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The first term of the above product converges to zero a.s., since (By) is continuous and therefore
uniformly continuous on [0,%]. The second term converges to the quadratic variation of (B;) in
[0,t], which is a.s. finite, since it is equal to ¢ a.s. Therefore, the product converges to zero a.s.

2. We show that (M? — E(M})) is a martingale. Indeed, let ¢t > s > 0:

E(M] — MZ|Fy) = B((M; — M) + 2 (M; — My) M| Fo) = E((M; — M)?)
= E(M}) — E(M2) - 2E((M; — M) M) = E(M?) — E(M?).

3. a) We know that M; — Mg > 0 a.s., for all £ > s > 0, and we also know that
E(My — M) = E(E(M; — Ms|Fs)) = E(E(M|Fs) — M) = E(Ms — M) =0,
so My = Mg a.s. forallt > s> 0, ie. My = My a.s. forallteR,.

b) Let us compute, for ¢ > s,

E((M; — M,)?) = E(M?—2M;M,+ M?) = E(E(M}? — 2M;M, + M2|F,))
= E(E(MZ|F,) — 2B(M;|Fo) M, + M2) = E(M?2 — 2M? + M?) = 0.

where we have used the assumption that E(M?|Fs) = M2. Therefore, My = M; = My a.s. for all
t>s>0.



