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PROBLEM 1.

(a)

(d)

Observe that
Z, =1{N >n}
—1-1{N<n-1},
and, as the value of 1{N < n — 1} is determined by U"!, so is the value of Z,.
Therefore H(Z,|U™ ') = 0.

We have shown in the previous question that Z,, only depends on Uy, --- , U, _;. Given
that Uy, Us, - -+ are i.i.d. random variables and Z,, is a function of Uy,--- ,U,_1, we
see that Z,, is independent of U,,.

Assume V is not a prefix-free collection. Then there exists two words vi = v11v12 - - * U1m
and Vo = Ug1Us9g + - - Ugy,, With m < n and v, is prefix of vo. Thus observing U™ = v,

we cannot determine if N = m or N = n. This is a contradiction to the property

that the event {N = m} is determined by U™.

We have

Elg(U,Us,---)]=FE
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where in (a) we replaced the finite random sum by an infinite sum while multiplying
by 1{N > n} to make sure that for indices bigger than N we are multiplying by
0. (b) is due to the fact that the bounds of the sum are not random anymore and
hence is obtained by linearity of the expectation. (c) is due to the independence of
Z, and U, thus of Z, and f(U,). (d) is due to the fact that the U,’s are i.i.d and
hence E[f (U,)] = E[f (U1)]. (e) is due to the fact that N is a non-negative random
variable thus N =3 ">°  1{N >n} =" Z,, as per the hint.



(e) Let’s take g (Uy,Us,--+) =logpy (V) in our result in (d). Then,

N N
g (U1, Uy, ---) = logpy (V) = log py~ (UY) = log I}, py (U;) = Zlong (U;) = Zf(Ui)7
=1 =1

where f(U;) = log pu(Uy).

H(V) = —E[logpy (V)]
= —E[g(U1,Us,--)]

= —E[N|E[f(l))]
®) —FE logpy(Uy)] E[N]
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where (a) is obtained by applying the result in question (d). (b) is obtained by
replacing f(.) by its expression and (c) is obtained using the definition of entropy.



PROBLEM 2.
(a)

Pr(U = ulV = 7) = Pr(V ;‘.ZIXI/J::;;) pu(u) pU;U)p —

(b)
I(U;V)=H(U) - H{UV)
= H(U) —Pr(V = )H(U|V = ?) — Pr(V £ DH(U|V #7)

K
. |
“ g —p§ jPr(U = u|V = ?)log

Pr(U=u|lV =7)

prU ) log —— ( p = HWU) = pHU) = (1= p)H(U),
where (a) is obtained by noticing that if V' # 7 then V. = U and H(U|V # 7) =0
and (b) is obtained since Pr (U = u|V = 7) = py(u).
(c) Let C, be the capacity of this channel. Then,
Cp=max [(U,V) =max(1 —p)H({U) = (1 —p)max H{U) = (1 — p) log K,
pu bu pu

with the maximum achieved when U is uniformly distributed over {1,---, K}.

(d)
I(X:Z) = HX) - H(X|Z)
=HX)-Pr(Z="H(X|Z=7")—Pr(Z #AH(X|Z #7)

= H(X) - pH(X|Z=7)~ (1 - p)H(X]Y)
0)

= (1=p)(H(X) - HX|Y)) +p(H(X) - H(X|Z =7))
= (1 =p)I(X;Y) +p(H(X) = H(X)) = (1 = p)I(X;Y)

/\/\
Na

—
8}
~

where

— (a) is due to the fact Pr(Z = ?7) = p and when we don’t have erasures Z =Y.
= (b) H(X) = pH(X) + (1 — p)H(X).
- (c) First notice that X —Y — Z forms a Markov chain, so Pr(Z =7|X =2,Y =
y) =Pr(Z =7Y =y). Then

Pr( X =z|Z=7)= pX(“”)P;r(éZZ?il)X = 1)
_ px(@) 3, Pr(Y =y|X =a)Pr(Z =Y =y)
p
_ px(@)p 2, Pr(Y = y|X =)
= P = px ().

So H(X|Z="7)=H(X).
(e) Let Ciy be the capacity of the channel from X to Z. Then,
Ciot = max [(X;Z) =max(1 —p)[(X;Y) = (1 —p)max I(X;Y) = (1 —p)C.
Px Px 3%



PrROBLEM 3.

(a) In this exercise we assume all the vectors are column vectors. We know that (X, -+, X, Y1, -

are jointly Gaussian random variables if and only if any linear combination of these
variables is normally distributed. This means that any linear combination of X =

(X1, Xo,- -+, X,,) is normally distributed and thus X is an n Gaussian random vector.
Similarly, the vector Y = (Y3, -+ ,Y,,) is an m dimensional random vector.
Moreover, we can write (Xq, -, X,, Y1, -+, Y,) = (X,Y). So its covariance matrix

B X| vr v\ _ [EXXT) EXYD]  [Kn Ki
K_E(M Xty }) B {E (YX") E(YY")]  |Kau K|’
So Ki; = E(XX") and Koy = E(YY"). Thus the vector X = (Xy, -, X,,)
normally distributed with covariance matrix Kj; and the vector Y = (Y, ,Y,,)
normally distributed with covariance matrix Kos.

is
is
Hence, using the results derived in class we get

h(X1, -, X,) = %ln ((2me)"det (K11)),

W(Yi,eee Vi) = %m (27e)™det (Ka))

and 1
Xy, X, Ya, e, V) = 51n ((2me)™*™det (K)) -

Let Aj; be an n x n matrix and Ay be an m X m matrix. So A becomes an (n +
m) X (n+m) matrix. Since A is a positive definite matrix then there exists an n+m
dimensional Gaussian random vector which covariance matrix is A. Let’s denote this

vector as (Xi, -, X, Y1, -+ ,Y,). From question (a) we know that
1
h(Xla te 7Xn> = 5 In <<2W€)ndet (All)) )
1
h(Yr, -+, ¥in) = 5 In((2me)™det (Az))
and

1
Xy, o, X, Y1, Y) = 5 In ((27re)”+mdet (A)) )
Moreover, we know that

h(le... ’Xm}/h... 7Y'm) Sh(Xh 7Xn)_|_h(}/17 ’Ym)

So,
L ((2re)mdet (4)) < % In ((2me)"det (Apr)) + % In ((27e)™det (Asy))
(2me)"tdet (A) < (2me)"det (Aqy) X (2me)™det (Agy)
det(A) S det(AH)det(Agg).



PROBLEM 4. In this exercise, unless stated otherwise, all vectors are column vectors.

(a)

(c)

(d)

(e)

Let X; and X5 be two codewords in C. Then X; and X, have their columns and
their rows belong to C; and Cs respectively. Since C; and C, are linear codes and the
rows and columns of X; + X5 correspond to the sum of the rows and columns of X;
and X, then the rows of X; + X5 belong to Cy and its columns to C;. Therefore,
X1 4+ Xy € C. This proves the linearity of C.

Since X € C, then its columns (vy, -, v,,) are C; codewords. This means that there
exist uy, - ,u,, € IF;“ such that v; = Giu; = |:Au31 for j = 1,--- my. So the
14y
codeword can be written as
u; Us [N u,
X = 2. 1
[Alul Ay - Alun2:| (1)
Similarly, denoting by (ry, - - - ,T,,) the rows of X, there exist w1, - -- , w,, € F? such
that r; = Gow; = { Wi forl=1,---,n1. So X can be also written as
Aswy
1 [wowraAr
! wl  wl AT
r), T T: T
™ w, W, A
This means that
wi
T
W3
U= [ul u - qu] =
Wi

From (2) we deduce that X5 = UAY and from (1) we deduce that X, = A;U. To
find X5y we can either notice from (1) that X9 = A; X5 = A;UAL or notice from
(2) that X22 = leAg = AlUAg Hence,

v_[U  UA
AU AUAT|

This shows that X is determined solely by U. Therefore the number of codewords in
C is equal to the number of possible values of U. Since there are 2¥1%2 possible values
of U then C has 22 codewords.

If U,, = 1 this means that the s** column of X is a non-zero codeword of the linear
code Cy. Therefore, its weight wy; > d;.

If X,; = 1 this means that the " row of X is a non-zero codeword of the linear code
Csy. Therefore, its weight we > ds.

To show that X with X,, = cﬁl)cg) is a codeword of C with ¢ € C;, we need to show
that its columns belong to C; and its rows belong to C,. The s** column of X can be
written as
D
1
i

@,

(1)

Cnl

3



If cg) = 0 then the s column of X is the all zero vector and thus a codeword of C;.
If c§2) — 1 then the s column of X is the ¢®) vector and thus also a codeword of C;.
This shows that all columns of X are codewords of C;. Similarly, the r** row of X
can be written as
ng) . C%) cgl)‘

If ¢{Y = 0, then the r* row is the all-zero vector. If ¢! = 1, then the r* row is the
codeword ¢ . In both cases the " is a codeword of Cy. Hence all rows are codeword
of Cy. This shows that X is a codeword of C.

The minimum distance d of a codeword X of C is the smallest number of 1 possible
in X. From part (c¢) we know that the number of 1’s per column w; > d; and from
part (d) we know that the number of 1’s per row wy > dy. Thus d > didy. Moreover,
take ¢V and ¢® to be minimum weight codewords in C; and Cs so they are of weight
d; and ds, then the codeword X such that X, = cﬁl)cgz) will have exactly dy columns
with each column having d; 1’s. This means that the weight of such X is did,.
Therefore d < dydy. Therefore d = dyds.



