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SOLUTION 1.

(a) Let [(y) be the number of 0’s in the sequence y.

1
PY\H(y‘O) :ﬁ

1 —k
Pria(yl1) = ¢ (%) |
0, otherwise
(b) The ML decision rule is:
A=1
Py (y|1) z Py#(y]0)
H=0

Because ﬁ > 2% for any value of k, the ML decision rule becomes

k

The single number needed is I(y), the number of 0’s in the sequence y.
(¢) The decision rule that minimizes the error probability is the MAP rule:

Py () Pi(1) 2 Pyya(y|0)Pi(0).

A~

The MAP decision rule gives H = 0 whenever [(y) # k. When [(y) = k:

() < P
ji 0, if 35 > Pﬁ(o
1, otherwise.

=

(d) Trivial solution: If Py (1) =1 then H =1 for all y (In this case, [(y) = k is guaranteed).
Similarly, if Py (0) =1 then H = 0 for all y.

Now assume Pp(1) # 1. Then there is a nonzero probability that I(y) # k, in which
case H = 0. The MAP decision rule always chooses H = 0 if

(21k) .
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() - Pu(1)
22 = Py(0)

>

k



SOLUTION 2.

(a) A and B must be chosen such that the suggested functions become valid probability
density functions, i.e. fol fyia(yli)dy = 1 for i@ = 0,1. This yields A = 4/3 and
B =6/7. (A quicker way is to draw the functions and find the area by looking at the
drawings.)

(b) Let us first find the marginal of Y, i.e.

K@) = Ful0)Pu(0) + friu(y1)Pu(1) = C = Dy,

where we find C' = 23/21 and D = 4/21. Then, applying Bayes’ rule gives

frial0)Py(0) 1A—3y 1 4/3-2/3y

Puy(Oly) = Fr(v) T 2C—Dy 223/21—4/21y’

and similarly

e fy () T 20 -Dy  223/21 —4/21y’

(c) The threshold is where the two a posteriori probabilities are equal,

1 4/3-2/3y 1 6/7+2/Ty

223/21 —4/21y  223/21 —4/21y’

or equivalently,
4/3—-2/3y = 6/7+2/Ty.

The y that satisfies this equation is our threshold 6, thus 6 = 0.5.

Py (ily)

(d) The probability that we decide F[W(y) = 1 when in reality H = 0 is just the probability
that y is larger than the threshold given that H = 0, which is

Pe(y >l =0) = [ fratoionty= [ (4= Fu)ay

Al —~?
— A(l—n)= =
(1—=7) 55
A=) 1A
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(e) By analogy to the previous question,
v v B
pe(v <l =1y = [ seutoian= [ (5+5v)
0 0
B 2

v

P.(v) = Pr{Y >~|H =0}Py(0)+Pr{Y <~|H =1}Py(1)
1 (4(1—7) _1—’y2+6_7+7_2>.

2 3 3 77

For v =6 = 0.5, we find P.(0) = 0.44.

(f) To minimize P, over 7y, we take the derivative of P, with respect to 7, i.e.,

d 1 4  2v 6 2y
&0 = 5( 5*?*%*7)'

Setting this equal to zero, we find v = 0.5. We observe that the value of v which
minimizes P,(7y) is equal to 6. This was expected, because the MAP decision rule
minimizes the error probability.

SOLUTION 3.
(a) Let H € {T, L}.

H =T (telling truth): friapy|T) =ae™, y>0
H = L (telling lie): fri(y|lL) = Be P, y > 0.

The MAP decision rule is A
H=L
pﬁe_ﬁy E (1 —p)ae™ .
H=T

After taking the logarithm, we obtain

H=L
—By +In(pf) = —ay+In((1—pa).

H=T

Or, equivalently
H

y = 2 h{ggl@}:e

Lca—B Lf p

AV

0
Prir = / ae”Ydy =1 — e,
0

Pry, = / Be PVdy = e PP,
0
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H — T . fY‘H(y‘T) — ane_a(y1+“‘+yn) — a’ne—az
H=1L": fY\H(y‘L) —_ 5ne*5(y1+---+yn) _ ﬂneisz’

where Y is the random vector (Yi,...,Y;) and where z = > "  y;. With this new
H=T

definition, the test becomes z ; 6, with the new threshold 6 = ﬁ In [(%) _(I;p)]‘
H=L

0
PL|T :/ fz|H(Z‘T)dZ,
0
where Z =371 | 'Y; and

an

(n—1)!

This is the density of the Erlang distribution. Putting things together, we get

0 a” ( )
P — n—1 -z ],
LT A (n — 1)|Z e z

Z(n—l)e—az

fou(z|T) =

SOLUTION 4.

REMARK. Independent and identically distributed (i.i.d.) means that all Y3, ... Y, have
the same probability mass function and are independent of each other. First-order Markov
means that Y7,...,Y, depend on each other in a particular way: the probability mass
function Y; depends on the value of Y;_1, but given the value of Y;_1, it is independent of
Y1,...,Y; 9. Thus, in this problem, we observe a binary sequence, and we want to know
whether it has been generated by an i.i.d. source or by a first-order Markov source.

(a) Since the two hypotheses are equally likely, we find

Prin(yll) "' Py(0)

= =1.
<
Py (yl0) =, Pu(l)
Plugging in, we obtain
12 (/)" (3/Hkt 2
k < ’
1/2) =

where [ is the number of times the observed sequence changes either from zero to one
or from one to zero, i.e. the number of transitions in the observed sequence.

(b) The sufficient statistic here is simply the number of transitions /; this entirely specifies
the likelihood ratio.

(c) In this case, the number of non-transitions is (k — [) = s, and the log-likelihood ratio
becomes

1/2- (1/4)k—s L (3/4)1 (1/4)k_s - (3/4)+

o8 (/2 o8 1y
= (k—s)log(1/4) + (s —1)log(3/4) — (k — 1) log(1/2)
= slog%+klog5—;l+log;—ﬁ

= slog3+ klogl/2+log2/3.
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Thus, in terms of this log-likelihood ratio, the decision rule becomes

H=1

slog3+klog1/2+1log2/3 = 0.

=0
That is, we have to find the smallest possible s such that this expression becomes larger
or equal to zero. Therefore,

. > klog1/2 +log2/3 .

- log1/3

SOLUTION 5. Since noise samples are i.i.d., the conditional probability distribution func-

tions under Hy and H; will respectively be

Ty (y|0) = Hfz Yr)

Fyia(yll) = Hfz (yr, — 24)

where fz(z) is the p.d.f. of Z, k = 1,...,n. Furthermore, since the two hypotheses are
equi-probable, the MAP decision reduces to the ML decision rule.

(a) Plugging the density of Z the MAP decision rule becomes

1 ;=1 L o
2mwo?)n A 2mo?)n

Simplifying the common factor W and taking the logarithm we have

n

1 =1
~552 2Wk = 24)? z Zyk
h—1 =0

Further simplifications reduce the MAP decision rule to

n H=1
Zyk = nA < Z Yk ;
= H=0
Hence ¢,(x) =
Pa(T)
A .
| | :
—EA A
_ _,A .




(b) Similarly, the MAP decision rule is now

H=1
1 e B2 24| > L e % e Ikl
o272 iz QT |

Simplifying common terms and taking the logarithm gives
V2 & =1 o &
o >k — 24 e > lusl-
k=1 H=0 k=1
We can write the above in the desired form by noting that

|z| — |x — 2A] = 2¢p(xz — A)

where
A ifx> A,
tp(r) 2z if —A<z <A,
-A ifz < —-A

Here we plot two noise distributions for o = 1 (it is convenient to use logarithmic axis):
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The Laplacian distribution has larger tails: it puts more mass on zs with very large absolute
value. Because of this, for the decision in part (b) the optimal choice is to first “clip” the
input data v, £ =1,...,n so that these high values do not influence the decision.

SOLUTION 6. The MAP decision rule is

1 1 Zn ( _A)Q H>:1 1 _ 1 Zn ( +A)2
W@ 202 2<k=1\Yk = WG 202 2ek=1\Yk .
Toe )™ A Toe )"
=0

Simplifying the common positive factor of m and taking the logarithm we have

RN 2 ﬁ>:1 1 ¢ 2
52 (e — A) < T2 (ye + A)7,
k=1 H=0 k=1

which can further be simplified to

n H=1
>
E Y = 0.
k=1 H=0

Note that unlike the previous problem, for implementing the decision rule the receiver does
not need to know the value of A.



