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PROBLEM 1.

(a) We have
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where (x) follows from the fact that if X, X, are independent and uniform then
X @ X is also uniform. (xx) follows from the fact that

(X168 Xo =u; and Xy = u) < (X; = uy ® ug and Xy = uy).
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(c) We have
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(d) For every y1,y, € ), we have:
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We have
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(e) For every z,y > 0, we have v +y < z +y + 2,/zy = (v/= + \/y)? which implies that
vz +y < x +/y. Therefore, for every z,y, z,t > 0 we have:
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Therefore,
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where (x) follows from the inequality vz +y +z + 1 < /T + /J+ 2z + VL.
(f) Note that Z Z/B =1 and Zy(y) = Z(W). Therefore,
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PROBLEM 2.

(a) We have
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where fi(2) = y/2(2+ 1) and fao(2) = /(2 — 2)(1 — 2).
(b) We have
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Therefore, f; is concave. By noticing that fo(z) = f1(1 — z), we obtain:
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where (x) follows from the concavity of f;. We have
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where p = ‘/73 < 1.

(c) We will show the claim by induction on ¢ > 0. For ¢ = 0, we have Z;, = 2z, with
probability 1. Therefore, EQy = 1/20(1 — 20)-
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It is easy to that the function [0,1] — R defined by z — \/z(1 — z) achieves its
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maximum at z = %, and so EQy = v/20(1 — 29) < H§ (1 — §> =3 Therefore, the

claim is true for 7 = 0.

Now suppose that the claim is true for ¢ > 0, i.e., EQ; < %pi. We have
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where (x) follows from Part (b) and (xx) follows from the induction hypothesis. We
conclude that EQ; < %p" for every ¢ > 0.

By noticing that 06 < z <1 —¢ if and only if 2(1 — 2) > §(1 — 0), we get:
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where (x) follows from the Markov inequality and (+x) follows from Part (c). Now

since p < 1, we have 2p— — 0 as 7 — 0o. We conclude that
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PROBLEM 3.

(a)

[(X:Y) = I(Xy, K: Ve, K) = I(K: Ye, K) + 1(Xg: Yie, K|K) = H(K) + 1(Xy; Y| K)
= ho(a) + Pr[1.1(Xp; Yi | K = 1) + P 21 (Xy; Yi| K = 2)
= ha(a) + o l(X1; Y1) + (1 — ) I(X; Ya).

The distribution of X is determined by « and by the distributions of X; and Xo.
It is clear from the expression in (a) that for any given «, I(X;Y') is maximized
when 7(X;;Y)) and 1(X5;Y3) are maximized, i.e., when the distribution of X (resp.
X3) achieves the capacity of P, (resp. P;). We conclude that the value of « in
the capacity achieving distribution is the one that maximizes the function f(«) =
ha(a) + aCy + (1 — @)Cy. The derivative of f is:

1 1 11—«
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We have f'(a) =0 (resp. f'(a) >0, f'(a) < 0) if @« = a* (resp. a < a*, a > a¥),
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where o = ——————. This means that f(«) is maximized at & = a*. Therefore,
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the capacity achieving distribution is such that a = 20 1 20s and X; (resp. Xb)

achieves the capacity of the channel P; (resp. P).



(¢) From (b), we have:
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Therefore, 2¢ = 261 4 2¢2,



