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Similarly, we derive

(n—2)/4 i (n—2)/4 i
DIFo =p(p-1) [[ » ][ @™
Jj=1 j=1

foranoddn/2,since 1H; ;, = p(p—1) from (7). Therefore, we obtain
DIF;, for an odd n/2. QED.

Example 3: We are interested in the difficulty DIF, for 2" -phase
bent sequences with period 2" — 1, since signals with 2" -phase have
often been used in some communications. We compute DIF, from The-
orem 3 as shown in Table I. In order to get large difficulty, we need a
bent sequence set with long period or many phases.

V. CONCLUSION

We have tried to construct a DS-SSMA system, in which the dif-
ficulty of wiretapping from interception increases and the worst case
error probability decreases as much as possible. Bent sequences with
optimal periodic correlation properties and high linear span have been
applied as spreading sequences corresponding to secret keys.

The difficulty of wiretapping has been defined, and derived for a
p"" -phase bent sequence set. If a bent sequence set possesses long pe-
riod or many phases, the DS-SSMA system seems to be able to protect
information data from interception, as shown in Example 3.

If we allow the bent functions to take real values, the difficulty seems
infinite.
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A Short Proof of the “Concavity of Entropy Power”

Cédric Villani

Abstract— We give a simple proof of the “concavity of entropy power.”

Index Terms—Entropy power, Fisher information, heat semigroup.

1. INTRODUCTION

Let f be a probability measure on IR™. We define the action of the
heat semigroup (P, )¢>0 on f, by the solution of the partial differential
equation

%Bf=AGUL

Equivalently, I f is the convolution of f with the n-dimensional
Gaussian density having mean vector () and covariance matrix 2¢1,,
where I, is the identity matrix. The “concavity of entropy power”
theorem states that

d2
Z=N(Pf) <0, M
Here
2H(S)
Nh="5— HDH==[ flogf.

The functional N (f) is the so-called “entropy power” of f, as intro-
duced by Shannon, while H ( f) is Shannon’s entropy functional (which
coincides with Boltzmann’s entropy up to a change of sign). The nor-
malizing factor 2we is nonessential and we mention it only to stick to
the conventions of Shannon.

Inequality (1) is due to Costa [4]. Later, Dembo [5], [6] simplified
the proof, by an argument based on the Blachman—Stam inequality [3]

1 1 1
g = T gy

Here f and g are two arbitrary probability densities, and

Hﬁ:/nbgt

stands for the Fisher information of f. Actually, Dembo proved in-
equality (1) in the equivalent form

szt gyt d

n 2 dt ‘t:oI(Plf)' 2)
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Using basic considerations on the heat equation, like the continuity of
H (P, f) with respect to f (when f varies in a class s.t. H(f) stays
bounded), it is sufficient to prove (1), or equivalently (2), for a very
smooth initial datum f, with fast decay at infinity. In order not to worry
about logarithms, we may also impose that |log f(z)| < C(1 + |z|?)
for some constant C'. The general case will follow by density.

Our goal here is to give a direct proof of (2), in a strengthened form,
with an exact error term. Our proof relies on the following lemma, well-
known in certain circles.

Lemma: Let f be a smooth, rapidly decaying probability density,
such that log f has growth at most polynomial at infinity. Then

Z
3 Lo

Here the summation is taken over all indices 1 < < n,1 <j < n.
This computation (or actually a variant of it) was performed by McKean
[7] in one dimension of space, and easily generalized by Toscani [8] to
the n-dimensional case. But this lemma is also a particular case of the
identities of Bakry and Emery [2], established through the so-called I'»
calculus as part of their famous work on logarithmic Sobolev inequali-
ties and hypercontractive diffusions. For the sake of completeness, we
give here a simple proof which is inspired from Bakry and Emery.

HH =3 [ floytog )P

Proof of Lemma: Write the Fisher information in the form

1n= |

so that, by differentiation under the integral sign,

:
V(log f)|

% I(Ptf):/ +2/fV(logf) v(Af>
1t 1t=0 f
3)
We express Af/f in terms of log f, thanks to the elementary identity
A 2
=L = Atog )+ [Vos )|

so that (3) becomes

, ) ,
/Af‘V(logf)r +2/fV(10gfﬂ)-VA(logf)

+2/"

The first integral in (4) can, of course, be rewritten as

/3/

while the third one is

2
=-2

On the whole, (3) is equal to
3 2
[ #[25t02.)- ¥ AGog 1) - AV o )]

We conclude by the elementary identity (in which the reader may rec-
ognize a trivial particular case of Bochner’s formula)

2 .
=-23 (dyu)’. |
ij

IV - VAU — A‘Vu

With this lemma at hand, the proof of (2) is almost immediate.
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Proposition: Let f be a smooth, rapidly decaying probability den-
sity, such that log f has growth at most polynomial at infinity. Then

J(F) > I(f)z

Proof: Consider the nonnegative quantity
(0uf  0if0;f ’
AN = / <4— 5+ A8
( ; f fz J f

and expand this expression as a trinom in A. Since

3 . a2
/aiif —0. 2: / (0,;9)
) f=2)(f)+ An.

=I(f),

we obtain

3. £0, f

- [ (7%

Now, the choice A = I(f
1(f)?

- (%S _0ifoif | I(f)g
-3 [ (-

)

)/n yields the equality

J(f) -
) f20.5

O

Remarks:

1) It is easy to check that, at least under suitable smoothness as-
sumptions, equality in (2) occurs if and only if f is an isotropic
Gaussian.

2) As one of the referees pointed out, a proof of the Proposition in
the same spirit as the above argument is implicit in the notes by
D. Bakry [1, p. 103, remarks following the proof of Proposition
6.7]. Namely, applying the Cauchy—Schwarz inequality twice

> [ost020)] > = [Atog )]

i

[ i[s00s0)] = ([ 1300s0)) = 1007

(where we used again f f = 1). While this proof does not
give any simple remainder term, one advantage is that—as again
pointed out by the referee —it also works for Riemannian mani-
folds with nonnegative Ricci curvature.
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