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SOLUTION 1.

(a) Given that Hyy, Hio, Ho1, Hoo, 71, Z5 are i.i.d., then Y] and Y; are i.i.d. Moreover,
given x = (x1,22), Y; = Hypxy + Hippxo + Z; is the sum of three independent Gaussian
random variables distributed as N'(0, z%), N'(0, 23) and A'(0, 1). Hence, Y; is a Gaussian
random variable with zero mean and variance equal to 1+x?+x3 = 1+ ||z||*>. Therefore,
Y = (Y1,Y5) is distributed as N(0, (1 + ||z]|*)1).

(b) We use the Neyman-Fisher factorization theorem to prove that 7' = Y] + Y5 is a
sufficient statistic. For that we denote by H the hypothesis on the message. Hence,
the likelihood probability given that H = ¢ can be written as
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e in (a), the region D is the region outside the yellow disk of radius v/# as shown in
Fig. 1.

where,

e in (b), we switch to polar coordinates in order to solve the integral.

(d) Since P.;, P.s, P.3 and P.4 are probabilities, then we know that 0 < P,y, P, P.3, Py <
1. Moreover, given that the decision rule used is the MAP decoder then the probability
of error can’t be bigger than % This is due to the fact that the MAP rule minimizes
the probability of error, and hence its corresponding probability of error (Py4p) is less



than or equal than the probability obtained with random decision (Pryp). Formally,

Pyap < Pryp
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Therefore, we get 0 < P.y, Poo, Peg, Py < %

To order the above four probabilities, we will use the sufficient statistic T = Y + Y

and the fact that the likelihood probabilities have exponential distributions: frg(t]i) =
m exp (—W) Moreovoer, since the priors are equiprobable then the MAP
rule is equivalent to the ML rule.
o f g = (0,0) and &1 = (5,0), fri(tl0) = 3exp (=5) # fri(t1) = &5 exp (—55).
Hence, in this case P,; < %
t
1

2 2
o If ¢y =(5,0) and ¢; = (0,5), f}&{(tm) =Sexp(—5) = f}&{(ﬂl) = Sexp (—5)-
Hence, in this case Pey = 3.
3 3
o Ifcy = (5,0)and ¢; = (—5,0), f:(p|)H(t|O) = éexp (—5%) = f}&{(ﬂl) = éexp (—5%)
Hence, in this case P.3 = P, = %
4 4
e If ¢ = (0,0) and ¢; = (4, 3), f;&{(ﬂ()) = %exp (—%) + f;&l(ﬂl) = 5—126Xp (—5%)
Hence, in this case P,y < 3. Moreover, we notice that f:(rl|)H(t|0) = f:(FT)H(ﬂO) and
f%)H(tH) = fﬁ)H(tH) Therefore, in cases (1) and (4) we get the same decision
rule and thus the same error probability. Hence, P, = P,;.
Finally, 0< P,y :P€4<P€2:P€3:%'
SOLUTION 2.

(a) The orthonormal basis is given in Fig. 2. From this figure, we see that vy (t) = vo(t—T1)
and [[vg(£)[[* = [lea (D)[* = 1.

(b) The optimal receiver will use the matched filter vo(7 — t) sampled at times T" and 27T
as seen in Fig. 3.
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Figure 1: Plotting the integration region of question (c)
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Figure 2: Orthonormal basis of Exercise 2-(a)
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Figure 3: Block diagram for Exercise 2-(b)

wo(t) = VTue(t) + VTuy(t)
wy(t) = VTue(t) — VToy(t)
wa(t) = —VTwo(t) — VT, (t)

(t) VTuy(t) + VT, (t)

Since the priors are equiprobable and the channel is AWGN then we know from the
course that the decision rule is minimum distance, as shown in the figure below.
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Hence the error probability is equal to the error probability given we have sent w(t).
Formally, denoting Y.” = (w;(t) + Z(t), vo(t)) and Y = (w;(t) + Z(t), v1(t)), where



Z(t) is the white noise with spectral density Ny/2 and i = 0, 1,2, 3, we have:

P. = P.(0) = 1 — P(correct decision|H = 0)

(é) 1 — P(YE)(O) > 0)2

2
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where (a) is due to the fact that YO(O) and Yl(o) are i.i.d, and (b) is due to the fact that

N (ﬁ N0/2>.

(d) In this case the receiver keeps applying the decision rule in part (b) but the received
signals are projected on delayed versions of the basis vectors, 0y(t) = v (t — %) and
01(t) =v1 (t— L) =wo (t — 2L). The new constellation becomes
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By symmetry we see that the error probabilities given H = 0 and H = 2 are equal
(P.(0) = P.(2)) and that the error probabilities given H = 1 and H = 3 are also equal
(P.(1) = P.(3)). Therefore, the error probability is given by:
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where the equality in (a) is due to the fact that Y ~ (\/_ NO/Q) ~
N (M, No/2), Yi ~ N (0, No/2) and Y ~ N (=4 N0/2>
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(e) In this case we notice that the suppot of w;(t) is in the interval [0,7]. The new
transmitted waveforms are

IEO(t) 1bl(t)
1 1
T
t t
T
—1 —1
wy(t) w3 (1)
1 1
L -1 i -1
—1 —1

Since the support of vy(t) = vo(t — T) is in [T, 2T, then the projection of the above
waveforms on this vector is 0. Projecting the above waveforms on vg(t) we get the
following constellation
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By symmetry we see that the error probabilities given H = 0 and H = 2 are equal
(P.(0) = P.(2)) and that the error probabilities given H =1 and H = 3 are also equal



(P.(1) = P.(3)). Therefore, the error probability is given by:

Pe= %Pe( 0) + 1P(1)
= % (1 — P(correct decision|H =0)) + % (1 — P(correct decision|H = 1))
Z%( P (" >0) (1 20)) + 5 (1= (4" 2 0) P (1" <0))
) 1 1
92 ( ( ) <0>> +51-QO)Q(0)
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where the equality in (a) is due to the fact that Y ~ (\/_ NO/Q) ~
N (0, No/2), Y ~ N (0, Ny/2) and Y\ ~ N (0, No/2).
SOLUTION 3.
(a)
[91(8) + 62(t) + S3()I* = (D1(t) + d2(t) + d3(1), D1.(t) + d2(t) + d3(1))
= (91(t), 1(2)) + (D1(2), P2(1)) + (D1(F), P5(1))
+(2(1), 01(1)) + (Da(t), @2(1)) + (P2(1), P3(t))
+ (d3(2), 01(2)) + (@3(t), Pa(t)) + (93(t), @3(t))
@ 3—06x 1
2
—0

—sfori,j=1,2,3and i # j.

where (a) is due to the fact that ||¢;]|? = 1 and (¢, ¢;) =
= 0 which means that the signals

The above equality implies that ¢1(t) + ¢2(t) + ¢3(t)
1(t), d2(t), p3(t) are not linearly independent.

(b) Since ¢1(t), pa(t), p3(t) are linearly dependent, the space they span will have at most
dimension 2. Now let us apply Gram—Schmidt procedure to find a basis for this span

V1(t) = ¢ (t)

() — 220 = (02(0). 011 (1)
[92(0) — (62(0) SO} O]
_ $2(t) + 301 (1)
[620) + 501 0]
Now,
163(6) + 510 = (9a(8), 501(8)) + (B2(0), 62(0)) + 5 (1(0) S2(0) + {61 (8), 4a(0)
I

So ¥s(t) = Féa(t) + F501(t) # 0.

Hence the dimension n = 2.



(c) We know that

ds3(t) = —d1(t) — da(2)
=~ (t) — ?%(t) + %wl(t)
_ —%wl(t) — ?%(t)

Hence,

J
= 101 + Ciada + CisPs

= cut(t) + Ci2§w2(t) — %1/11 (t) — C;—gwl (t) — ?Cz‘:ﬂ/&(t)

= () (Cn - 6—52 - %) + (1) (?(02‘2 - Ci3)>

SO 62 = ((Cil — % — 6173) ,?(CZQ — Ci3)> and

50 - (0, O)
& = (=3,V3)
¢y = (-3, —\/g)

(d) Assuming the waveforms are chosen uniformly at random, the mean of the constellation
found in (c) is given by m = 3¢ + 3¢ + 3¢ = (—2,0). Hence the new constellation
becomes

~ ~

Co = ¢ —m=(2,0)

élzél—m:(—l,\/g)
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where d is the dimension of the random vectors.

(f) First notice that we have three types of likelihood probabilities: fyr(y[|0) = fo(y)
which is the density function of the Gaussian random vector N (¢, 1), fyiu(y|l) =
f1(y) which is the density function of the Gaussian random vector N (¢4, 2) Fyia(y|2) =

f2(y) which is the density function of the Gaussian random vector N

/-\
=

Co, 2) Hence,

applying our previous result we get:

f0<y>f1<y) = fy0<y)2 exp <_M)

where Yy ~ N (C"Jrc1 1)

2

= falexo (=)
= Jul0)? exp ()

Similarly,

where Y ~ N (2£2 1) and Y, ~ N (282 1),

2 2



Assuming the priors are equiprobable and using the Bhattacharyya bound, the error

probability is bounded by:
<y ([ VEGRGW [ VRGRD - [ VRR
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— ; < . fro(y) exp (=3) dy + . fri(y) exp (=3) dy + y Ty, (y) exp (—3) dy)

= ;(3 exp(—3))
= 2exp(—3)



