Statistical Physics for Communication and Computer Science 15/5/2011

Lecture Notes 10: Bethe free energy and its relation to BP
Lecturer: Nicolas Macris Scribe: Marc Vuffray

1 Introduction

We want to compute the free energy and phase transition thresholds of graphical models
such as those occurring in coding & K-SAT problem. Note that for Coding this corresponds
to analyze MAP decoding. For K-SAT this corresponds to analyzing the SAT-UNSAT
threshold behavior.

For general graphical models (or statistical mechanics models) this is an impossible
task. An important approximation philosophy is the so-called ”mean-field theory”. For
models defined on sparse graphs, that are locally tree-like, a form of this theory developed
by Bethe & Peierls is very well adapted, and will be developed in this lecture. Note that
this is already a ”sophisticated” version of the most basic mean field theory.

As we will see the Bethe-Peierls theory involves fixed point equations that are the same
as those occurring in Belief-Propagation. Their use and to some extent interpretation are
however different. Note that there is clash of initials (BP) that is solely due to an historical
accident and may create a lot of confusion.

Their exist class of models for which the "mean field theory” (a priori an approximate
method) gives the exact solution. We have already seen such a model namely the CW model.
Such models are commonly called "mean-field models”. Such models are important because
they offer a useful guide for the development of more ambitious mean field approximations
for more complicated models.

It is conjectured, and partly proven, that the Bethe-Peierls mean field theory, is exact
for LDPC codes on BMS channels. In other words it allows to correctly calculate the
MAP threshold and performance curves. Since the Bethe-Peierls theory involves the same
fixed point equations than Belief-Propagation a consequence is that there is a very intimate
connection between MAP and BP decoding. This will be explained further in this lecture.
We immediately stress that this connection does not make the decoding task any easier in
the noise region egp < e < eprap.

Concerning K-SAT we will see that pure Bethe-Peierls method is not exact. To improve
upon it one has to go one-step further and develop an even more sophisticated mean field
theory called ” cavity method” or ”replica method”. This will be undertaken last two lectures
of this course.

2 Free energy of graphical models on trees

Take )
H (517 (X Sn) = Z ];[fa (Saa) ’

on a tree.

10-1



We want to express
1
=——InZ
f=-—xZ

as a functional of the marginals as for the CW model. As we will see the marginals that
are involved are

ZM S1,y .y SN) & pia (554) = Z (s, ...y SN) -

~S; ~Sda

Claim 1 On a tree we have
p(st, .., s Hua (56a) H i (si)' 7%,

where d; is the degree of node 1.
Proof. By induction over number M of clauses a.

o M =1 clause
1 (S0a) = ta (Sa) Hi (Si)kl trivially.

e Induction hypothesis: for any tree like graphical model with M clause we have the

factorization
,U, 81y .4y S Hﬂa 58a Hﬂz i i’

where (14 (S94) & i (s;) are the marginal of (s, ..., sn).
e Add one clause in such a way that new model with M 4+ 1 clauses is a tree.

G

- contains variables

dooo,

Sdc\i

S1,...3 SN -
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(cases where sy,.; are absent or where is not connected to old graph are
treated in the same way than what follows).

Pr (sac\i, 81 eens sN) =Pr (sac\i | 51,0y SN) Pr(si,...,sn).

Here Pr is computed with the new graphical model measure

! fc (860) H fa (Saa) .

Hnew (Sac\iash D) SN) = 7
new

a

Now we have

Pr (880\i | 815 SN) =Pr (380\1' | Si)
_ Pr(sac) p

new (
C

_ _ 380)
Pr(s;))  ppe(si)

So:
Hnew = M?ew (380) (M?ew (Si))_l Pr (81, ceny SN) .

Pr (s1, ..., sn) is the marginalization of new model with respect to variables sg.\;. Thus

Pr (81, ...,SN) = ! Z fe (380) Hfa (Saa)

Znew Soend h
—_—
fC(Si)
1 ~
= fe (Si)Hfa (Saa)-

Znew

a

This distribution corresponds to a graphical model of the type:

G
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This model still has M + 1 clauses. However clause ¢ can be absorbed in clause b:

Pr(sl,...,sN) Z fc Sz Hfa 38a

= Z fc (Sl) fo (Sab) H fa (58(1)
new ab

fb son) [ [ fa (s0a) -
aFb

new

This graphical model now has M clauses:

”erased”

So we can apply to it the induction hypothesis

= Pr (s, .. Hua 50a H i (s0) 7%

Here pq & p; are the marginals of Pr(sy,...,sy). But those marginals are also those

of tnew (sac\i,sl, ...,SN). So in the above formula we have p. = pug® & p; = p'e.
Finally we get:

Linew = H?ew( new H Hnew 38a H Mnew d;
acG jeG
= chzew (Sac) N?ew (di+1) H Mnew Saa H Mnew 4 .
a€G jeG

Claim 2 Take any Gibbs distribution in the form:
1

(81, SN) = — CXP (—H (s1,.--,8N)) -

The free energy is equal to the difference of the average energy and the average entropy:
F=-logZ=(H),— Sy

Precisely,
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Proof.

Remark 3 at this point it is worth mentioning the “variational principle” that states that
the Gibbs distribution minimizes the Gibbs functional

Flv] =), - S
If 1 is the Gibbs distribution associated to the Hamiltonian H, it satisfies
Flu] < F[v] for all v.

For our graphical model the Hamiltonian is

H fa (Saa) = exp (—H (81, ceey SN)) .

Thus H (s1,....,5n8) = — Y, In(fa (59a)) -

F=®), -5y
- _Z Z (In fo (88a)) p (81, -3 SN)
T Z M(Sl""73N) In <Hua (Saa)HMi (Si)l_di>

==Y ) (Infa(soa) pt(s00)

a S$1,--,5N

_|_Z Z 81,..., (ln (Ma (Saa)))

a S1,.-,8N

n Z (L=di) > (s, sn) (In (1 (50)))

S815--SN
—ZZMa 50a) I 1q (594 +Z (1—di) ) i (s6) In g (s5)
a  Soq Si
_ZZﬂ S90a lnfa Saa)-
a  Soa

Corollary 4 on a tree graphical model the free energy can be expressed as

F= 303 (o) 5500 57 (1) Y s () s ()

a  S9a
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This expression can also be phrased in term of edge messages. Indeed we have seen that
on a tree the marginals are exactly given

pi (53) o< ] vasi (s0)

a€oi

Ha (Saa) X fa (Saa) H Visa (51)

i€0a

where v,_,;, Vi are a set of messages associated to edges of the graph. These messages
are the (unique on a tree) solution of BP equation

Vissa (8i) = H Vp—i (i)

bedi~a
Va—i (S'L) = Z fa (Saa) H Visa (Sj)
~S; j€E€da~i

Some algebra leads to the expression in terms of messages:
FoY R Y R-Y R
a i (4,a)

We get three contributions to the total free energy:

Fy=1In (Z fa (Saa) H Visa (51)>

Sda i€0a
F,=In (Z H Vp—si (&‘))
si beD

Fi, =In (Z Vissa (8i) Vasi (51))

Si

3 Notion of Bethe free energy for general graphical models

Consider a general graphical model, not necessarily tree like. Consider the set of all edges F/
and associate to each edge (j, a) distributions (or "messages”) called v;_q (%) & Vo (25).
For the moment these are not necessarily the BP messages. The only constraint on these
distributions are that they are normalized to 1.

Definition 5 The Bethe free energy functional is by definition:

Fgethe [{Vi—sar Vasi}t] = Fo [{vj-n}] + Fj [{vj-e}] — Foj {Vima,Va—i}] -
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with

F,[v]=In (Z fa (564) H Vja (&))

Sda 1€0a

] =m | > ] 2osi (s9)

s; beodj

Foj v, 0) =1n [ > vja(85) Passj (s5)

Sj

Proposition 6 The stationary points of the Bethe free energy satisfy the BP fixed point
equation and conversely fixed points of BP are stationary points of the Bethe free energy.

Remark 7 In this proposition by ”stationary points” we mean ”interior stationary points”.

Proof. Introduce the Lagrangian (we consider only interior stationary points).

L (u, v, A,X) =F(v,v) — Z Aa—i (Z Vasi (8i) — 1> - Z Aia (Z Viosa (8i) — 1) .

Look at stationary points of L

57[1 -0 = /X o Vg—si (Sz) B Zwsi fa (Saa) Hjeaa\i Via (Sj)
Wasi (Sz) a—1 Zsi Vi—a (Sz) l//\a—n' (Sz) 258(1 fa (83a) Hjeaa Visa (Sj)
_ Ok =0= Nsq = Viza Si) _ Tycoia ﬁb:n' (si) '
Wissa (5) 2, Vimva (80) Vasi (8i) 2o, Tloeoi Vo (si)
oL
N =0= Va—si (8i) = 1.
5)\a~>i zs; - ( )
0L
Oissa =0= ZV"HG (si) =1.

Si

Let us show that Xa_>i = Aia = 0 (so that the normalization constraint is trivially en-
forced). Multiply the first two equations by v;_4 (8;) & Uy (8;). Then sum over s;. This
implies:

Xaosi Z Viosa (8i) =0
s

Xissa Z Va—i (s:) = 0.
s

Because of the last two equations we get /):a_n = MNiq = 0. Thus stationary points of
L (l/, v, )\,)\) are:

~

Aassi = 0; Miq = 0 & v, U satisfy BP equations.
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Va—i (8) Z Ja (s0a) H Vjsa (85)

~S; j€Eda~i
Visa (85) o H Up—i (i) -
bedi~a

Since A & A=0at a stationary point we have

~ dvpp  dvpp

at 7
=0
= idem for 5§F . Thus
VBp
oF oF
Wl 0& ol = 0
V=VBp v=vpp

It is interesting to consider the special case of binary variables. We work directly in the
space of binary distribution by parametrizing:

ehi—asi 1
Visa (Sz) = m = 3 (1 + s; tanh hi—m)
N eﬁa%isi 1 ~
Va—i (51) === (1 + s; tanh ha%i)
2coshhgy; 2

The Bethe functional now becomes:

FBethe [h,/ﬁ:| EFa+E_Fai-

1
Fo=In|> fa(saa) [[ 5 (1+s; tanh hjsq)

Sda j€da
1 ~
F;=1n Z H 3 (1 + s; tanh hb_,j>
s; bedy

1 ~ 1
F,i=1In Z 5 <1 + S tanh hag)j) 5 (1 + s tanh hj;)a)

S5
1 ~
~In <2 (1+ tanh B, tanh hj%)> .

Stationary conditions.
oF OF
dtanhhj .4 d tanh hg_s

Proof.

10- 8



A)

B)

6 tanh hjﬁa a Zsaa Ja (Saa) Hieaa % (1 + s; tanh hi%a) % <1 + tanhﬁaﬁj tanh hj*)a)

Thus

1+ tanh Ea_m- tanh hj_,, )

tanhﬁ(z ;=
- <Zsaa fa (Saa) Hieaa % (1 + 85 tanh hi—m)

1
> sifa(soa) [ 51+ sitanhhisa)
S$9a i€0a~j

From this equation, by bringing (tanh/ﬁa_)j) on the same side we obtain:

Zsaa ija (Saa) Hie@a\j % (1 + s tanh hi%a)
Zsaa fa (Saa) Hieaa\j % (1 + 8; tanh hi%a) '

Since the left hand side is equal to

D siVasi (35) -
j

tanh /i\za_>j =

and the right hand side is equal to

_ Zwsj fa (Saa) Hieaa\j Visa (31)
%: g (Zsaa fa (58(1) Hie@a\j Vi—sa (Sz) > ’

we see that the stationarity condition is equivalent to:

Dasj (57) = D fa(s0a) || vioa(si).

~S;j i€daNj

one of the two BP equations.

SF . . C e
Sanhh s, 0 the calculation is similar.
L ~
oF B Zsj- Sj Hbeaj\a 2 (1 +8j tanh hb—*j) tanh hj—>a
6tanh/f;a_>j Zsj Hbeaj % (1 + 85 tanh/ﬁb_m‘) 1+ tanhﬁa_m' tanh hj_.,
Thus
1 + tanh he_,; tanh h; -
tanh hj_ = + tanh g j tanh ;4 Zsj H (1 + s; tanh hb_>j> .

>, [ieo; (1 + s; tanh hb—>j) s;  bedjna
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Now isolate (tanhhj_,q) on one side and deduce:

Zsj $j [beaja 3 (1 + s; tanh hb_>j>

ZSj Hbe@j\a % (1 + 85 tanh hbﬁj)

The left hand side is > s; 5iVi—a (sj). Thus this equation is equivalent to the second
BP equation:
Visa (55) = Hoeoja P25 (55) .
ZSJ' HbEBj\a Vp— j (Sj)

10 - 10



