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SOLUTION 1. If H =0, we have Y5 = Z1 75 = Y12, and if H = 1, we have Y, = — 7,75 =
Y1Z,. Therefore, Yo = Y75 in all cases. Now since Z, is independent of H, we clearly have
H =Y, — (Y1,Y12,). Hence, Y] is a sufficient statistic.

SOLUTION 2.

(a) The MAP decoder H(y) is given by

. , 0 ify=0ory=1
H(y)—argm?XPYlH(ym_{ 1 jfi:QorzZ?)-

T(Y) takes two values with the conditional probabilities

0.7 ift=0 0.3 ift=0
Priu(t|0) = { 03 ift=1 Prin(tll) = { 0.7 if t = 1.

Therefore, the MAP decoder H(T(y)) is

. , 0 ift=0 (y=0ory=1
H(T(y))=argmgxPT<Y>|H(t|Z>:{ 1 ift=1 Ey=2ory:3§.

Hence, the two decoders are equivalent.

(b) We have

_ oo m o Pr{y=0T(Y)=0H=0} 04 4
Priy = 0[T(¥) = 0.1 =0} = Pr{T(Y)=0H=0} 07 7

and

Pr{Y =0,T(Y)=0H=1} 01 1
Pr{Y =0|T(Y)=0,H =1} = BT —OF =11 ~03"3

Thus Pr{Y = 0|T(Y) = 0,H = 0} # Pr{Y = 0|T(Y) = 0,H = 1}, hence H —
T(Y) — Y is not true, although the MAP decoders are equivalent.

SOLUTION 3.
(a) The MAP decision rule can always be written as
H(y) = arg max fy u (y|1) P (7)
= arg m?Xgi(T(y»h(y)PH(i)
= argmax g;(T'(y)) P (7).

The last step is valid because h(y) is a non-negative constant which is independent of
7 and thus does not give any further information for our decision.



(b) Let us define the event B = {y : T'(y) = t}. Then,

. Syrooa(y, t]i) Pr (i)
Frimron(ylist) = Froom () P (@)
Pr{Y =y, T(Y)=t|lH=i} Pr{Y =y Y €B|H=i}
T P{T(Y)=tH=14}  Pr{YeBH=1i}
_ fra(yl)1s(y)
— Js Frr(yli)dy

If fym(yli) = gi(T(y))h(y), then

, 4 (v)
fy‘H7T(Y)(y|Z7 t) = fB gi(T(y))h(

Hence, we see that fy|mry)(y|i,t) does not depend on i,s0 H = T(Y) = Y.
(c) Note that Py, g (1]i) = ps, Py, a(0]i) = 1 — p; and
Py, yaa(i, - ynlt) = Py (i) - - - Py (Ynli).

Thus, we have
Py, .. Yn|H(?J17 . >yn‘2) = pﬁ(l - Pi)(nit)

where t = >, ys.
Choosing g;(t) = pi(1 — p;)"™ " and h(y) = 1, we see that Py, . ol (Y1, - - - Yp|?) fulfills
the condition in the question.

(d) Because Yi,...,Y,, are independent,

) 1 we—m?
v, Yn\H(yhu-,ynm:H € 2

my

2
1
=R pnmi(y Yoy — )

n 2
_Xk=1Y%

Le 2, we see that

(2m) 2

Choosing g;(t) = "™ =2) and h(yy, ..., y) =

i, Yn|H(y17 o Ynlt) = (T (Y1, - yn) )R (Y15 - Yn)-
Hence the condition in the question is fulfilled.

SOLUTION 4.



(a) With the observation Y being Y5,

1
Jyix(y|+1) = e 31’ 1

and —1) = e~ 3 D)?
\/% fY\X(yl )

M

5

Thus the MAP rule is

1
1 6_%(y_1)2 E 1

—3(y+1)?
e 2 1—p),
V2T 3 V2w (1=p)

which can be further simplified to obtain

(b) Observe that

1 1 ye—1)2
Tyvivalx (1, y2|+1) = 51{91 € [0,2]} e~2(®271)

2T
Fyivelx (U1, 92| —1) = 1y {y1 € [-3,1]} P T
1Y3| 5 1 , o

With

1

1 1l \2
g+1(u,y2) = 511 {u >0} e~ 3W2—1)

1 1 1 2
_ = 1{u<0 -1 (y2+1)
g-1(u,y2) 1 {u <0} ’_27r6 2

h(ylay2) =1 {_3 S U1 S 2}7

we find fy,v,1x (Y1, ¥2|7) = go(u,y2)h(y1,y2) and the Fisher-Neyman theorem lets us
conclude that ¢ = (u,y9) is a sufficient statistic.

The MAP rule minimizes the error probability and is given by the likelihood ratio test

fyvax (i ypl+1) L0 1—p
A(y1,y2) = log == Z log ——
leYz\X(yla92’_1> _<1 p

Note that
oo <y <2
Ay, 2) = { 2ya +log2 0<y <1
—00 -3<y <0

So the decision region looks as follows (with 6 = 3 log %)



Y2

Decide +1

(d) When —1 is sent an error will happen either when 3 > 1 or when 0 < y; < 1 and

yo > 0. The first of these cannot happen, and the second happens with probability
1Q(+0).

When +1 is sent an error will happen either when y; < 0 or when 0 < y; < 1 and
Yo < 0. The first of these cannot happen, and the second happens with probability

1Q(1-19).
So the error probability is given by

I-p D
— QI+ +5Q(1-0)

with 0 = %log 12;;’.

SOLUTION 5.

(a) Inequality (a) follows from the Bhattacharyya Bound.

Using the definition of DMC, it is straightforward to see that
Pyix(ylco) = H Py x (yilco,) and
i=1

PY|X(y|Cl) = HPY|X(yi|CLz‘)-

(b) follows by substituting the above values in (a).

Equality (c) is obtained by observing that »_  is the same as >_
being a vector notation for the sum over all possible y1, ..., y,).

Y1y Un (the first one

In (c), we see that we want the sum of all possible products. This is the same as
summing over each y; and taking the product of the resulting sum for all y;. This
results in equality (d). We obtain (e) by writing (d) in a more concise form.

When CO,i = Cl,i; \/Py|X(y|007i)Py|X(y|Cl’i) = PY|X(y|CO,i)- Therefore,

Z \/PY|X (Ylco.:) Prix (ylei:) = ZPY|X Yleos) =




This does not affect the product, so we are only interested in the terms where cy; # c1 ;.
We form the product of all such sums where cy; # c¢1;. We then look out for terms

where ¢y, = a and ¢;; = b,a # b, and raise the sum to the appropriate power. (Eg. If

we have the product prpgrpgrr, we would write it as p*¢?r?). Hence equality (f).

(b) For a binary input channel, we have only two source symbols X = {a,b}. Thus,

Pe < Zn(a,b) Zn(b,a)
Zn(a,b)+n(b,a)

ZdH(COﬁl)‘

(¢) The value of z is:

(i) For a binary input Gaussian channel,

z = Awﬁhxwmﬁhxwﬂ)d

_ B
= epl—55 |-

(ii) For the Binary Symmetric Channel (BSC),

VPr{y = 0]z = 0} Pr{y = 0|z = 1} + /Pr{y = 1|z = 0} Pr{y = 1|z = 1}
= 2¢/6(1—19).

(iii) For the Binary Erasure Channel (BEC),
z = /Pr{y=0z =0}Pr{y =0z = 1} + /Pr{y = Elz = 0} Pr{y = E|z = 1}

+ Pr{y =1z =0} Pr{y = 1|z = 1}
= 044540

SOLUTION 6.

Poo = Pr{(N, > —a) N (N2 > —a)}
1< a)} Pr{(Ny < a)}

By symmetry:

POl = P03 = PI‘{(Nl S —(2b — Cl)) N (Nz Z —a)}
=Pr{N; > 20— a} Pr{N; < a}

“o(%) -a(2)]

P()2 = PI"{(Nl S —(2b — a)) N (N2 S —(2b — (I))}
=Pr{N; > 2b—a} Pr{Ny > 20— a}

)




Pis=1—=Pr{{Y e Ro)U (Y € R1)U (Y € Ro) U (Y € R3)|co was sent}
=1— Py — Po1 — Poa — Pos
a\12 2b—a a 2% —a\]1?
—-fi-e(@)) e (2 i-e(2)] - o (%)
a 2% —a\]1?
:1—{1—63(;)*@( - )}
Equivalently,

Pos = Pr{(N; € [a,2b—a]) U (N3 € [a,2b—al)}
=Pr{N; € [a,20 — a]} + Pr{N; € [a,2b — a]} — Pr{(N; € [a,2b—a]) N (N3 € [a,2b—a])}

—2lQ()-e ()] - [e(®) —@(%;“)T’

which gives the same result as before.




