long range correlations and
of their relation to the coexistence of extremal states (or measures). The Gibbs
measure then has to be described by a convex superposition of these extremal
states. Although it is very much of a challenge to develop some similar rigorous
theory in the context of spin glass or constraint satisfaction models, analogous
heuristic concepts form a conceptual framework at the basis of the cavity method.
The cavity method boldly pushes the idea of convex decomposition of the Gibbs
distribution to its limit in the sense that we will postualte a convex superposi-
tion with an arbitrary number (possibly exponentially large in n) of extremal
states. Once this is accepted and extremal states identified, the theory, although
technically challenging, more or less flows. Indeed it turns out this convex su-
perposition defines a new factor graph model which can again be analyzed by
the sum-product equations and Bethe free energy functional. That we can again
revert to these techniques ”one level up” is one of the fascinating aspects of the
subject.

The approach taken in this chapter is not algorithmic. However, besides allow-
ing us to understand the phase diagram of K-SAT, the cavity method suggests
new efficient message passing algorithms discussed in Chapter ?7.

Coexistence of states

For concreteness we illustrate the notions of extremal or pure states and their
coexistence in the framework of the best understood case, the Ising model in-
troduced in Sect. 2.1. This is a very brief and informal overview of the subject
which will suffice for our purposes.

Let us quickly summarize a few features that will be needed from the phase
diagram of the model for dimensions greater or equal to two where phase transi-
tions are present. The reader can refer back to Sect. 4.9 for more specific details.
Consider the model on a cubic subset of a regular grid A C Z¢, d > 2 with
Hamiltonian

HA(ﬁ) =-J Z iS5 — thl (].6].)

(i.j)EE =

where J > 0, h € R, E the set of edges in A, V' the set of vertices in A. For
convenience we center the cube A at the origin o = (0,---,0) € Z%, and consider
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the local magnetization

(si)a(B,h) = Zi > sie M) (16.2)
A S

at any fized vertex i € A C Z¢. By fixed vertex we mean that its coordinates
are fixed independent of the A, for example this vertex could be the origin itself
i = o. We consider the thermodynamic limit of the local magnetization along
any sequence of cubes centered at the origin A 1 Z¢, and call this limit m(3, h).
It can be shown that this limit is independent of the chosen vertex as long as
its coordinates are fized. For any (8,h) not on the coexistence line, i.e. such
that 8 < . or h # 0, the limit m(3, h) is an an analytic function. But on the
coexistence line, i.e. (8 > B, h = 0), the thermodynamic limit is discontinuous
limy, 0, m(B,h) = mx(B) (with my(8) # m_(B)). In particular, for 8 < S,
the limit h — 0L is unique and by the spin flip symmetry of the Hamiltonian
m(B,0) = 0.

This can be generalized to any Gibbs average (sx)a (3, h) where sx = [[,cx si
for any fized and bounded subset X C A (more generally one can consider any
function of s with local support). Away from the coexistence line, 8 < S, or
h # 0, limy_,7a(sx)a (5, h) is analytic and in particular

Jm lim (sx)a(B,h) = {sx) (16.3)

is unique. On the coexistence line the limit is in general not unique (for the Ising
model due to spin flip symmetry both limits will be identical if X contains an
even number of vertices)

Jm hm (sx)a(B,h) = (sx)x (16.4)

The set of all limits (16.3) and (16.4) when X runs over all bounded subsets of
7% esssentially defines infinite volume Gibbs states or measures for the zero field
Ising Hamiltonian (in other words (16.1) with A = 0). Away from the coexistence
line we obtain a “high temperature state” (—) with zero magnetization, and on
the coexistence line we have constructed two “low temperature states” (—)4 and
(—)_ with magnetizations my(8). From the two states on the coexistence line
one can form an infinite family of mized Gibbs states by convex superpositions,

(o =w(=)++(1-w){-)-, 0<w<1 (16.5)

One can prove that the low temperature states (—)i, as well as the high
temperature state (—), are extremal or pure in the sense that they cannot be
written as non-trivial convex superpositions (a convex superposition is non-trivial
if the weights in the linear combination are not equal to zero or one). One can
also prove that an extremal or pure state satisfies the clustering property. This
property states that there is no long range correlation in the sense that for any
two bounded distjoint sets X and Y,

(828 Yextr — (SX extr(SY Yextr — 0, dist(X,Y) — +o0 (16.6)
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where (—)extr stands for any extremal state (away from the critical point the
decay is exponential in the distance between X and Y and becomes algebraic at
the tip of the coexistence line). On the other hand a mixed state cannot satisfy
the clustering property and displays point-to-point long range correlations. This
is easy to see. Indeed using (16.5) and (16.6) one finds

{825y )w = (8x)w(sy)w = w(l —w)({sx)4 — (sx) ) ((sv)+ = (sv)-) (16.7)

as dist(X,Y) — +oo. The prototypical case is X = ¢ and Y = j with |i — j| —
400, where one finds (5;5;)w — (Si)w(8j)w — 4w(1 —w)m(B)%. In a non trivial
mixed state we necessarily have “point-to-point” long range corelations.

It is noteworthy that when one can show or argue that long range point to point
correlations are present then necessarily there must exist more than one extremal
state. One can then ask among all possible non-trivial convex superposition is
there one which is more natural than others? This is not a very well defined
question and depends on the problem at hand. For example for the Ising model if
we want to describe an infinite volume state which is invariant under translations
and a spin flip transformation then it is natural to choose the convex combination
with weights w =1 —w =1/2.

Even when one knows that more than one extremal state exists, one should not
have any prejudice on their number. First of all there is in general more than one
way to construct an extremal state. For the zero field Ising model for example
we described above two low temperature states by using an external symmetry
breaking infinitesimal magnetic field which then tends to 0+. But one can con-
struct the same states by letting h = 0 and breaking the symmetry thanks to
boundary conditions by fixing the spin assignement on the boundary of A to
all pluses or all minuses. It turns out that this yields the same states as above
(—)+. But clearly one can imagine other boundary conditions or infinitesimal
inhomogeneous magnetic fields. For the two-dimensional Ising model it is proven
that the picture described above is complete. Away from the coexistence line the
infinite volume Gibbs state is unique while on the coexistence line (excluding
the critical point) there are only two extremal states. Any other infinite vol-
ume Gibbs state is a convex combination of these two extremal states. But the
situation is richer in higher dimensions d > 3 where other extremal states cor-
responding to interfaces between a positive and negative magnetization regions
can be constructed.

Convex superposition ansatz for models on sparse graphs

We now turn to generic spin glass models on sparse graphs keeping in mind our
main application which will be the K-SAT problem. Our discussion applies to a
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Gibbs distribution of the form (11.1)
1
plz) = l:[ fa (z9a) (16.8)

where the underlying factor graph is sparse and locally tree like. The measure is
random in the sense that it belongs to an ensemble (e.g. the usual K-SAT en-
semble) but for teh moment we consider a fixed instance. We pointed out in the
introduction to this chapter that a failurem of the replica symmetric formula sug-
gests the presence of long range point-to-point corelations are present in typical
instances. This is the case for K-SAT above a certain constraint density as shown
in Sect. 12.6. Our experience with low dimensional statistical mechanics models
on regular grids, such as the Ising model, then suggests that many “extremal” or
“pure
ematical theory of such notions for generic spin glass or constraint satisfaction

bR

states” must coexist. Unlike the Ising model we do have a good math-

models. Nevertheless we will assume some sort of analogous notions exist and in
particular we will assume that in “extremal states” (those that cannot be written
as a non trivial convex superposition) the point-to-point correlations decay “fast
enough”. Let (=)o, @ = 1,..., N be the set of all “extremal states”. Because
it is not clear how to select one such state we attempt to capture the infinite
system Gibbs measure when none of them is selected in particular. One must
then represent (16.8) as a convex superposition

N
p() = D wal-)a- (16.9)

We now have to discuss two issues. How can we concretely represent or approx-
imate (—),? What are the natural weights w, that we should take?

We pointed out that on a sparse graph when point-to-point correlations de-
cay the sum-product equations are satisfied by the (true) marginals of (16.8).
Therefore each “extremal state” (—), has marginals that satisfy the sum-product
equations. We will therefore identify these states with messages {u,,, 1o, },
a=1,...,N that are solutions of

ps (33) — [Tyeoina ﬂba?i(ﬁi)
et >0, Hbcoina Ao (i)

(16.10)
~a N Z'\"Ei fa(waa)njgau\i H;‘Yﬂa(‘lh)
flai(i) = o Ja@oa) Ijcom 5o (@)

Here we enforce the normalization in the sum-product equations in order not to
overcount messages that are equivalent up to a normalization factor. Moreover
we expect that such states should be stable with respect to small perturbations
so we only consider solutions that correspond to local minima of the Bethe free
energy functional (11.18). The Bethe free energy of the state (—), is the value
of the functional at such a minimum of state (=),

Fo = Foeone [1%, 1] . (16.11)
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States which have marginals satisfying the sum-product equations and which are
minima of the bethe free energy functional play the role of extremal states and
will be henceforth called Bethe extremal states.

Let us now turn to the choice of the weights w,. Consider first the K-SAT
problem at zero temperature. Then p(z) is nothing else than the uniform measure
over solutions assuming we are in a SAT phase where solutions exist. Clearly in
that case we should take w, = Q./ 22[:1 Qu, Q4 the number of solutions in
the zero temperature limit of the state (—),. The natural finite temperature

generalization of this weight is

e (16.12)
Wo = — 16.12
Za:1 e—ﬂFa

This can be checked heuristically from the thermodynamic relation F,, = U, —
B~1S, where U, is the internal energy of the state and S, its entropy. In a SAT
phase the ground state energy vanishes so limg_, o BFo = —limg 1o Sa =
—In ), and (16.12) reduces to wy, = N4/ ngzl Qgq.

To sumarize we arrive at the following ansatz for the convex representation of
(16.8)

N _
D1 PFa (=)o
SN e—BF.

a=1

u(-) = (16.13)
The sum over « is over extremal Bethe states. In practice these are identified
with messages {u, ., uo_,;}, o = 1,..., N satisfying sum-product equations and
which are local minima of the Bethe functional.

The most informative quantity which we will compute and allows to determine
the phase diagram and various thresholds is the number of extremal Bethe states
that effectively contribute to the sums over « in the numerator and denominator
of (16.13). In the next section we set up the necessary formalism to determine
the number of relevant extremal Bethe states.

Counting states: level-one model and complexity

In generic constraint satisfaction problems or spin glass models it is expected
that at low temperatures there exist numerous extremal states corresponding to
minima of the Bethe free energy functional. It is useful to have in mind as a
mental picture to think about the Bethe functional as an ”energy landscape”
in the space of messages {fq—i,isa} € R4E! depicted on figure 16.1. The
energy landscape contains many critical points (minima, maxima, saddles) that
are solutions of the sum-product equations, but at low temperatures essentially
only the low lying minima are those that contribute to the convex superposition.
The low lying minima are the relevant Bethe extremal states that we must count.
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— figure —

Figure 16.1 Cartoon of the effective energy landscape: a low temperature Bethe free
energy functional in a phase with many solutions to the sum-product equations

As we will see the number of relevant extremal Bethe states can be exponen-
tially large. In such situations their exponential growth rate can be computed
using a thermodynamic formalism. We introduce a partition function

Zy(x) =Y e Prhe, (16.14)

e

of an auxiliary system whose microscopic degrees of freedoms are extremal Bethe
states o = (pu®, i) and energy function (or Hamiltonian) is Fo, = Fetne[pt®, £%].
Here x is a real parameter whose use will soon become clear. For x =1 (16.14) is
precisely the denominator of (16.13), so = 1 is the natural value we should use
if we want to determine the number of extremal states that effectively contribute
to the Gibbs measure. But as we will see this choice for x breaks down when
there is a transition from an exponentially large number of extremal states to a
finite number of them. We will refer to the auxiliary model introduced here as
the level-one model.

In principle the sum in (16.14) should carry over extremal states or minima
of the energy landscape. However this constraint is difficult to implement in
practice and we will sum over all critical points of the energy landscape, i.e. all
solutions of the sum-product equations. At low temperatures we do not expect
that this makes a significant difference because in effect only minima effectively
contribute. We will refer to the auxiliary model introduced here as the level-one
model.

We now discuss how the level-one model allows in principle to count extremal
Bethe states. For now, we assume that we are in a regime where the number of
extremal Bethe states are exponentially numerous as a function of the system
size. The number of minima of the free energy landscape with free energies in
the infinitesimal interval [f — df, f] is equal to e">(/). The growth rate X(f) is
called the complexity, and can be interpreted as a ”"Boltzman entropy” for the
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level-one model. As n — 400 we approximate the sum as an integral

Zy(x) ~ /df B =pzf), (16.15)
and the free energy of the level one auxiliary model Sz f1(x) = — lim,,— 400 In Z7 ()
becomes

B () = min(5ef — 5(1) (16.16)

This is the usual thermodynamic relation stating that the free energy of the level-
one model is the Legendre transform of the entropy where the free energy f is
traded for the ”temperature” x. Assuming that X(f) is concave there is a unique
minimum f,(x) solving Sz = IX(f)/0f and we find X(f«(z)) = Bx(f.(x) —
xf1(x)). There is also a more direct way to compute the later function of z,
namely using the relation X(z) = df;(x)/0x~ . Now, setting # = 1 we find that
there are e”*(*=1) extremal Bethe states contributing to the convex superposition
(16.13) with free energies f.(x = 1)) obtained from the equations,

Ofi(x)

1 )
Ox 1

Slrx=1)= f*(le):B_lE(f*(le))—l—fl(x:l).

(16.17)

These formulas break down when the extremal Bethe states are not expo-
nentially numerous. In practice, when this is the case, one finds X(x = 1) < 0
which is not an acceptable solution. In a such a regime the correct prescription
is to enforce the condition that the complexity should vanish by taking the value
0 <z, <1 closest to z = 1 such that

Y(xy) = ag;gf)

=0, fe(xe) = f1(zy). (16.18)
In this situation there are a finite number of extremal Bethe states contributing
to (16.13)) with free energies fi(z.).

Typical predictions for the complexity

Before embarking in the substantially technical development of the cavity method
in the next sections this is a good point to illustrate the typical predictions of
this formalism for concrete models. We take here for concreteness the example
of K-SAT for K > 4 which is has the most generic behaviour and discuss the
complexity as function of the constraint density c.

We will see that the calculation of the complexity shows the existence of two
thresholds for the constraint density: the dynamical threshold aq(K) and the
condensation threshold a.(K) (see figure 16.2 for K = 4). For a < ay(K) we
find a zero complexity X(x = 1) = 0. In this regime there a single extremal
Bethe state and the free energy is equal to the replica symmetric prediction.
At ay4(K) the complexity jumps to a finite positive value, remains positive in
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— figure —

Figure 16.2 The complexity of 4-SAT as a function of the constraint density «.

an interval og(K) < a < a.(K), vanishes at a.(K) and then becomes negative
Y(x =1) < 0. As we will see the free energy is still given by the replica symmet-
ric formula all the way up to a.(K) and thus remains analytic. The dynamical
threshold a4(K) does not correspond to a static phase transition but rather
it affects the dynamical properties of the model (e.g. the mixing time of sam-
pling algorithms such as MCMC) due to the proliferation of extremal states. At
a.(K) there is a non-analyticity of the free energy and replica symmetric formula
breaks down. This is a static phase transition called condensation transition be-
cause the number of extremal Bethe states that contribute to the Gibbs measure
changes from exponentially many to a finite number. We will also discover that
for ay(K) < a < a(K) the convex superposition has marginals that still satisfy
the sum-product equations. At the same there are no long range point-to-point
correlations in this regime (and also for a < aq(K) since there is only one state).
Above a.(K) there are long range point-to-point correlations and the marginals
of the Gibbs measure do not satisfy the sum-product equations.

Level-one model as a factor graph model

In order to make technical progress we have to compute the free energy fi(x)
of the level-one model. From there on, one can deduce the complexity and the
various thresholds, as well as the total free energy and internal free energies of
extremal states. At first solving the level one model may seem quite challeng-
ing. Indeed in the partition function (16.14) the microscopic degrees of freedom
{pé ., 15, } as well as the weights F,, are already complicated objects. More-
over we must take into account the the sum-product constraints (16.10)) in the
sum over microscopic degrees of freedom. The key point allowing such calcu-
lations possible here is that the level-one model is in effect just another factor
graph model. Once this is recognized we can essentially revert to all our usual
sum-product and Bethe formalism.
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Figure 16.3 On the left, an exemple of an original graph I". On the right its
corresponding graph I'y for the level-one model.

We first rewrite (16.14) more explicitly as

Zy(z) = Ze—wFBethe (ﬁ’ﬁ)]lsp(ﬂ7 Q) (16.19)

I

where the ”indicator function” A,,(u, 1) selects solutions of the sum product
equations (16.10). Note that in these equations we normalized the messages so
as not to overcount equivalent solutions. We explicitly represent this indicator
function as

11 ) = {HH B H I B (16.20)

with

[Tocoina fio—i(")
Aise =1 plisal’) = . lifbi;i\ailbﬁi(xi)

A o ~ ) o ZNTL fa("l"am)njeaa\i Hj—sa(z;)
Aa%z =1 /‘a%z(') - > fa(Eaa)Hjeaa,\i Hj—a(Ti)

) (16.21)

Toa

Recall that the Bethe free energy (11.18) has three contributions from variable
nodes, function nodes and edges. Thus each term in the sum (16.19) is

(e Mol a1 ) s

a€oi 1€0a edgesia

This last expression, when normalized by Z;(x), is the explicit form of the Gibbs
weight of the level-one model.

If T' = (V,C, E) is the original factor graph, then the level-one model has the
factor graph I'y = (V1,C4, E1) depicted on Fig. 16.3. A variable node i € V of
the original graph becomes a function node ¢ € C in the new graph, with factor

i =e " ] Aisa- (16.23)
a€di

A function node a € C' in the original graph becomes a function node a € C in
the new graph, with factor

Yo = T Ausis (16.24)
i€0a

An edge (a,i) € E in the original graph becomes a variable node (a,i) € V; in
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Parisi
at
~
P a'L*)z ma—)ai ..
,(/) ar1s1D<— -~ ¢Parlsl
> UA _,Iil a

mz—)az (Vi—ma’/a—n') Mai—a

Figure 16.4 We use the letter m for messages outgoing from a ”level-one variable
node“ and m for messgaes outgoing from a ”level-one factor node*.

the new graph. There is also an extra function node attached to each variable
node of the new graph, or equivalently attached to each edge of the old graph.
The corresponding factor is

Pai = T (16.25)

With these definitions the Gibbs weight of the level-one model has the structure
of a factor graph model (with three sort of factors),

T ¢ T s (16.26)

zEV aeC ai€E

pa(p, i)

Message passing solution of the level-one model

Level-one sum-product equations

Our first task is to compute the marginals of (16.26). These are distributions over
{li—a, fli—sa}; sO they are distributions of distributions. If the level-one factor
graph was a tree (this would be the case if the original factor graph was a tree)
the sum-product equations would give the exact marginals. This is not the case
but can still be fruitful (e.g. for K-SAT) to use the sum-product equations, much
as this was a successful idea in coding and compressive sensing.

The sum product equations for (16.26) involve four kind of messages shown
on figure 16.4. Messages flowing from a "level one function node“ to a ”level-one
variable node*“ satisfy

Mg—ai X § Ya H Maj—a

~(Mizsa Ba—i) aj€da\ai

§ A —xzF,
= Aa—n'e H Maj—a

~(Hi—asHa—i) aj€da\ai
and

Mi—ai X E 7/)1: || Mpi—i

N(M’i%a7ﬁa~>i) bieai\ai

= E z—>ae H mbz—m

N(Mi%ayﬂaﬂl) bleal\az
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Messages from a ”level-one variable node“ to a ”level-one function node* satisfy

Fq Fa

oF. . ~ oF. . ~
Mai—i = € “Ma—ai, Mai—a = € “Mi—ai-

Notice that mg;_; is independent of fi,_; and mg;_s, is independent of f1;_.q.
This allows to simplify the four message passing equations. To achieve this sim-

plification define two distributions (of distributions)

Qi%a (/«Li%a)mai%aa @a%i (//ff\aﬁi) = Mai—i (1627)

which flow on the edges of the original factor graph I' = (V,C, E). It is easy to
see that the four message passing equations above reduce to

Qasi(flasi) Zﬁ Ao Fa=Fai) [Tjco0i Qi—alttj—a) (16.28)
Qi—»a(ﬂi—m) o8 ZE Ai—>ae_gc(Fi_F(”v) Hbe@i\a Qb (ﬁb—n’)-
In this form the level-one sum-product equations are often called cavity equations
and the distributions (16.27) they connect cavity messages. Note that cavity
equations (16.28) do not make any reference to the level-one graph I'; and we
can revert to the original one.
The = dependent exponentials in (16.28) are sometimes called reweighting
factors. Their explicit expressions (obtained from (11.18)) will be useful later
on,

e~ (FimFai) — Z H Lb—yi(i), e~ (Fa=Fai) — Zfa@%)a) H ,ujﬁa(xi)

zi bedi\a Zoa djea\i
(16.29)

Note that these are in fact the normalization factors in (16.10).

Level-one Bethe free energy

The Bethe free energy functional of the level-one model is a functional of the
cavity messages (16.27). We could derive it as in Chapter 11 by first deriving
the exact free energy fi(x) on a tree, and then take this expression as a defition
for general graph instances. Alternatively we could write down a functional of
the cavity messages such that its stationary points satisfy the cavity equations
(16.28). But we can also guess the fomula. It is basically given by the usual
definition, but with the extra feature that it must contain the degrees of freedom
(i, 1) must be correctly weighted. This is enough information to guess (and check
a posteriori) that the Bethe free energy functional is

Foone@ Q) =D Fit > Fam Y Fui (16.30)

eV acC aick
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where

fi({@bﬁi}beai) = —% IH{Z e vk H @bw}, (16.31)
n

beoi

Fa{Qjmatjcoa) = ;m{ZexF“ 11 Qj%}, (16.32)

1 j€da

- 1 ‘ _
Foi(Qisa, Qa—i) = — ID{Z e_xF“Qi%aQaﬁi}. (16.33)
o

We will see when we apply the formalism to K-SAT that an ”averaged “ form of
this expression yields the so called ”one-step replica symmetry broken* formula
for the free energy. This allows to calculate the free energy in regimes where the
replica symmetric formula fails.

Complexity functional
We saw in Sect. 16.3 that the complexity is given by X(z) = dfi(x)/0x1.
Within the Bethe formalism we have Y ... = %}"Bmc. One finds
ZBethe(Q7 Q) = Z ZZ + Z Ea - Z Eai (1634)
=% aeC aicE

where

> Fiem ™ [lyeas Qbosi

Si({@bitveoi) = —aFi +a = , (16.35)
de_mFi Hbeai Qb%i
ZH Fa€_£F"’ Hjeé)a Qj—m
Ya({Qjsatjcoa) = —2Fa +1—= : (16.36)
J—afje Zﬁesza Hje@a Qj—>a
~ AFaie_rFai i a/\a i
Eai(Qi%au Qa—)i) = _x]:ai + «/L'ZH’H Q _>AQ - . (1637)
> € QinaQani
Comparing (16.31)-(16.33) and (16.35)-(16.37) we see that
Frothe = <FBet11e>CaV - IilZBethe' (1638)

A bit of thought shows that the bracket (—)c.y is the Gibbs average of the
level-one model calculated from the cavity messages. Relationship (16.38) was
expected on thermodynamic grounds but it is reassuring that it can be derived
explicitly in the present framework.

In the application to K-SAT we use an "averaged“ form of the complexity
functional to calculate the dynamical and condensation thresholds.
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Simplifications for z = 1

We argued in Sect. 16.3 as long as the complexity is non-negative we should set
x = 1 in the level-one model. It is fortunate that in this case a large portion
of the formalism above can be simplified by eliminating entirely the need for
reweighting factors. This makes the computation of the average complexity and
thresholds much simpler both theoretically and numerically.

Free energy for z =1

Let us first discuss the level-one Bethe free energy. Replacing (?7)-(??) in (16.31)-
(16.33) we find

FBethe(Q? Q) }ZE:l = FBethe(Havagav> (16.39)

where the right hand side is the usual Bethe free energy expressed in terms of
average messages,

B (@) = Y pinsa(@)Qinalpiosa)s H5i(1) = Y flasi(@:)Qasi(flasi)-
Hi—a ﬂa—n’,

(16.40)
It turn out the average messages satisfy the usual sum-product equations,
{umm = ocona M5i(22);
13y () = Zxaa fa(zaa) Hjeaa\i N;v—m(wj)-

To prove (16.41) we notice that (16.39) and (16.40) imply (6zG is an infinitesimal
variation of G with respect to R)

(16.41)

z=1 (6 av FBethe)Mi—)a(xi)

Hisa

6Qi4>a ‘FBethe

00, . Fsewme| ;1 = (Oaav, Freme) flisa(Ti),

therefore if (Q, Q) is a stationary point of Fype|z=1 then (u, i) is a station-
ary point of Fy.,... Thus the cavity equations for (Q, Q) imply the sum-product
equations for (u™, **). This conclusion can also be reached by a direct calcula-
tion starting from the cavity equations for x =1 .

Equations (16.39) and (16.41) are quite remarquable. They suggest that as
long as the choice x = 1 is valid the average free energy is given by the replica
symmetric formula. In K-SAT for example we will see that this is the case for
a < ag where X(xz = 1) = 0 and also for ey < o < ¢ where X(z =1) > 0. In
particular there is no static phase transition in the whole regime where z = 1, i.e
for a < ., and to access the free energy we do not have to solve the full cavity
equations. Of course to determine oy and a, we must compute the complexity
but for this quantity also we will shotly see that the cavity equations can be
simplified.
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Conceptually u2v,, and fi2¥,, are very natural messages to consider. Suppose
for the sake of the argument that Q(u;—.) and Q(,&iﬁa) are the true marginals
of the level-one model. Then the average messages are the Gibbs averages of
the dynamical variables of the level-one model, much like the magnetization is
the Gibbs average of the spin variable. In other words if we sample among the
set of solutions of the sum-product equations (16.10) according to the weight
e Feemne /7, (x = 1) these are the expected messages that we get. From these
expected messages one can derive marginals of the convex superposition (16.13).
It is quite remarkable that the average messages satisfy the usual sum product
equations. But one must bear in mind that they do not describe extremal Bethe
states but their convex superposition. To summarize, one must bear in mind that
even when belief propagation correctly computes marginals of a measure p(x)
(e.g. (?77)) this does not ncessarily mean that we are able to access the marginals
of pure states. This is the case only when there is a single pure state. This has
an important algorithmic consequence for example for finding solutions of K-
SAT. For a < aq there is a single extremal Bethe state and belief propagation
marginals give us useful information for finding solutions (e.g. when decimation
is used). However for ag < o < a, the belief propagation marginals do not
correctly represent the marginals of the extremal states and cannot be used to
find solutions. We come back to these matters in Chapter 77.

Complexity for x =1

We now turn to the Bethe complexity for = 1. According to (16.38) and (16.39)

= Foeone (p™, ™) (16.42)

EBethe|m=1 = <fBethe>cav’x=1

The second term is computed by solving usual sum-product equations instead
of the complete cavity equations, but the first term in the present form still
requires to compute complicated averages (F})cav, (Fa)cav, (Fui)cav read off from
(16.35)-(16.37).

Let us start with (F})cav. Replacing (?7?) in this average and setting x = 1 we
find

2 ln{Zm [Tco: ﬂb—m‘(xi)} S o, Hieoi fiv—i(:) Qb
v=t 2 2a, Lbeoi fib—i(2:) Qosi
50 . Moo (00) | . T i) Qoc
2w, Hoeai A3%i(w0)
= Zln{z 1T gb%(xi)} > v (@) ] Rosilisilzi) (16.43)

(Fi)cav

z; beoi bedi

where in the last line the weighting factor over messages is expressed thanks to



16.6 Simplifications for z =1 323

the average marginal

Hbea e €N
v (x,) = : ! (16.44)
Z:}c1 Hbeaz Iu’b~>z (xl)
and the conditional distribution over messages
Mb%z(xz)Qb%z
Rysi(fuysi| i) = =m0t 16.45
— ( — ‘ ) ,ub_m(xl) ( )

Now we turn to (Fy).... Replacing (??) in this average and setting x = 1 we
find

50 . Ticon tion(03) | S, ) Mo i (215
Faleolos = S S Jal@00) Ticon 50 (1) Qiva
S0 5, ) i ) | Sy, foo) T Qi
- > von fa(@0a) Ticon 150 (@0)
= Zln{z fa(@oa) [] tizal(zi }ZV voa) || Risa(pivsalz:)

Toa i€0a Toa i€da

(16.46)

where the weighting factor over messages is again expressed thanks to an average
marginal

fa(@oa) [Ticpq Hitsa(@i)

Vo' (Toa) = = (16.47)
VT Y Fa@o) Ticon 150 (@)
and the conditional distribution
ui*ﬂl(xi)Qi%a
Risa(pisalri) = —————— 16.48
maltimalt) =T @) (16.48)

Similarly for the last term (Fj;).., using (??) we find for x = 1
Zﬁ@ IH{ZM ﬂaei(xi)#iaa(ffi)} Zmi ﬂa—n’(%)@a—nui—m(l’i)Qi—m
i 2oy fa—si(2:)Qassitti-sa(2:)Qi—sa
Zﬁa& ln{in ﬂaai(ﬂfi)uwa(xi)} D, frasi(2)Qasittisa (i) Qissa

Do (T i)M?La(xi)
- Zln{z /~La~>z l'z lffzﬁa xz }ZV ,ua~>2|xz) zﬂa(ﬂi%a‘xi)

(16.49)

<Fai>cav| =1 =

x

where

laaﬁz( )u;,ﬁa (I’L)
Zzl lua—n (xl )lu’z—nz( )

vei (i) =

(16.50)
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So far we have shown that (Fgethe)cav |x can be entirely expressed in terms of

=1
the average messages 12" ,,, 13", , and the conditional distributions Raﬂi(ﬂaﬂﬂxi),
R a(lti—alzi). We have already seen that the average messages satisfy the usual

sum-product equations. We will now show that the conditional distributions sat-

isfy similar equations that are only slightly more complicated. Multiplying the

cavity equations (16.28) by fiq—i(x;) and fiq—;(2;), and using the expressions of

the reweighting factor (16.29) we get for x = 1

:uzﬁa(xz)Qz%a /J'zﬁa ZAZ—NL H /ffb—m Qb—)z(/‘b%z)

bedi\a

,ua—m(xz)Qa—)z Ma—)z Zfa Toa ZAa—n H Hj—a .Z‘] Q]—)a(/j/]—ﬂl)

~T; j€da\i

Dividing each member of these equalities by p2Y, (z;), 2, ,(z;) and using the
sum-product equations (16.41) one finds a closed set of equations linking the
conditional distributions,

R, (/Ji—)a ‘xz) Zu A Hbeaz\a Rb%z (,[14 b—i |(E )
Ra—)i (ﬂa—)i‘xi) ZNIi 7Ta,l(afaa\i|J:1) Z Aa—n Hjeaa\z R]—>a (/1/]—>a|x])
(16.51)

where

fa(xﬁa) Hjeaa\i M;v—)a ($J)
Ewi fa(zaa) Hje@a\i U;Sa(xj)

These equations are quite similar to standard sum-product equations and are
much easier to solve than the original cavity equations.

Let us summarize the main result of these lengthy calculations. To calculate
the complexity one must solve two sets of ”sum-product“ equations, the usual
ones (16.41) and (16.51). Then one obtains the total free energy from the usual
Bethe formula (see (16.39)) and the ”internal energy“ from (16.43), (16.46),
(16.49). Finally the complexity equals to the difference (16.42) of the total free
and internal free energies.

Ta,i(Toa\i|Ti) = (16.52)

Application of the cavity equations to K-SAT

We apply the general theory to K-SAT using the notations and parametrizations
of Sect. 9.4. Recall J;, = +1 (resp. —1) labels full (resp. dashed) edges and
s; = (—1)% = Jiq (vesp. s; = (—1)" = —J;,) does not satisfy a (resp. satisfies
a).

Messages f1;q and jlq_; are parametrized by fields hi_a, hasi (see (9.14))
so in the cavity theory all sums over messages become integrals over fields. To
ease the notations we will use a short hand notation for integrals over fields,
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[dhQ(h)---— [Q(h)--- and [dhQ(h)--- — [Q(h)---, when no confusion is
possible. Using (9.20) the constraints (16.21) become

Aiya = bia = 6(hisa — Z Jia i)

bedi\a
R . . 1 1 —tanh,;_,,
Bursi = Barsi = 8{harse — {1~ [ 17y,
j€da\i
Also, the weighting factors (16.29) become
Zisa = H (1 — JiaJip tanh hy_;)
bedi\a
+ H (14 JiaJsp tanh hy_y;)
bedi\a
1
Za—i =2 — ‘ H 5(1 - tanhj_m)
j€da\i

With these formulas the cavity equations (16.28) reduce to

{Qz—)a z—)a f{HbE{%\a Qb%z(hb—)z)} (Ziﬁa)a: 51'A~>a
Qa%z a~>z f{HJEBa\z Qjﬂa( j*}(l)} (Za%i)aj 5a~>i

From (16.31)-(16.33) and (11.47)-(11.49) we get the expression of the level-one
Bethe free energy for general @, Fpetne(z) = D, Fi(x)+ >, Fal®) = >, Fail),

Filw) = —a ! ln{/{ T Qusithas }(H (14 Jio tanh o _sy)

a€di a€di

(16.53)

x [] (1= Jia tanh iL,Hi)Y} (16.54)

beoi
Falw) = 1ln{ / { T Qb }(2 11 H?IW)} (16.55)
j€da j€da
]:ai(m) = - x_l ln{/{Qa%i(ila%i)Qiﬁa(hiﬁa)} (1 + tanha%i tanhi%a) }
(16.56)

Similar formulas can be obtained for the complexity from Ypethe = OFBothe/0T
In principle from the set of equations (16.53) and (16.54)-(16.56) one can deduce
all predictions of the cavity theory for K-SAT. In the next section we deduce the
one step replica broken (1RSB) formula for the average free energy; a formula
that contrary to the replica symmetric one is believed to yield the correct free
energy in all regimes.

In practice most important information about the phase diagram (e.g. the
location of the thresholds) can be accessed from the complexity for =z = 1.
We now derive the formulas for this case. We introduce ”average fields“ to
parametrize average messages fi2v, ., u2v, , similarly to (9.14), namely h?¥ =
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LIn(p™(—=J)/u*(J)) (dropping edge subscripts and hats). Then because of
(16.41) the average fields satisfy the usual belief propagation equations (this
follows by the calculation shown in Sect. 9.4),

{{L?La = 2vecoia Jiaihp i, (16.57)
ety = 3 {1 =T cpq, 3(1 — tanh h3Y, ) }.

The other set of sum-product equations (16.51) links the conditional distributions
(recall s; = (—1)*%)

{Riaa(hiaabi) = f{Hbeai\a éb%i(hbﬁﬂsi)} disa
Roi(hasilsi) = Zwsi Wa,i(saa\i‘si) f{Hje(’)a\i Rj%a(hjaa|3j)} da—i
(16.58)

where for K-SAT
Ta,i(S9a\i|5i) = recalculate this expression (16.59)

The internal free energy is derived from (16.43), (16.46), (16.49). We find the
following three contributions

<Fi>cav 1 = ZV;V(SZ)/ H Raﬁi(ilaﬁﬂsi) ln{ H (1 + Jia tanh ilaﬁi)
Si a€oi a€0i
(16.60)
+ H (1 — Jiq tanh }Ala_n)}
a€di
. 1
Flms =S a0) [ ] R,»%<hm|si>1n{2 -~ e —tanhﬁa)}
Soa i€da j€da
(16.61)
(Faideav| ey = ZVZ;(Si)/Ra—m’(ila—m'|31)Ri—>a(hi—>a|$i)
X ln{l + tanh hy_,; tanhi_m} (16.62)

where

(1 + 5; tanh(z Jlbilg\;l)
boi

M| —

vi(si) =
V¥ (spq) = recalculate this

1 N
Viis0) = (14 sy tanb (2, 4 hE%,)

Finally the complexity for z = 1 is obtained by subtracting the internal free en-
ergy (given by (16.60)-(16.62)) from Fpgetne(h™,h ) (given by (11.47)-(11.49)).
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1RSB analysis for K-SAT

The cavity equations in Sect. 16.7 concern fixed instances. Here we analyze their
consequences for random instances from the ensemble F(n, m, K). This leads to
predictions called for historical reasons one step replica symmetry broken (IRSB)
predictions or formulas (information on the seemingly strange terminology which
comes from spin glass theory is found in the notes). It is important to keep in
mind that there are two levels of randomness involved. We pick a factor graph
at random so the messages @Q;q(-) and Qaﬁi() are random (as in usual mes-
sage passing in part II), and these random messages are themselves probability
distributions over random variables h;_q and hq_s;.

General 1RSB solution

To compute the ensemble average of the free energy one should in principle solve
(16.53) for each (typical) graph and then average (16.54)-(16.56) over all graphs.
Here we assume that in the large system size limit it is correct to treat the
solutions of (16.53) as iid random variables Q(-) and Q().

Let p and g be two Poisson(aK/2) random variables. These represent the
degree distributions at the variable nodes from the edge as well as the node
perspective. Then Q(-) and Q() satisfy

P q p q
d,s:rN/HQj h) HQ; h; (H l—tanhﬁzr)H(l—i—tanthLZ)
=1 =1 =1

{=1

q x p
+H(1+tanhﬁ+ [ - tanh i, > 5(h—=_hf = hy))
(=1

/=1 =1 =1
(16.63)
L K K-1 1 T
h distr L H (2 5 1— tanh hk;))
k=1 k=1
K-1 1
x §(h — 7111{1 — H 51— tanh hy,)}) (16.64)

Here the symbol =" means that the probability distributions of the right and
left hand side are equal. More precisely let Q(-), O(-) denote the distribution
of the r.v’s Q(-) and Q( ). Then in (16.63)-(16.64) the random variables are iid
with QF ~ Q(:) and Qg ~ O(+), which imposes selfconsistent conditions on the
distributions Q(-) and Q(-).

Similarly, from the assumption of independence of messages, the free energy
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of a the level-one model is given by the random variable

fi(2:Q(),Q(),p,q)

q
_1111{/1_[@2 hJr HQZ(EZ)(H 1—tanhhe +tanhhe
_ =1 1

{=1 =

P q T
-1-1_[(1—&-tanhﬁ+ H (1 — tanh b > }
(=1 =1
1ln{/HQk (hk) ( Hl_ta;hhk) }

e m{/Q(h)Q(ﬁ) (1 + t:nlllhtanh h)x} (16.65)

We are ready to formulate the precise 1RSB formula for the free energy. This
is done in a manner analogous to the replica symmetric formulas in Chapter 12.
Fix a trial distribution Q(-) of a random variable Q(-). Take K — 1 iid copies
Qr(.) ~ Q(), k=1,--- , K —1, define the random variable Q(.) through (16.64),
and call Q() the distribution induced by this same equation. Define the 1RSB
free energy functional

Finss(2:Q() = E[f1(2;Q(.), Q(.), p. )] (16.66)

where the expectation is with respect to @, p, ¢. The 1RSB formula states that
the free energy of K-SAT at finite temperature is given by the variational formula

- Jim I Z) = ma sup focen(a: Q) (16.67)
We shall not prove it here but similarly to the replica symmetric variational
problems the stationnarity condition for Q(-) yields equation (16.63). For the
maximum over x we must distinguish two cases. When it is attained at x = 1
the 1RSB formula (16.67) reduces to the replica symmetric solution (this was
shown for instances in the preceding section and is briefly shown again below
for the average free energy). This is the case for o < a.(8). As a increases past
ac(B) the maximum is attained for some 0 < z.(a) < 1 and the stationarity
condition is nothing else than the condition that the complexity vanishes.
Equ. (16.67) is conjectured to be exact. Thanks to an extension of the inter-
polation method developped in Chapter 13 it has ben proven that the 1RSB
formula is a lower bound to the free energy.

THEOREM 16.1  For any trial distribution Q(.) and any 0 < x < 1, the thermo-

dynamic limit of the free energy of SAT exists, and moreover is lower bounded
by the 1RSB formula

_ nEI-PDO %E[ln Z) > mrg[%)i] sup firss(z; Q(.))
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Reduction of the free energy to the replica symmetric solution for x = 1

We first demonstrate that for z = 1 the 1RSB formula (16.67) for the free
energy reduces to the replica symmetric result found in Sect. 12.6. Let us define
the random variables A" and h™™*Y through

tanh h* = /Q(h) tanh h, tanh h* = /Q(ﬁ) tanh h (16.68)

The distribution of h*" is induced by Q(-) ~ Q(+), and equation (16 64) defines
the random variable Q(-) ~ Q(-) which induces a distribution for 2. In fact,
for x =1, from (16.64) we can deduce the explicit relation between the random
variables h®¥ and h®’. Multiplying (16.64) by tanh h and integrating both sides
over h leads after a few lines of algebra (for # = 1) to the ”density evolution*
relation (see exercises)

o K1y

pav 1 {1- H (1 —tanhhy")} (16.69)
This result should not appear as a surprise in view of the general formulas (16.57)
(derived for instances). Now, putting z = 1 in (16.65) it is immediate to see that
the random variable f;(z;Q(.), Q(.),p, q) reduces to

p q
Ao = 1875 ) = n{ TT0 = anb ) [T+ tanhi )
=1 =1

z*@

q
(1 + tanh A™) H(l — tanh ﬁ;’“)}
/=1

~
Il

1
K R
+ ln{ H 5 (1 — tanh hzv)} + ln{l + tanh A* tanh ha"} (16.70)

If we call x(-) the trial distribution of A* that is induced by Q(:) ~ Q(-) the
1RSB free energy function (16.66) reduces to

frs(x() =E[fi(z = LA™, L ,p,q)] (16.71)
where the expectation is over x(-) and the Poisson(aK/2) integers p and q. We
recognize here the replica symmetric free energy functional, namely (12.40). The
replica symmetric free energy is obtained by maximizing the functional over x(-);
and not surpisingly the stationarity condition is the second ”density evolution*
equation

P q
W UEIN R N (16.72)
=1 =1
Finally we note that Theorem 16.1 implies the replica symmetric lower bound
(valid for all «)

— lim ﬁiE[ln Z] > max sup firss(z; Q(.)) > sup frs(x(+)) (16.73)

n—+oo DN z€[0,1] x(+)
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which we proved in Chapter 13.

1RSB complexity function for x =1

For specific instances we saw that the complexity at z = 1 is found by subtracting
the internal free energy contributions (16.60)-(16.62) from the Bethe free energy
(11.47)-(11.49). To compute the 1RSB complexity of random formulas we need
the averaged version these equations. For random formulas the average Bethe
free energy is already given by the replica symmetric free energy, i.e (16.71)
maximized over the trial distribution x(-). So we just have to discuss the average
of the internal free energy contributions (16.60)-(16.62).

We start with the averaged form of (16.58). These become relations between
distributions

R(h|s,h™) = 3 [ TTj—y BE (hels, b ™) TTE_y By (hels, by ™)
o (1_(2221 hj_ZZzl )) (16.74)
R(h|s,h™) = & > m(s1,,sx-1]s) [TIES! Ryc(hals, bi)

x6(h — 3In{1 =T[5 1(1 — tanh y,)})

where
m(s1, -+ ,SK—1|s) = recalculatethisexpression

The only level of randomness in this equation is in the average fields which are
solutions of the distributional equations (16.69) and (16.72). To better under-
stand (16.74) it is instructive to rederive these equations directly from the general
1RSB fixed point equations (16.63)-(16.64) for K-SAT. First define

QUhIE™) = Eqnm [Q(W)],  Q(AIA™) = E g ) [Q(R)]

where the conditional expectations mean that we ”integrate“ over () and Q such
that (16.68) holds. One should now bear in mind that the only randomness
in Q(h|h*) and Q(h|ha") is in h®¥ and h* (the overbar® is here to remind
us that, given the average fields, these distributions are not random, contrary
to Q, Q) These distributions satisfy exactly the same equations (16.63)-(16.64).
This follows immediately by taking the conditional expectation of these equations
and using the fact they are multilinear in Q’s and Q’s. Now define

) (1 + stanh )Q(h|h™)

(1+ stanh h)Q(h|h )7 R(h|s) = 7
1+ stanh h®v

1 + stanh hav

R(h|s, h™) =

The reader will note these relations are nothing else than an averaged version of
(16.48), (16.45). Tt follows that

Q(hh™) =" %(1 + stanh h*)R(h|s, h*),
s==+1
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and similarly for @(ﬁﬁza\’) Replacing these representations of Q and é in (16.63)-
(16.64) (more precisely in the conditional expectation of these equations) we
obtain (16.74).

At this point it is quite easy to see that the expected version of internal free
energy contributions (16.60)-(16.62) becomes (conditional on the average fields)

p q
Fue(h™ 1) = > v™(s) / HRJ(hzls,hZ"“‘V)HR;(hz\s,hz )

s==+1 (=1

p a P q
xln{H l—tanhh+ H tanhﬁ[)—1-1_[(1—|—tanhifr H 1 — tanhhy }
=1 =1 =1 =1

K

1
+ Z 81’ ,S /HRIC hk|3 hav ln{ U 5 1—tanhhk)}
—~ Z v (s) / R(h|s,h*)R(h|s, h™") ln{l + tanh / tanh h} (16.75)
S
where
1 Y. 7.
v (s) = 5(1 + stanh(z hy™ — Z hy ™))
=1 =1
v*™(s1, -+, Sk ) = recalculate this

1 oy :
v¥(s) = 5(1 + stanh(h® + A™))

Let us summarize. To find the complexity one first solves (16.69) and (16.72)
in order to find the distributions x(-),%X(:) of the average fields and obtain fgg,
Equ. (16.71). For each typical instance of the average fields one solves (16.74) to
find the distributions R(-| & 1, h), R(-| + 1, %) and obtain (16.75). Then one
computes the average internal free energy (the expecetation is with respect to
x(+) and Poisson integers p, q)

fine = E[Fu (0™, 07))] (16.76)

The complexity is finally given by

YirsB(@) = frs — fint (16.77)

Phase diagram of K-SAT at finite temperature

Figure 16.5 shows the 1RSB phase diagram in the («, 371) plane (i.e. constraint
density and temperature) plane. The 1RSB analysis predicts the existence of two
thresholds a4(8) and «a.(8), called the dynamical and condensation thresholds,
at which the nature of the convex decomposition (16.13) changes drastically. A
few values of the thresholds are given in Table 16.1 for § — +o0o and compared
to the SAT-UNSAT threshold for a few values of K. Note that the case K = 3
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[ %} (072 [

Figure 16.5 The 1RSB analysis predicts two thresholds aq(3) and cc(8). On the left
of the dynamical threshold there is only one extremal Gibbs state depicted by a large
ball. Between the dynamical and the condensation threholds the Gibbs distribution is
described by a convex superposition of an exponential number of extremal Bethe
states depicted by numerous balls. On the right of the condensation threshold there
are only finitely many extremal Bethe states that dominate the convex superposition.
The size of the balls represents their internal free energy.

stands out because ag = a.. It is only for K > 4 that the behavior is generic.
We briefly indicate how the thresholds are found and discuss their significance.

The easiest way to access the thresholds is to compute the complexity for
x = 1 by using a population dynamics method (see exercises). We first remark
that equations (16.74) always have (for all a) a trivial solution R(h| £ 1,h?V) =
8(h — hav), R(h| £ 1,h*) = 6(h — h*). Replacing this trivial solution in the
1RSB expression of the complexity for £ = 1 one finds a cancellation between
the free and internal energy contributions leading to a zero complexity. The
dynamical threshold is defined as the constraint density where a non trivial
solution appears for a > a(8). Therefore for oo < ag(3) the complexity vanishes
Y1rss(a) = 0, the replica symmetric free energy is correct, and one expects that
there is a unique Bethe extremal state. For o > a4(8) one has to select the
non-trivial solution of (16.74) which maximizes the 1RSB free energy functional.
One finds a complexity X1rgp(«) which jumps to a strictly positive value at
aq(B), and decreases monotonically until it becomes negative past a threshold
ac(8). A negative value for the complexity is not consistent and this means
that for a@ > «.(8) it is not correct to set © = 1. For ag4(f) < a < a.(B)
the value z = 1 is correct since it maximizes the 1RSB free energy. Indeed
recall since ¥1rgp(a) > 0 the maximum is attained at the right boundary of
the interval [0, 1]. In this intermediate regime of densities the theory predicts
an exponentially large, namely exp(n¥(«)), number of extremal Bethe states «
that equally dominate convex decomposition of the Gibbs distribution (16.13).
The 1RSB formula for the free energy F,, of the dominant extremal Bethe states
is given by (16.76) (the ”internal energy“ of the level-one model). The total free
energy is still given by the replica symmetric formula which is analytic. There
is no static phase transition in the whole range 0 < o < a,.. For @ > () the
complexity one cannot set = 1 and has to resort to the general 1RSB solution.
Equations (16.63)-(16.64) are solved by a population dynamics technique and
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K (671 Qe Qg
3 3.86 3.86 4.267
4 9.38 9.55 9.93

Table 16.1 Dynamical and condensation thresholds of K-SAT in the zero temperature
limit. Note that for 3-SAT the dynamical and condensation thresholds are the same. We
also indicate for comparison the SAT-UNSAT threshold computed in the next chapter

the average free energy and complexity of the level one model are computed
for all 0 < & < 1. The correct value z.(«) is the one that maximizes the free
energy, i.e.such that such that ¥(z.(«)) = 0. The complexity vanishes and the
number of Bethe extremal states dominating the convex decomposition of the
Gibbs measure is expected to be finite (or subexponential). The finiteness of the
dominant extremal Bethe states implies that the free energies are equal to the
1RSB free energy (16.67) (equivalently X(z.(a)) = 0 means that the entropy of
the level-one model vanishes).

For densities below the dynamical threshold there is a unique Bethe extremal
state and therefore belief propagation correctly computes the marginals of the
Gibbs distribution. For intermediate densities between the dynamical and con-
densation thresholds there are exponentially many extremal Bethe states. But as
we saw in this regime x = 1 and the cavity equations reduce to the belief prop-
agation equations. Therefore the belief propagation equations still yield correct
marginals. This is quite remarkable. The convex superposition (16.13) is not an
extremal Bethe state but its marginals still satisfy the sum-product equations.
For this reason the convex superposition is sometimes said to be a Bethe state
albeit a notationan extremal one. We already pointed out that the dynamical
threshold does not correspond to a static phase transition. Rather it is believed
to have some algorithmic significance. For example a Markov Chain Monte Carlo
algorithm will not be able to correctly sample the Gibbs measure. The conden-
sation threshold is a static phase transition threshold where the free energy has
a non-anlyticity. Sum-product equations do not correctly compute the marginals
of the Gibbs distribution.

Long range correlations

In section 7?7 we indicated that in Ising models there is an intimate connection
between the decay of correlations and the extremality of the Gibbs measure. This
is also true for constarint satisfaction models defined on random graph ensembles.
However the correct correlation functions have to be used. In the present context
two type of correlation functions have been discovered. Point-to-set correlations
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K a4 04,80,3 Qe (,80,3 s 005,80,3
3 3.86 3.86 3.86 3.86 4.267  4.268
4 9.38 9.55 9.55 9.56 9.93 10.06

Table 16.2 Thresholds of individual and coupled K-SAT model for L = 80 and w = 3.
Note that for 3-SAT the dynamical and condensation thresholds are the same. The
condensation and SAT-UNSAT thresholds correspond to non analyticities of the entropy
and ground state energy and remain unchanged (for L — +00). Already for w = 3 the
dynamical threshold saturates very close to a. and as.

defined as

Cli, B) = Y v(zop(v(ilzyp) —v(:))®

Zop

where B is the set {z;|{dist(z;,z;) > d}. Within the cavity method one can
compute limg_, o0 lim, 100 C(i, B and finds that the limit vanishes o < ay,
while it remains strictly positive for @ > «ay4. Moreover for all a < «, and all
randomly chosen bounded set of variables

El(v (i, wi,) —v(@i,) .- v(23,))°] = O(=)

1
n
This is similar to the decoupling property we discussed for the CW model. At
a, this decoupling property breaks down.

Thresholds of spatially coupled K-SAT

It is interesting to consider the spatially coupled version of the K-SAT model.
The same cavity theory can be applied and the RSB equations solved with the ap-
propriate boundary conditions. this allows to determine the dynamical and con-
densation thresholds of the spatially coupled model (see table ??). The numeri-
cal observations suggest that the condensation threshold remains invariant in the
limit of an infinite chain. This is consistent with its interpretation as a singularity
of the entropy. In fact one can prove by the interpolation method that the en-
tropy of the infinite coupled chain and underlying uncoupled model are the same,
and therefore . is the same for both models, namely limy,_, ;o ac(w, L) = a..
On the other hand it is observed that the dynamical threshold saturates towards
the condensation threshold in the limit of an infinite chain and a large coupling
range, namely limy, 1o limy o ag(w, L) = a.. These results are conssistent
with the interpretation of the dynamical threshold as an algorithmic barrier and
the condensation threshold as a static phase transition threshold.
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16.12 Notes

Problems

16.1 Population dynamics for z = 1.
16.2 Population dynamics for the generagl 1RSB solution.
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Survey Propagation Guided
Decimation Algorithm

In this Chapter we turn to one of the most fascinating aspects of the K-SAT
problem. Namely we want to devise good algorithms that are able to find with
positive probability solutions of random formulas up to - or at least very close
to - the satisfiability threshold as(K). In particular we also want to concretely
compute as(K).

Belief propagation guided decimation algorithms find solutions of random K-
SAT formulas for low constraint densities. However, as experimentally observed
in Chapter 9, such algorithms fail slightly below the dynamical (zero tempera-
ture) threshold ay4. The cavity method gives some intuition for the reasons of
this failure. When a4y < o < «a, the marginals computed from belief propaga-
tion form an average over all marginals of extremal Bethe states and cannot be
used to reliably fix variables that we decimate. For o > «, the situation is even
worse because long range point-to-point correlations appear and belief propaga-
tion does not even yield a correct average of marginals. Ideally, in order to find
solutions of a random formula for & > g one would like to sample directly from
Bethe extremal measures. While it is not really clear how this can be achieved,
one may hope to use the informaton contained in the cavity method marginals of
the level-one model - the surveys - to achieve something similar. In this chapter
we start from this insight to derive an algorithm, that goes under the name of
survey propagation guided algorithm, which successfully finds solutions above the
dynamical threshold. The algorithm is again a decimation algorithm but now the
decisions on the value that a variable should take are based on the surveys. It
should be stressed that this algorithm does not represent a correct sampling of
the uniform measure over K-SAT solutions and it is believed that it somehow
finds ”special” solutions. The problem of sampling from the uniform measure
over solutions of a random formula is not addressed here.

In order to use the cavity method marginals of the level-one model to find
solutions then one should apply the formalism of Chapter 16 at zero temperature.
However this is not quite enough. One difficulty is that we weighted the extremal
Bethe states by their free energy, which at zero temperature and in the satisfiable
phase reduces to their entropy (in the satisfiable phase their internal energy
vanishes since all constraints are satisfied). So when the temperature vanishes,
in the satisfiable phase the extremal Bethe states are weighted by their entropy.
One sometimes refers to this limit as the entropic cavity method. The entropic
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cavity method correctly captures the uniform distribution over solutions and
correctly predicts the dynamical and condensation thresholds, but it leaves out
all states that dont have maximal entropy as well as solutions within them. If the
goal is to construct an algorithm which finds some solution the entropic method
may not be the best one. Even more so, close to the satisfiability threshold where
the number of entropically dominant states diminishes. This leads us to consider
a variant of the cavity method, sometimes called energetic cavity method, where
extremal states are weighted by their internal energy instead of their free energy.
At zero temperature and in the satisfiable phase the internal energy vanishes and
the corresponding level-one model equally counts all states, not only those with
maximal entropy. This allows to define an energetic complezity function - the log
of the total number of extremal states - and identify as(K) as the density where
this complexity becomes negative.

In the next section 17.1 we formulate the energetic cavity method. This leads
to the a new set of message passing equations, the survey propagation equations,
derived in ??. This formalism is applied to given instances of K-SAT formulas
in section 17.3 and to random formulas in section 17.4 where we also compute
the energetic complexity and satisfiability threshold. In the last section 17.5
we come back to specific K-SAT instances and discuss the survey propagation
guided decimation algorithm. As we willl see this algorithm works for constraint
densities that come rather close to the satisfiability threshold.

Energetic cavity method

Recall the Hamiltonian formulation of the K-SAT problem in Chapter ?7. So-
lutions of a given K-SAT formula are the minimizers of a cost function (3.53).
In this section we wish to keep the formalism quite general so we consider cost
functions (or Hamiltonians) of the form

H(&) = ZEa(xaa) (171)

where E,(xs,) is the energy cost of an assignment {z;,7 € da} of the variables
attached to function node a. We will assume that min E,(zg,) = 0 for all a =
1,---,m. We seek zero energy minimisers, in other words assignments z which
simultaneously satisfy F,(zs,) =0 for alla=1,--- ,m.

Here we develop the energetic cavity method by directly tackling this min-
imisation problem. As will become clear later on the energetic cavity method
can be viewed as a suitable zero temperature limit of the general cavity method
developed in Chapter 16.
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Min-sum formalism

Just as the finite temperature cavity method is based on the sum-product equa-
tions, the starting point of the energetic cavity method are the min-sum equations
which we already encountered several times. These are a set of message passing
equations relating “energy costs”

Eisa(®i) = Xpeoina Evoi(@i) = Cina -
17.2

Ea—n'(xi) = mil.g, {Ea(xaa) + Zjeaa\i Ej—m(xj)} — Casi

Here we adjust the “normalization constants” C;_,,, Cq—; so that min E;_,,(x;) =
min F,_,;(x;) = 0. Min-sum equations are the stationary point conditions of a
Bethe energy functional,

EBethe[{Eiﬁa('), EG,*)Z()}] - Z E‘z + Z Ea - Z Em‘ (173)

with contributions from variable and function nodes, and edges,

E; = rI}ciin{Z Eyi(x)} (17.4)

beot
E, = min{Ee(z9a) + Y _ Eisval2:)} (17.5)
Foa i€0a
Eqi = min{E;_q(2;) + Eqsi(w:)} (17.6)

Note that we can shift the constant factors C;_,, and CA’a_ﬂ without affecting the
value of the Bethe energy functional (17.3).
From the messages we can also compute a “marginal energy cost”

E;(z;) = Z Eoia;) — min{z Eoi(z:)} (17.7)
acoi a€oi
These marginal energy costs can be used to guide a decimation algorithm in
order to find minimizers of the Hamiltonian.

As already pointed out in previous chapters (in the context of compresive
sensing) the min-sum formalism summarized above can be derived from the
sum-product equations and Bethe free energy functional by taking a suitable
zero temperature limit. The essential point is to represent the messages at low
temperatures as f1;_sq(2;) oc e PFioa@) and p, i(x;) oc e Fla—i(@i),

Landscape, complexity and level-one energetic model

When the factor graph is a tree the message passing equations have one valid so-
lution and the Bethe energy yields the exact ground state energy, i.e. min H(z) =
EBetne- At the same time the marginal energy cost (17.7) gives the exact excita-
tion energy, i.e. E;(x;) = min.,, H(z) — min H(z).

Here we are interested in cases where the factor graph is not a tree and the
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— figure —

Figure 17.1 Cartoon of the energy landscape. The horizontal axis represents the space
of energy costs {Eia(-), Fa—i(-)} and the vertical axis is the Bethe energy (17.3).

min-sum equations may have numerous solutions, possibly exponentially many
in n, which requires a statistical description in the spirit of the level-one model
of the previous chapter. The Bethe energy functional is viewed as an effective
energy landscape over the space of messages {E;_a(-), Fq_4(-)}, with numerous
minima, maxima and saddles. We consider models such that the energy landscape
has a large number of minima at vanishing energy as illustrated Figure 17.1 we
illustrates such an energy landscape for a model in its satisfiable phase where
there are a large number of minima of vanishing energy. We introduce a counting
function - the energetic complexity - which will enable us to count the minima
of vanishing energy. For € > 0 we set

"> Bethe(€) Je — Z 5(ne — Epethe({Fisa(-), Easi(-)})) de. (17.8)

stat points

where the sum is over the solutions of (17.2), in other words stationary points of
(17.3). The energetic complexity counts such stationary points which fall in the
energy band [ne, n(e+de)]. As e — 0 we expect that the minima are exponentially
more numerous than maxima and saddles and therefore we expect that only
minima contribute to

lim Ygethe(€).
e—0

The ensemble average of this complexity at zero energy allows to distinguish
between a SAT and UNSAT phases. Indeed we expect that it is non-negative if
and only if solutions exist (for typical formulas).

To make this discussion more concrete let us briefly ilustrate the situation for
random K-SAT. We will find that the average zero-energy complexity vanishes
for o < agp (called the survey propagation threshold), jumps to a positive value
at agp and then monotonically decreases until it becomes negative at a density
as(K) and looses any meaning. The interpretation is that there exists only one
minimum of zero energy for the Bethe energy functional as long as a < agp, then
an exponential number of such minima appear until the satisfiability threshold



340

Survey Propagation Guided Decimation Algorithm

— figure —

Figure 17.2 The average energetic complexity of the 4-SAT ensemble of random
formulas.

as(K) where no solutions exist and zero energy minima disappear. Figure 17.2
shows the average energetic complexity of the 4-SAT ensemble as a function of
a.

In order to compute Ypethe(€) we introduce the Laplace transform of (17.1)

+o00
(y) = / de e We—Tnerne (€)
0

_ Z e—yEBethe[{E’i*ﬂl(')’EA‘“‘”(')}] . (].7.9)

stat points

(1]

When the parameter y — 400 the sum on the right hand side is dominated by
the minima of vanishing energy, therefore

. . 1.

21_I>I(1) Y Bethe(€) = ygal_loo - In=(y) (17.10)
More generally, we can compute the complexity at any energy level, in other

words count the number of stationary points in any energy band [ne, n(e + de)].
For n — +o0o (17.9) formally implies

. 1. _ .
— lim —InZ(y) = I€n>161(y6 — YBethe(€))

n—4oo n
= Y€ (y) - ZBethe(e* (y)) (1711)

where €, (y) is the solution of y = X 1. (€4)-

Clearly, (17.9) is a new statistical mechanical model for a system whose “micro-
scopic degrees of freedom” are the energy costs satisfying the min-sum equations
(the stationary points of the Bethe energy functional), “Hamiltonian” given by
the Bethe functional, and “temperature” y. According to the general thermody-
namic relations the “free energy” —y~!In=(y) is given by the “internal energy”
€. (y) minus y times the “entropy” Ypethe(€«(y)). At zero “temperature” y — +oo
(and in a SAT phase) the internal energy vanishes, therefore lim, 1, =(y) re-
duces to the zero energy entropy Ygethe(€¢ = 0). Note that in this model the
energetic complexity is nothing else than a “Boltzman entropy”.
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It is also illuminating to clarify the connection between the energetic level-
one model and the more general one introduced in 16. In the level one model
of the prvious chapter the extremal Bethe states are given the Gibbs weights
e_B’fFBe“‘e[ﬁ’E]. In the zero temperature limit pu;_,q(2;) oc e AFima(@i) 1y (2;) o
e Fla—i(xi) gnd limg_ 4o FBethe = EBethe- We see that the partition function
(17.9) is recovered from (16.19) by letting 8 — 400, and & — 0 such that
Bx = y is fixed. The energetic cavity method appears as a special case of the
general cavity method developped in the previous chapter in a limit of very
low temperatures where we weight the extremal states according to their energy
instead of free energy. In this way when y — 400 the partition function =(y)
counts “zero energy extremal states” (or ground states) all with the same weight.

Factor graph representation of the energetic level-one model

The new partition function (17.9) can be represented as a factor graph model in
essentially the same manner than in section 16.4 for the general level-one model.
Here it will be sufficient to be brief.

To take into account the constraint of summing over solutions of min-sum
equations in (17.9) we introduce two indicator functions (these are analogous to
(16.21) and we abuse notation by using the same symbols)

Aiﬁa = ]].(Elﬁa() = Zbef)i\a Eb%i(') - Ci%a)>
ANgosi = ]I(Eaﬁi(xi) = Min~g, {Ea(xaa) + Zjeaa\i Ejﬁa(wj)} - Ca%i)'
(17.12)

Then, proceeding exactly as in (16.22)-(16.26) (and abusively using similar no-
tations) the partition function (17.9) can be written in the factorized form

Z(y) = Z H%‘ Hwa me (17.13)

{EBima(),Bami()} ° a
with
%‘ = eny,; H Ai—)aa wa = enya H Aa—>i7 '(/Jia = eerEm (1714)
a€di i€da

where we recall that F;, E, and E;, are the three contributions (17.4)-(17.6) to
the Bethe energy functional. The factor graph of the model is the same as the
one on the right of Figure 16.3.

Survey propagation equations and complexity of the energetic
model

Now that we have formulated the energetic level-one model in the factor graph
language (17.13) we can use our usual machinery to derive sum product equations
and a Bethe free energy functional.
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Survey propagation equations

The analysis is essentially identical to that of Section 16.5 and it is possible
to reduce the sum-product equations on the new factor graph (Fig. 16.3) to
a set of message passing equations with messages flowing on the edges of the
original factor graph. Messages are distributions over energy costs Q;—q(Fi—a)
and Qlﬁa( aﬁl) In the present context it is usual to call them surveys and the
set of resulting equations linking them survey propagation equations. The later
are analogous to (16.28),

Q\a—n(ﬁa—n‘) X ZE Aa—neiy(EaiEai) Hjeaa\i Qj—a(Eja)

Qi—>a(Ei—)a) X EE Aieae_y(Ei'_Eai) Hbe@i\a @b—)i (IE\b—n')-

We leave it as an exercise for the reader to show that the exponents in the

(17.15)

“reweighting factors” have the following explicit expressions
Ey— Egi =Comyi = ming,, {Ea(xaa) + Zjeaa\i Ejﬁa(zj)}

Ei — Eqi = Ciya = Milg, Y pepin g Epyi(2:)

(17.16)

where C’a_>i and C;_,, are the “normalization constants” in the min-sum equa-
tions (17.2).

Bethe free energy and complexity of the energetic model

The survey propagation equations are stationnary point equations of a Bethe free
energy functional. As usual on a tree this functional would be an exact expression
for n7'InZ(y)). Here we are not on a tree, but one may hope that the Bethe
functional forms teh basis of an exact 1RSB like formula for n~'E[ln Z(y)] (when
n — +00) where the expectation is over the ensemble of random instances. This
is believed to be the case in the applicatioj to K-SAT.

It should be clear to the reader (by now) that the expression for the relevant
Bethe functional is analogous to (16.30)-(16.33), that is

Foane(@ @9) =D Fi+ > Fa— > Fai (17.17)

i€V acC aicE

where

fi({@b%i}beaz ) =—y lln{Ze vE: H Qb%z} (17.18)

beoi
Fo{Qj=atjeoa) = —y 1IH{Z€ yEa H Qj_m} (17.19)
j€da
Fai (Qi*)aa Q\a%i) = —y_l ln{z e_yEaiQ/i*)aQ\a*}i}' (17.20)

787}
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In view of (17.10), the Bethe complexity for zero energy is found from

Spene(@ Q) = = lm _yFocuo(E, E;y) (17.21)

Survey propagation for K-SAT instances

We use our usual notations introduced for the K-SAT problem. The alphabet is
binary z; € {0,1} and we switch to the spin language s, = (—1)%. Full edges
(variable i appears un-negated in clause a) have J;, = +1 and dashed edges
(variable ¢ appears negated in clause a) have J;, = —1. Recall also that d; is
the set of constraints a such that J;, = £1. The cost functions F, defining the
Hamiltonian (17.1) are

1
E,(s0a) = H 5(1+Jm3i) (17.22)
i€0a

We keep in mind for later use that a constraint a is satisfied if for at least one
node ¢ € da we have s; = —J;,. Similarly it is unsatisfied if for all ¢ € da we
have s; = +J;4.

Energy costs E; 4 (s;), E’aﬁi(si) appearing in the min-sum equations are func-
tions of a binary variable s; = 4+1 and normalized such that their minimum
vanishes. It is not very hard to see that any such function can be parametrized
as

Eia(si) = |hisal + hisaJiasi, Eosi(si) = |hasil + hasidiasi  (17.23)

where h;_q, hqi are for the moment arbitrary numbers (“fields”). With this
parametrization the min-sum equations become (exercise)

hisa = X peoina Joidailv—i

}Ala—m’ = Hjeaa\i(l = 0(hj—a))

where 0(u) = 0, 1for u < 0, w > 0 the Heaviside function. Obviously messages
ha—; live in the discrete alphabet {0,1}; but what about h;_,?. We notice in
the second min-sum equation that only the sign of h;_,, really matters. In other

(17.24)

words, introducing the “sign function” sgn(u) = —1, 0, +1 for u < 0, u =0, u >
0, (17.24) are equivalent to

hisa = Sgn{Zbeai\a JbiJaihb%i}

}Ala—n' = Hjeaa\i(l - e(hj—m))

The message alphabet is thus entirely discrete, namely h;, € {—1,0,4+1} and

ha—i € {0,1}, and this reduction is a crucial simplifying feature of the energetic
cavity method.

(17.25)
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Equations (17.25) are sometimes called “warning propagation” equations be-
cause the messages can be nicely interpreted as “warnings”. For example hasi =
+1 is equivalent to E,—;(s; = Jia) = 42, Eq—i(8; = —Jia) = 0. Thus haesi = +1
is interpreted as a “warning”: given the information a receives from j € da \ i

it warns i to satisfy it (i.e. set s; = —J;,) otherwise this would incur an energy
cost. When h,—,; = +0, E,—;(s; = £J;,) = 0 so a warns 4 that both choices
s; = *£J;, are indifferent and incur an energy cost. Similarly h;,, = —1 is

equivalent to E; 4 (s; = Jia) = 0, E;q(s;i = —J;a) = +2; thus given the infor-
mation i receives from b € da \ 7 it warns a that it is forced to not satisfy it (i.e.
$; = Jia). Finally for hia = 0 we have Eia(si = £J;a) = 0 so i warns a that
it can take a random value, and for h;_,, = +1 we have Eio(si = Jia) = +2,
E;.(si = —Jis) =0 and ¢ warns a that it is forced to satisfy it. With these in-
terpretations the second warning propagation equation in (17.25) expresses that
if a receives a warning from at least one j € da \ ¢ that j can satisfy a (i.e.
hj_q = +1) then a can warn i that it is free to take any value (i.e. hq—y; = 0).
The first equation expresses that i is forced not to satisfy a (i.e. hicsa = -1)
when i receives from b € 9i \ a complete the sentence properly.

Since the essential object of interest is the zero-energy complexity (because it
controls the zero temperature phase diagram) we are interested in the y — +o0
limit of the survey propagation equations (17.15). In this limit only terms such
Ciya = 0 and C,_; = 0 survive. In fact (for K-SAT) Ca—i=0 anyway so
this does not yield an extra constraint in the sum. Indeed in (see (17.16)),

éa—>i = minsaa{Ea(Saa) + Z Ej—ﬂl(sj)}
j€Da\i

once we fix s; = Jj,sgnh;_,q for all j € Oa1, we can still fix s; = —J;a to achieve

Cy_; = 0. For the other constant we have

Cina=min{ D Epilsi)}
' beda\i
:n;i_n{ Z |ilb_>i| + s Z Jbiilb—m'}
' beda\i beda\i

= D> il =1 D Jvifsil

beda\i beda\i

where the last equality is obtained by setting s; = —Jp; to achieve the minimum.
In order to satisfy C;_,, = 0 we can allow 4p_,; = 1 on a certain number of edges
with the same sign and 4p_,; = 0 on the remaining edges that have both signs.
We can now work out the explicit form of the survey propagation equa-
tions (17.15) for K-SAT instances in the limit y — +oo. Consider the surveys
Qa-i(ha—:). These must satisfy Qqi(1) + Qa—i(0) = 1 and we will keep track
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only of Qaﬂi(l). We have

Qo) = 1(1= J[ (1=0(hj~a)) [[ Qi—alhj—a)

j€da\i j€da\i

h
[T @i-a-1) (17.26)

j€da\i

This equation says that the probability that a warns ¢ that it must satisfy it is
equal to the probability that all j € da\ i warn that they are forced to un-satisfy

a (here these are probabilities over the set of fixed points of the warning propaga-
tion equations which have zero Bethe free energy and the warnings are treated as
independent). Consider now the three other surveys Q; 4 (—1), Qi—4(0), Qi—a(+1),
namely the probabilities that ¢ warns a it must un-satisfy it, is free to take any
value, must satisfy it. For Q;—,(0) we have

Qi—a(0) x Z 1(0 = sgn{ Z JbiJailAlbm})

i bedi\a
x 1(0= Z \hyi| — | Z JbihbaiD H Qvi(hipss)
beda\i beda\i bedi\a
= Z 1(0 = sgn{ Z JyiJaibo—i })
h bedi\a
x 1(0 = Z |]A7/b%i|) H Qi (hpsi)
beda\i bedi\a
=[] Qu-i(0)
bedi\a
= [[ @~ Q=) (17:27)
bedi\a

In words the probability that ¢ warns it is free to take any value equals the
probability that all constraints b € 9i \ @ warn they are satisfied. We leave it to
the reader to work out in detail the two other cases,

Qisa(1) Y 1(1= Sgn{ > Jbz'Jai’Albei}>

h bedi\a
x1(0= Z \hyi| — | Z Jbi;lb—n") H Qvi(hipss)
beda\i beda\i bedi\a
= { II a- Qb—n‘(l))}{l - II a- Qb—n(l))},
bedi\a:Jy; #Jai bedi\a:Jy;=Jas

(17.28)
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bedi\a

x10= > il = Y Jihwoil) [] @ooilhoi)

beda\i beda\i bedi\a

- { I1 (1—Q1Hi(1))}{1— 11 (1—Qbai(1))}

bepartiali\a:Jp;=Ja; bedi\a:JyiF#Jai

Qisa(—1) x Z 1(—1 = sgn{ Z JbiJaiiLbﬁi})
h

(17.29)

Equation (17.28) says the probability ¢ warns that it satisfies a equals the prob-
ability that 4 is forced to satisfy clauses with Jy; = J,; and free with respect to
clauses with Jy; # J,;. Similarly equation (17.29) says the probability ¢ warns
that it un-satisfies a equals the probability that i is forced to satisfy clauses with
Jvi # Jui and free with respect to clauses with Jy; = Jy;.

The four equations (17.26)-(17.29) are the survey propagation equations for K-
SAT when y — 400 and can be used in the satisfiable phase. The three equations
(17.27), (17.28), (17.29) must be normalized so that Q;—.(—1) + Qi—4(0) +
Qi—a(1) = 1. A bit of thought shows that (17.26) is already correctly normalized
(hence the equality line in the first line).

Energetic complexity and satisfiability threshold

With a bit more work (see exercises) one can derive from (17.21) the Bethe
formula for the energetic complexity at zero energy. The resulting expression is

EBethe(gv Q) = Z i+ Z Yo — Z Dai (1730)
with

Y= IOg{ H (1 - Qaﬁi(l)) + H (1 - Qaai(l)) - H (1 - Qa%iu))}

a€dyi a€d_i a€di
(17.31)
¥, = log{1 - H Qjma(-1)} (17.32)
jE€da
Bai =10g{1 = Qirsa(~1)Qai(1)} (17.33)

It is easy to check that the stationary point condition for ¥pene (@, Q) is equiv-
alent to (17.26)-(17.29).

Let us now give the 1RSB expression for the average energetic complexity. We
will be brief since we have already encountered this type of formulation several
times by now. Fix a trial distribution Q"(-) for a real valued random variable
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Q" and take K — 1 iid copies QY, -, Q% _;. Define the random variable
K—1
Q=] e (17.34)
k=1

with induced distribution Q(-). Let p and q two Poisson(aK/2) integers and p+¢
iid copies of @, denoted Q1 . Q+ and Ql ,-~-Qq_, as well as K iid copies of
Q" denoted QY,- - ,QY%. Consider the random variable

=log{[Ja-@H) +JJa-@) -T[a-@H ] -@
=1 =1 =1 =1

K
+log{1 - [] @} —log{1 - Q'Q{} (17.35)

k=1

The 1RSB energetic complexity is a function of the constraint density given by

Yirsp(a) = SI%I;E[Z} (17.36)
Q-

where the expectation is over Qu’i, Q, and p, ¢

Of course (17.34) is the distributional form of the corresponding equation for
specific instances (17.26). The other three distributional forms of (17.27), (17.28),
(17.29) are nothing else than the stationary point conditions for the variational
expression in the 1RSB formula (17.36). These take the form

Q" d‘i“ﬁf_[(l—@?)ﬂ(l—@z% (17.37)
QU {H 1-Q)) {1-1‘[(1—@@)}, (17.38)

r=1
1 (2
s distr A N—
o Mo enlh fo-an) o
1
with a normalisation N such that Q* + Q" + Q* = 1.

=

To compute Y1rsp(«) one solves equations (17.34) and (17.37)-(17.39) by a
population dynamics method and deduces the average of ¥ in (17.35). There is
always (for all ) a trivial fixed point Q(Q) = 6(0) and Q3(Q®) = Q*(Q") = 4§(0),
0*(Q*) = 6(Q* — 1). The survey propagation threshold agp is by definition the
maximum value of o such that the trivial solution is unique. For o < agp we
immediately see from (17.36) that the 1RSB energetic complexity vanishes. In
this regime we expect the Bethe energy has a single zero energy minimum. When
a > agp the complexity is given by the non-trivial fixed point. We find a strictly
positive complexity for agp < a < a4, meaning that the Bethe energy has
exponentially many (in n) minima of vanishing energy. At a, the complexity
becomes negative which means that the zero energy minima disappear. The
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K asp Qs
3 3.93 4.267
4 8.30 9.93

Table 17.1 Survey propagation and satisfiability thresholds predicted by the energetic
cavity method.

threshold «y is identified as the satisfiability threshold. Table 17.1 gives the
numerical values of the thresholds for the first few values of K.

For large K we can make an analytical asymptotic analysis and derive ex-
pansions for the survey propagation and satisfiability thresholds. Here we briefly
derive the leading term of these expansions but with more work it is possible to
compute higher order terms (see the notes). First we set X = In(1—Q). Equation
(17.38) becomes

P v+ P ¢+ q X —
626:1 X, — ezzzl X, ezzzl X,

=T — T — .
62§=1 Xy —+ 622’:1 Xy — 625=1 X, 622=1 Xy

Q" distr

In the large K limit the law of large numbers (or Wald’s theorem) implies that

the sums in the exponentials all concentrate around (aK/2)E[X] (here aK/2

is the average of p and ¢). Therefore, setting E[X] = &, Q" concentrates on
aK s

(1—-ez%)/(2- e%‘ﬁ). Applying again the law of large numbers to (17.34) we

get
1— ey 1— aK s\ K—1
s=n{i- (7o) ()
2—e2 % 2—e2”

The last approximation is justified a posteriori: when we calculate the order of
magnitude of the fixed point solutions we find that (---)%~1 = O(2=K) (for
example this is evident for the trivial fixed point & = 0). It is convenient to set

y = —%i and scale the constraint density as a = 2¥& so the last equation
becomes
g K—1
e¥y —1
g_o”z( _ 1> . (17.40)
eY — 3

The survey propagation integral equations (17.34), (17.37)-(17.39) have been
reduced to a simple one dimensional fixed point equation over R. Note § =
f%E[ln(l — Q)] so absence of warnings ) = 0 means § = 0 and presence of
warnings mean ¢ > 0. Proceeding with similar approximations for the complexity
we get in the large K limit

Yirsp(@) & sup In(2e77 — e7%9) — 2K & -1 +9 1 (17.41)
1RsB(e) & SUD 2¢1 —1) Yoer — 1 '

One can check for consistency that the stationary points of (17.41) are given by
the fixed point equation (17.40). It remains to find solutions of the fixed point
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equation and deduce the complexity. Evidently (17.40) has a trivial fixed point
@ = 0 for all & and the corresponding complexity vanishes. To find the non-
trivial fixed points we plot the curve G(y) directly obtained from (17.40). This is
a convex function with a unique minimum at psp ~ In(3 K In K), asp(K) ~ 25
Fixing & > asp(K) we find two fixed point solutions, one (locally) stable and
the other unstable. The stable solution equals ¢ ~ K& + pgp for ¢ >> pgp.
This is the solution which yields a maximal complexity for & > dgp(K). We
find ¥1grsp(a) ~ In2 — & for & > dgp which implies &5 ~ In 2. Summarizing, to
leading order we find
aspm2K%, asz2Kln2

It is noteworthy that the 1RSB prediction for the satisfiability threshold has
been recently turned into a rigorous result for K large enough (but finite). The
proof uses the interpolation bounds to deduce an upper bound on «a, and ideas
from the energetic cavity method for a lower bound.

THEOREM 17.1 Let oy = sup{a|Zirsp(a) > 0} where irsp(a) > 0} is de-
fined through (17.34), (17.35), (17.36). Let P[—] the uniform probability distri-
bution over formulas F € F(n,K,«a). We have lim,_, . P[F is satisfiable =
(o < o).

In particular, this theorem finally settles the question of the existence of a
sharp threshold in the thermodynamic limit discussed in Chapter 1. It is in fact
rather surprizing that the existence question has been settled only through a
complete characterisation of the threshold.

We end this section by mentioning that the energetic cavity method can be
developed for the spatially coupled K-SAT ensemble introduced in Chapter ?7.
The thresholds depend on the size of the coupling window w, the length L of the
chain and of course K. One finds a threshold saturation phenomenon

lim lim agp(K,w,L) = as(K),
w—+00 L—4o00
(here « the usual satisfiability threshold of the standard uncoupled ensemble).
Besides, using an interpolation method (in the spirit of the one that proves the
existence of the free energy in Chapter ??) one can rigorously prove for all w
lim o (K,w,L) = as(K).

L—+oc0

Survey propagation guided decimation algorithm

In chapter 9 we showed how to use used belief propagation marginals to guide a
decimation algorithm for finding solutions of specific instances of K-SAT formu-
las. We can proceed analogoulsy and develop a new decimation algorithm where
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the decisions (fix and decimate a variable) are taken thanks to survey propaga-
tion marginals. This turns out to be a fruitful idea which allows to find solutions
close to the satisfiability threshol well inside a region constraint densities that
belief propagation guided decimation cannot probe.

Recall that from the min-sum message passing equations (17.2) we can com-
pute the “marginal energy costs” (17.7). The latter are vectors (here the alphabet
is discrete) with non-negative components with at least one which vanishes. For
K-SAT the alphabet is furthermore binary, so we can always parametrize the
marginal energy costs as

Replacing the parametrization of messages (17.23) in (17.7) it follows that
h; = Z ha—iJia (17.43)
acoi

When h; > 0 we have E;(+1) > 0, E;(—1) = 0 and there is no energy cost
if s;, = —1 (or ; = 1); when h; < 0 we have E;(+1) = 0, E;(—1) > 0 and
there is no energy cost if s; = +1 (or z; = 0); and when h; = 0 we have
E;(+1) = E;(—1) = 0 and there is no cost for s— £ 1 (or z; =0, 1).

From survey propagation we can compute the fraction of zero energy minima
of the Bethe neergy (zero energy solutions of the min-sum equations) with a
marginal energy cost parametrized by h;. This fraction that we call Q;(h;) is
just the marginal of the level-one energetic model and can be computed from
messages Qaﬁi(ﬁaﬁi) by the usual rules of message passing. The rules for y —
400 can easily be guessed from the interpretation of min-sum messages in terms
of messages (their formal deduction is left to the resder as an exercise). A variable
is free to take any value s; = £1 when it receives no warnings ]A”LaHi =0 from all
neighboring constraints, so

Qi(h; = 0) o H (1 - Qai(1)) (17.44)

a€di
A variable should take the value s; = —1 when it receives at least one warning
ha—i = 1 from constraints ¢ € 914 (such that J,; = +1) and no warning

ha—i = 0 from constraints a € 0_i (such that J,; = —1), thus

>0 {1- T 0= Qe f{ T] a-Guat)}. (79

a€diy a€di_

Similarly we shoul have s; = +1 when there is at least one warning fzaﬁi =1
from constraints @ € d_i (such that J,; = —1) and no warning h,—; = 0 from
constraints a € d4i (such that J,; = 1),

@ <0 o {1- [T 0= Qutf{ TT - Q)] (740

a€di_ a€diy

The survey propagation guided decimation algorithm can now be formulated.
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The main idea is to compute the survey messages and marginals. The variable

Algorithm 4: SPGD algorithm

1. Take a fixed instanceof size n.

2. Run t,,y iterations of SP message passing equations starting from a random
initial condition Qaﬁi € [0, 1]. If the iterations do not converge, return
fail. If they converge Compute the biases |Q;(1) — Q;(0)]o.

3. If all biases are smaller than some specified samll number § > 0 call BP
decimation or Walksat.

4. Else fix a variable with the largest bias to x; = +1 if

5. Decimate the variable and reduce the formula. Return to 2 until all variables

are eliminated.

with the maximal bias |Q;(h; > 0) — Q;(h; < 0)] is fixed appropriately, namely
s; = sgn(Q;(h; < 0)—Q;(h; > 0), and the formula reduced. Reducing teh formula
means that the satisfied constraints are eliminated and the unsatisfied ones are
shortened. The process is iterated as long as there is a large bias. When no such
bias appears we call BPGD or Walksat. Note that the algorithm is effective only
for a > agp. Indeed for a@ < agp iterations are always attracted by the trivial
fixed point Qaﬁi(l) =050 Qi(h; =0) =1and Q;(h; <0) =Q;(h; >0)=0
and BPGD or Walksat are used. Note that the algorithm is effective only for
a > asp. Indeed for a < agp iterations are always attracted by the trivial fixed
point Qqi(1) = 050 Q;(h; = 0) = 1 and Q;(h; < 0) = Qi(h; > 0) = 0. In
practice when we start the algorithm at asp < o < a,s we find biases and the
formula gets reduced. At some point the density of the reduced formula is smaller
than some sort of effective survey propagation threshold of a “reduced ensemble
of formulas” and there is no more bias (and we call BPGD or Walksat).

The complexity of this algorithm is O(tmaxn?). This is given by the product
of the complexity of each run of SP O(tyaxn) times the number of recursions or
decimation steps O(n). For a variant of the algorithm decimates a fraction fn
with 0 < f < 1 of variables at a time (the fraction fn of variables with largest
biases) one has to recurse O(n/fn) times so that the complexity is reduced to
O(tmaxn/ f). Also, experimentally one finds that convergence of SP messages is
reached for t,,,x = logn even for densities larger than the satisfiability threshold.

Figure 17.3 shows the empirical probabilities of success and convergence over
100 instances of size n = 10%, 1000 iterations and convergence criterion § = 1072
where ¢ is the difference between two successive messages). In practice we observe
that SPGD finds solutions of large instances for agpep(K = 3) ~ 4.25 and
aspgp(K = 4) = 9.6. The effectiveness of the algorithm is apparent when one
compares these values with the one’s found with BPGD also with the SAT-
UNSAT threshold.

Decimation algorithms are in general very hard to analyse except when the
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— figure —

Figure 17.3 Empirical probabilities of success and convergence over 100 instances of
size n = 10%, 1000 iterations and convergence criterion § = 107 2.

decimation step preserves some uniform randomness property of the ensemble
of formulas, as is the case for unit clause propagation. To date it is not clear
how to rigorously analyse the survey propagation guided decimation algorithm.
However an interesting general result of Sudan and Gamarnik hints at some
necessary condition that this decimation algorithm satisfies in order to be suc-
cessful beyond the dynamical or survey propagation threshold. Roughly speaking
the result of Sudan and Gamarnik states that, when there exist exponentially
many clusters of solutions, any decimation rule based on a computational tree
of depth O(1) cannot succeed at finding solutions. Survey propagation guided
decimation evades this result because presumably one explores a neighbourhood
of size tmax = O(lnn) (we say "presumably” because numerically this is not
so obvious to assess). This suggests that survey propagation messages should
”converge” (remain smaller than § << 1) only after O(Inn) iterations, not O(1)
iterations as is the case with belief propagation.

Notes

171 1
17.2 2
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