SPECTRAL MEASURE OF LARGE RANDOM HANKEL,
MARKOV AND TOEPLITZ MATRICES.

WLODZIMIERZ BRYC, AMIR DEMBO, AND TIEFENG JIANG

ABSTRACT. We study the limiting spectral measure of large symmetric random
matrices of linear algebraic structure.

For Hankel and Toeplitz matrices generated by i.i.d. random variables
{Xx} of unit variance, and for symmetric Markov matrices generated by i.i.d.
random variables {X; ;j};>; of zero mean and unit variance, scaling the eigen-
values by y/n we prove the almost sure, weak convergence of the spectral
measures to universal, non-random, symmetric distributions vg, var, and yp
of unbounded support. The moments of v and 7 are the sum of volumes of
solids related to Eulerian numbers, whereas 3, has a bounded smooth density
given by the free convolution of the semi-circle and normal densities.

For symmetric Markov matrices generated by i.i.d. random variables
{Xi;};j>i of mean m and finite variance, scaling the eigenvalues by n we
prove the almost sure, weak convergence of the spectral measures to the atomic
measure at —m. If m = 0, and the fourth moment is finite, we prove that the
spectral norm of M,, scaled by \/2nlogn converges almost surely to one.

1. INTRODUCTION AND MAIN RESULTS

For a symmetric n x n matrix A, let A\;(A),1 < j < n denote the eigenvalues
of the matrix A, written in a non-increasing order. The spectral measure of A,
denoted ji(A), is the empirical distribution of its eigenvalues, namely

_ 1
i(A) = n 21 5AJ-(A)
=

(so when A is a random matrix, fi(A) is a random measure on (R, B)).

Large dimensional random matrices are of much interest in statistics, where
they play a pivotal role in multivariate analysis. In his seminal paper, Wigner
[Wigh8] proved that the spectral measure of a wide class of symmetric random
matrices of dimension n converges, as n — oo, to the semi-circle law (also called
the Sato-Tate measure, see [Ser97] and the references therein). Much work has
since been done on related random matrix ensembles, either composed of (nearly)
independent entries, or drawn according to weighted Haar measures on classical (e.g.
orthogonal, unitary, simplectic) groups. The limiting behavior of the spectrum of
such matrices and their compositions is of considerable interest for mathematical
physics (see [PV00] and the references therein). In addition, such random matrices
play an important role in operator algebras studies initiated by Voiculescu, known
now as the free (non-commutative) probability theory (see, [HP00] and the many
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references therein). The study of large random matrices is also related to interesting
questions of combinatorics, geometry and algebra (see the review [Ful00], or for
example [Spe97]). In his recent review paper [Bai99], Bai proposes the study of large
random matrix ensembles with certain additional linear structure. In particular,
the properties of the spectral measures of random Hankel, Markov and Toeplitz
matrices with independent entries are listed among the unsolved random matrix
problems posed in [Bai99, Section 6]. We shall provide here the solution for these
three problems.

We note in passing that Hankel matrices arise for example in polynomial regres-
sion, as the covariance for the least squares parameter estimation for the model
Zf;ol b;x!, observed at * = x1,... , 7, in the presence of additive noise (see [SS90),
page 36]). Toeplitz matrices appear as the covariance of stationary processes, in
shift-invariant linear filtering, and in many aspects of combinatorics, time series
and harmonic analysis. See [GS84] for classical results on deterministic Toeplitz
matrices, or [Dia03] and the references therein, for their applications to certain ran-
dom matrices. The infinitesimal generators of continuous time Markov processes
on finite state spaces are given by matrices with row-sums zero (which following
[Bai99], we call Markov matrices). Such matrices also play an important role in
graph theory, as the Laplacian matrix of each graph is of this form, with its eigen-

values related to numerous graph invariants, see [Moh91].

We next specify the corresponding three ensembles of random matrices studied
here. Let {X; : £ =0,1,2...} be i.i.d. real-valued random variables. For n € N,
define a random n x n Hankel matrix H,, = [X;1;_1]1<i j<n,

X1 X e oon o Xpoa Xn
Xo X3 Xn Xn+1
X X
(11) H, = n+1 n+2 ,
Xn—2 Xn—1 -
Xn—1 Xn Xon—3 Xop-2
Xn Xn+1 Xon—2 Xan-1

and a random n x n Toeplitz matrix T, = [X|;_jjli<ij<n,

Xo X1 Xo ... Xp—2 Xpoa
X1 Xo X1 Xn—2
(1.2) T, — Xo X1 Xo
: . Xo
Xn—2 Xo X1
Xpo1 Xy o0 Xo X4 Xo

Let {X;; : j >4 > 1} be an infinite upper triangular array of i.i.d. random
variables and define X;; = X;; for j >4 > 1. Let M,, be a random n x n symmetric
matrix given by
(1.3) M, =X, -D,,

where X,, = [Xj;]1<j j<n and D,, = diaug(zjn.:1 Xij)i<i<n is a diagonal matrix, so
each of the rows of M,, has a zero sum (note that the values of X;; are irrelevant
for M,,).

The limiting spectral distribution for a Toeplitz matrix T, is as follows.

Theorem 1.1. Let {X; : k = 0,1,2,...} be ii.d. real-valued random variables
with Var(X) = 1. Then with probability one, i(Ty,/\/n) converges weakly asn — oo
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to a non-random symmetric probability measure vy which does not depend on the
distribution of X, and has unbounded support.

The spectrum of non-random Toeplitz matrices, the rows of which are typically
absolutely summable, is well approximated by its counterpart for circulant matrices
(c.f. [GS84, page 84]). In contrast, note that the limiting distribution 7 is not
normal as the calculation shows that the fourth moment is m4 = 8/3. This differs
from the analogous results for random circulant matrices, see [BM02], a fact that
has been independently noticed also in references [BCGO03] and [HMO03].

Our next result gives the limiting spectral distribution for a Hankel matrix H,,.

Theorem 1.2. Let {X; : k = 0,1,2,...} be i.i.d. real-valued random variables
with Var(X) = 1. Then with probability one, i(Hy/\/n) converges weakly as n —
oo to a mon-random symmetric probability measure vy which does not depend on
the distribution of X, has unbounded support, and is not unimodal.

(Recall that a symmetric distribution v is said to be unimodal, if the function
x — v((—o0,z]) is convex for z < 0.)

Remark 1.1. Theorems 1.1 and 1.2 fall short of establishing that the limiting dis-
tributions have smooth densities and that the density of vy is bimodal. Simulations
suggest that these properties are likely to be true (see [BDJO3] for details).

Remark 1.2. Consider the empirical distribution of singular values of the non-
symmetric random n x n Toeplitz matriz R,, = [X;_jli<ij<n. It follows from
Theorem 1.2 that as n — oo, with probability one i((R,R)'/?/\/n) = v weakly,
where v([0,z]) = yu([—z,z]),x > 0. Indeed, let J, = [li\j—nt1)1<ij<n, noting
that J,, x RY is the Hankel matriz H,, for {Xy,_, : k =0,1,...} to which Theorem
1.2 applies. Since J2 = 1,,, and both J,, and J,, x RL are symmetric, we have
R,RT = (R,J,)TJ,RT = H2. Thus the singular values of matriz R, are the
absolute values of the (real) eigenvalues of the symmetric Hankel matriz H,.

We now turn to the Markov matrices M,,. Wigner’s classical result says that
i1(X,,/+/n) converges weakly as n — oo to the (standard) semi-circle law with the
density v4 — 22/(2r) on (—2,2). For normal X,, and normal ii.d. diagonal D,,
independent of X,,, the weak limit of i((X,, — D,)/y/n) is the free convolution
of the semi-circle and standard normal measures, see [PV00] and the references
therein (see also [Bia97] for the definition and properties of the free convolution).
This predicted result holds also for the Markov matrix M,,, but the problem is
non-trivial because D,, strongly depends on X,,.

Theorem 1.3. Let {X;; : i > j} be a sequence of i.i.d. random variables with
EX = 0, and Var(X) = 1. With probability one, i(M,,//n) converges weakly
as n — oo to the free convolution vy of the semi-circle and standard normal
measures. This measure Yy @S a non-random symmetric probability measure with
smooth bounded density, does not depend on the distribution of X, and has un-
bounded support.

If the mean of X;; is not zero, the following result is relevant.

Theorem 1.4. Let {X;; :i,j € N,i > j} be a sequence of i.i.d. random variables
with EX = m and EX? < co. Then ji(M,,/n) converge weakly to §_,, as n — oc.
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Turning to the asymptotic of the spectral norm ||M,, || := max{\; (M,,), —A,(M,,)}
of the symmetric matrix M,,, that is, the largest absolute value of its eigenvalues,
we have that

Theorem 1.5. Let {X;;:4,5 € N;i > j} be a sequence of i.i.d. random variables
with EX = 0, Var(X) = 1, and EX* < co. Then

ML ]

lim —————=1 a.s.

n—oo \/2nlogn

If the mean of X;; is not zero, the following result is relevant.
Corollary 1.6. Suppose EX =m and EX* < oc. Then

M,
o P

n—o00 n

a.s.

Theorem 1.5 reveals a scaling in n that differs from that of the spectral norm of
Wigner’s ensemble, where under the same conditions, almost surely,

Xl
c.t. [Bai99, eorem 2. . As shown in Section 2 en-route to provin eorems
f. [Bai99, Th 2.12]). As sh in Section 2 ing Th
1.4, 1.5 and Corollary 1.6, this is due to the domination of the diagonal terms of
M,, in determining its spectral norm.

Remark 1.3. The asymptotics of the spectral norm of random Toeplitz T,, and
Hankel H,, matrices is not addressed in this work.

In Section 3 we introduce the combinatorial structures which describe the mo-
ments of the limiting distributions of the Hankel, Markov, and Toeplitz matrices,
and which are of some independent interest. In Section 4 we use combinatorial
arguments and truncation to prove the convergence of moments, and conclude the
proofs of Theorems 1.1, 1.2 and 1.3. Part of the proof that establishes properties
of these limiting distributions is left for the Appendix.

2. PROOFS OF THEOREMS 1.4, 1.5 AND COROLLARY 1.6

We need the following result, which follows by Chebyshev’s inequality from
Sakhanenko [Sak85, Section 6, Theorem 5], or [Sak91, Section 5, Corollary 5].

Lemma 2.1 (Sakhanenko). Let {&; i = 1,2,...} be a sequence of independent
random variables with mean zero and & = o?. If E|&|P < oo for some p > 2,
then there exists a constant C > 0 and {n;, i =1,2,...}, a sequence of independent
normally distributed random variables with n; ~ N(0,02) such that

n

C
P( max |Sp — Ti| > z) < WZ]EKW)

1<k<n N
- =1

for any n and = > 0, where Sy, = Zle & and Ty, = Zle ;-

Proof of Theorem 1.5. Hereafter let b(n) = 1/2nlogn denote the normalization
function for Theorem 1.5.
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It follows from (1.3) that |||M,,||— [|D.|l| < [IX.]- So, by (1.4) and the definition
of D,,, it suffices to show that as n — oo,

1 n e
(2.1) W, = mgljlx{ \;Xm } =1 as.
We first show the upper bound, that is,
(2.2) limsup W, <1 a.s.
n—oo

Note that {X;;; 7 > 1and j # i} is sequence of i.i.d. random variables for each
i > 1. By Lemma 2.1 and the condition that IE|X;|* < oo, for each i > 1, there
exists a sequence of independent standard normals {Y;;;j > 1 and j # i} such that

(2.3) max]P(max | Z ij = az) < i—?

for all z > 0 and n > 1, where C' is a constant which does not depend on n and =z,
and Y;; = 0 for any 7 > 1. We claim that

(2.4) U, max{|z ii —Yi)|} =0 as.

as n — o0o. First,
k
21 gm Al gm+l
nax U < b(2m) max I]?ax{\ le(Xij =Y}
y (2.3), for any € > 0,

113( 2ax Uy > g) 2m+1]P(max\Z = Yi)| > Eb(2m)) < C.

k=2m m2

for some constant C. depending only on . Since € > 0 is arbitrary, by the Borel-
Cantelli lemma, maxi:; Ur — 0 a.s. as m — oo, which implies (2.4). Let

1 n
Vo = mryjfclj;ml-

By the definitions in (2.1) and (2.4), we have that W,, < U, + V,,, so by (2.4) we
get (2.2) as soon as we show that limsup,,_, . V;, < 1. To this end, fix § > 0 and
a > 1/§. Then,

P Ve >146) < (m+ )P (Mihax ZY1]\> $)b(m®))
(m+1)%+1

(2.5)

IN

2m+1P(] 3 Yyl 2 @+ a)bm™).,

where Levy’s inequality is used in the second step. Since Yj;’s are independent
standard normals, & := (m + 1)~ /2 ngjl) *1y,; is a standard normal random
variable. Thus, by the well known normal tail estimate

1 T
Vor 1+ 2?2

. 1 1 .
e t2/2 <PE>x)< e for > 0,

(2.6) o
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we see that
P (1€l > (1+6)(m +1)*/2(m®)) < Cym 20+

for some constant CA'(; > 0. Consequently, for some C§ > 0 and all m, by (2.5),

]P((nrga% Ve>1+ 6) < Ckm—°

With aé > 1, we have by the Borel-Cantelli lemma that,
m+1)°
limsup{ (mﬂ Vi } <1446 as.
m— o0 n=m®
It follows that limsup,,, ., Vi, < 1+ a.s. and taking 0 | 0 we obtain (2.2).
We next prove that

(2.7) liminf W,, > 1 a.s.

n—oQ

To this end, fixing 1/3 >& > § > 0, let n. := [n' =] + 1. Then,

w, > —max|ZX”|
1 n -
(2.8) > mr?:alﬂj:nzﬂ)(m ) max|ZX“| =V — V.

By (2.2), limsup,,_, ., W,,. <1 a.s. Thus, with b(nE)/b(n) — 0 as n — oo, we have
that

b(n.)
2.9 Voo =W, — 0 a.s.
(2.9) 2 ) a.s
Since {X;;; 1 <i <n.,n. <j<n}areiid. for any n > 1, it follows that
n—ne:+1

(210)  P(Vi<1-30)=P( 3 X1j|§(1735)b(n))n5.

With b(n) > y/n, by Lemma 2.1 there exists a sequence of independent standard
normals {Y;} such that for some C = C(d) < co and all n

n—ne+1 n—ne

(2.11) Pl Y Xy Y v>am) <cn!

Further, by the left inequality of (2.6) we have that for all n sufficiently large,

n—ne

P(| Y V< (1-26)b(n)) <P(Vi| < (1-6)y/2logn) <1-2n" 79

Combining this bound with (2.11) and (2.10) we get that for all n large enough

PV <1-30)<(1-2n 9 4 0n )™ <(1—n 0N " <o
Recall that € > 4, implying that - -, P(V,1 < 1-36) < oc. By the Borel-Cantelli

lemma,

liminfV,,; > 1 — 36 a.s.

n— oo

This together with (2.8) and (2.9) implies that almost surely liminf,, . W, >
1 — 34, and the lower bound (2.7) follows by taking ¢ | 0. O
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Proof of Corollary 1.6. Let IVIn denote the Markov matrix obtained when )?ij =
Xi; — EX;; replace X;; in (1.3). Obviously,

(2.12) M, =M, +Y,,
where Y, [ 5;] 1s the n x n matrix with Y;; = m —nm1,-;. Clearly, \1(Y,) =0,
A2(Yyn) = =A(Yn) = —nm, so |Yn| = n|m|. By (2.12) and Theorem 1.5, we
have that
M,| [Y. M,
M) IYnl| o IMal g
as n — oo. This implies that |M,]||/n — |m| a.s. O

In the context of this paper, the next lemma is very handy for truncation pur-
poses.

Lemma 2.2. Let {X;; : j > i > 1} be an infinite triangular array of i.i.d. random
variables with EX11 = 0 and Var(Xq1) = 0%, Let Xj; = X;j fori < j and X;; =0
for all i > 1. Then

n
2 2
( E Xi;)* =0 as.
i=1 j=1
as n — 0o.

Proof. Define

(2.13) Un:=> Y XijXi.

Then

By the strong Law of Large Numbers, the first term on the right hand side converges
almost surely to o2, so it suffices to show that

Un
(2.14) 7 0 a.s.
To this end, denote by Fjp the o-algebra generated by the random variables
{Xij,1<1i,j < k}. Noting that

Upny1 —Un = Z Xnt1)j Xtk + Z ZXini(n+l)>
1<j<k<n i=1 j=1
it is easy to verify that {U,, : n > 1} is a martingale for the filtration {F,, : n > 1}.
Further, the n?(n — 1)/2 terms in the sum (2.13) are uncorrelated. Indeed, if i # i’
and j < k, j' < k' then IE(X;; X, X j» Xy ) = 0 as at least one of the four variables
in this product must be independent of the others. Thus, E(U2) < o?n?(n — 1)/2
for any n > 2, and by Doob’s sub-martingale inequality

]E(U2 2) 04
P U;| > < m-Z L .
(1£rllz<1x2| [zm ') < m8e2  — m2g?

It follows by the Borel-Cantelli Lemma, that almost surely

Zp i=m~* max |U;| =0,
1<i<m?
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as m — oo. Since n=2|U,| < (m/(m — 1))*Z,, whenever (m — 1)? < n < m?

m > 2, we thus get (2.14). O

Let dpr, denote the bounded Lipschitz metric for the weak convergence of mea-
sures,

(2.15) dp(u,v) = sup{ / fu / fiv | flloo + 1 Flz < 1},

see [Dud02, Section 11.3]. For the spectral measures of n xn symmetric real matrices
A B we have

dpr(i(A), 4(B)) < sup{%ZIf(Aj(A)) —FOB)]: I flle <1}

1 n
< = > IA(A) = A(B)].
=
By Lidskii’s theorem [Lid50], see also [Bai99, Lemma 2.3],

Z\A (B) < (B - A)?)
(216) By (A(A). i(B) < ~tx((B ~ A)?).

Proof of Theorem 1.4. We use the notation from the proof of Corollary 1.6 and
write 02 = Var(X;;). By (2.12) and (2.16) the bounded Lipschitz metric (2.15)
satisfies

2.17) At (ML ), (Y /) < (n0r82))

Note that {)N(ij; 1 < i< j} areii.d. random variables with mean zero and finite
variance. By the classical strong Law of Large Numbers and Lemma 2.2

(2.18) n 2r(M2) = | 5 Y X3 ZZX” — 202 a.s.

1<z<]<n i=1 j=1

as n — oo. Recall that all but one of the eigenvalues of Y, are —nm, hence
(Y ,,/n) converges weakly to d_,,,. Combining this with (2.17) and (2.18), we have
that almost surely, i(M,,/n) converges weakly to d_,,. O

3. THE LIMITING DISTRIBUTIONS YH, Ym, AND vy

3.1. Moments. The probability measures vg, vas, and 7 will be determined from
their moments. It turns out that the odd moments are zero, and the even moments
are the sums of numbers labeled by the pair partitions of {1,...,2k}.

It is convenient to index the pair partitions by the partition words w; these are
words of length |w| = 2k with k pairs of letters such that the first occurrences of
each of the k letters are in alphabetic order. In the case k = 2 we have 1 x 3 such
partition words

aabb abba abab,
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which correspond to the pair partitions
{1L2}U{3,4}  {L4}u{2.3}  {L,3}U{2.4)

of {1,2,3,4}. Recall that the number of pair partitions of {1,...,2k} is 1 x 3 x
X (2k —1).

Definition 3.1. For a partition word w, we define its height h(w) as the number
of encapsulated partition sub-words, i. e., substrings of the form zw;z, where z is a
single letter, and w; is either a partition word, or the empty word.

For example, h(abcabc) = 0, h(abcbca) = h(abccab) = 1, while h(aabbcc) =
h(abceba) = 3 (the encapsulating pairs of letters are underlined).

In the terminology of [BS96], h assigns to a pair partition the number of con-
nected blocks which are of cardinality 2. These connected blocks of cardinality 2
are the pairs of letters underlined in the previous examples.

See [BDJ03, Proposition B.2 and Corollary B.4] for a (direct) proof that the
even moments of 7y, are given by

(3.1) mak(Yar) = Z oh(w)

w:|w|=2k

For the Toeplitz and Hankel case, with each partition word w we associate a
system of linear equation which determine the cross-section of the unit hypercube,
and define the corresponding volume p(w). We have to consider these two cases
separately.

3.2. Toeplitz volumes. Let w[j] denote the letter in position j of the word w.
For example, if w = abab then w[l] = a,w[2] = b,w[3] = a,w[4] = b.

To every partition word w we associate the following system of equations in
unknowns xg, Z1,...,Tok-

(3.2)
( Ty —Tg + Ty — Ty -1 =0 if my; > 1is such that w[1] = w[m]

Ty — X1 + Ty — Typg—1 =0 if there is mo > 2 such that w[2] = w[mo]
) Ti—Ti1+ Ty — Tp,—1 =0 if there is m; > i such that w[i] = w[m;]
| T2k—1 — T2k—2 + Top — Togp—1 = 0 if w[?k — 1] = ’Ll)[2k]

Although we list 2k — 1 equations, in fact £ — 1 of them are empty. Informally,
the left hand-sides of the equations are formed by adding the differences over the
same letter when the variables are written in the space “between the letters”. For
example, writing the variables between the letters of the word w = ababe..c.. we get

(3.3) roqP1pTarIpTacts | Fn Pt L
The corresponding system of equations is

.’1217.’1,‘0+.’L‘37.’L‘2:0
Ty — 21 +34 —x3 =0
(3.4) Ts — g+ Tpy1 — 2y =0
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Since in every partition word w of length 2k there are exactly k distinct letters,
this is the system of k equations in 2k + 1 unknowns. We solve it for the variables
that follow the last occurrence of a letter, leaving us with k£ + 1 free variables: ),
and the k variables that follow the first occurrence of each letter.

We then require that the dependent variables lie in the interval I = [0, 1]. This
determines a cross-section of the cube I**! in the remaining free k + 1 coordinates,
the volume of which we denote by pr(w). For example, if w = abab, solving the
first pair of equations (3.4) for x3 = g — 1 + T2, T4 = x0, defines the solid

{.’Eg*.’El + a2 € I}ﬁ{’l?g EI} CIg,
which has the (Eulerian) volume pr(abab) = 4/3! = 2/3.
We define
(3.5) mak(yr) = Z pr(w).
w:|w|=2k
Proposition 4.2 below shows that these are indeed the even moments of yp.
3.3. Hankel volumes. We proceed similarly to the Toeplitz case. With each

partition word w we associate the following system of equations in unknowns
Lo, L1y---,L2%-

(3.6)
( 1+ T = Ty + Tny—1 if my > 1is such that w[1] = w[m;]
To + X1 = Ty + Tpg—1 if there is mo > 2 such that w[2] = w[mo]
Ti+Ti1 = Ty + Ty -1 if there is m; > i such that w[i] = w[m;]
\ T2k—1 + Tog—2 = Tog + Tok—1 if w[2k — 1] = w[2k].

Informally, the equations are formed by equating the sums of the variables at
the same letter. For example, the word abab with the variables written as in (3.3)
gives rise to the system of equations

{ r1 +xTog=x3 + Is

(3.7) Ty +T1 = x4 + 23

As in the Toeplitz case, since there are exactly & distinct letters in the word,
this is the system of k equations in 2k + 1 unknowns. We solve it for the vari-
ables that precede the first occurrence of a letter, leaving us with k free variables
ZTays---3%Ta, = Top—1 that precede the second occurrence of each letter, and

with the (k 4+ 1)-th free variable z2;. We add to the system (3.6) one more equa-
tion:
o = Tak-

As previously, we require that the dependent variables are in the interval I =
[0,1]. This determines a cross-section of the cube I**! in the remaining k + 1
coordinates with the volume which we denote by py (w).

Due to the additional constraint xzor = xg, this volume might be zero. For
example, equations (3.7) have solutions zg = 229 — 4,21 = 3 — T2 + x4 with free
variables x3, x3, z4. Equation zg = x4 gives additional relation x4 = w2, and reduces
the dimension of the solid {2zy — 24 € I} N {23 — 29 + 24 € [} N {2y = 22} C I*
to 2. Thus the corresponding volume is pg(abab) = 0.
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We define
(3.8) mok(ye) = Y pr(w).

w:|w|=2k

In Proposition 4.3 we show that these are indeed the moments of .

3.4. Relation to Eulerian numbers. The Eulerian numbers A, ,, are often
defined by their generating function or by the combinatorial description as the
number of permutations o of {1,...,n} with o; > 0;_1 for exactly m choices of
i=1,2,...,n (taking o9 = 0). The geometric interpretation is that A,, ,,,/n! is the
volume of a solid cut out of the cube I" by the set {z1 +---+x, € [m —1,m]}, see
[Tan73]. Converting any m — 1 of the coordinates x to 1 — z, we get that A, ., /n!
is the volume of a solid cut out of the cube I™ by the set

{ml+-’E2+"'+~75n7m7(mnfm+l+"'+~75n)EI}-

The solids we encountered in the formula for the 2k-th moments are the intersections
of solids of this latter form, with odd values of n, each having m = (n — 1)/2, and
with various subsets of the coordinates entering the expression.

Remark 3.1. One can verify that the probabilities pr(w) and pg(w) are rational
numbers, and hence so are moy(yr) and mog(vu), defined by formulas (3.5) and
(3.8) (for details, c.f. [BDJO03]).

4. PrROOFS OF THEOREMS 1.1, 1.2 AND 1.3

4.1. Truncation and centering. We first reduce Theorems 1.1, 1.2 and 1.3 to
the case of bounded i.i.d. random variables, and in case of Theorems 1.1 and 1.2,
also allow for centering of these variables.

Proposition 4.1. (i) If Theorem 1.1 holds true for all bounded independent
i.i.d. sequences {X;} with mean zero and variance 1, then it holds true for
all square-integrable i.i.d. sequences {X;} with variance 1.

(ii) If Theorem 1.2 holds true for all bounded independent i.i.d. sequences {X;}
with mean zero and variance 1, then it holds true for all square-integrable
i.i.d. sequences {X;} with variance 1.

(iii) If Theorem 1.3 holds true for all bounded independent i.i.d. sequences {X; ;}
with mean zero and variance 1, then it holds true for all square-integrable
i.i.d. sequences {X; ;} with mean zero and variance 1.

Proof. Without loss of generality, we may assume that IE(X) = 0 in Theorems
1.1 and 1.2. Indeed, from the rank inequality, [Bai99, Lemma 2.2] it follows that
subtracting a rank 1 matrix of the means IE(X) from matrices T,, and H,, does
not affect the asymptotic distribution of the eigenvalues.

For a fixed u > 0, denote

m(u) = IEXI{\X\>u}:
and let
0*(u) = EX?I{ x|<up — m*(u).
Clearly, o%(u) < 1 and since E(X) = 0, IE(X?) = 1, we have m(u) — 0 and
o(u) > 1 asu— co.

Let B
X = XI{\X\>u} — m(u).
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Notice that o2(u) = IE(X — X)2, therefore the bounded random variable

XX

e

has mean zero and variance 1. Denote by T/ H! the corresponding Toeplitz and
Hankel matrices constructed from the independent bounded random variables

X; - X;

i A=

J

By the triangle inequality for dgy,(+,-) and (2.16),

BL(A(Ty/V/n), i(T;, /v/n))
BL( (T /V/n), o ()T, /v/n) + 2d5s, (A( T, /) (o (w) T, /v/n))

< (T~ 0T, ) + (1 - o()Pr((T,)).

IN

It is easy to verify that IE(X2) = 1 — ¢2(u) — 2m(u)? and that with probability one

1 o Loy 2 A =
(4.1) —5tr((Tw - o(u)T),)%) = EX& +— ]Z; <1 - %) X7 - E(X?),
as n — oo (for example, sandwiching the coefficients j/n between the piecewise
constant ¢~'[¢j/n| and ¢~'[¢j/n] allows for applying the strong Law of Large
Numbers, with the resulting non-random bounds converging to IE(X?) as £ — oo).
Similarly,

1 1\2 1 1\2 2 - 7 \2 "2
(42 () = L0 2 Y (1) e - By,

j=
For large u, both m(u) and 1 — o(u) are arbitrarily small. So, in view of (4.1) and
(4.2), with probability one the limiting distance in the bounded Lipschitz metric
dpr, between (i(T,/+/n) and i(T!,/\/n) is arbitrarily small, for all u sufficiently
large. Thus, if the conclusion of Theorem 1.1 holds true for all sequences of inde-
pendent bounded random variables {X}}, with the same limiting distribution ~yr,
then fi(T,/+/n) must have the same weak limit with probability one.
Similarly, we have

diyp (i(Hy /V/n), i(H}, /v/n)) < —tr((H —o(u)H},)?) + %(I*U(U))ztr((ﬂﬁ)-

By the same argument as before, with probability one

%tr((Hn —o(u)H,)?) = %i (1 _ b ”) X? - E(X?),

and n—?tr((H/,)?) — E((X')?). Therefore, with probability one the limiting dp/,-
distance between i(H, /\/n) and i(H! /+/n) is arbitrarily small for large enough
u.

Similarly, denoting by M,,, M/, the corresponding Markov matrices constructed

from the independent bounded random variables )Zij and X}, := X;(u))(’ , we have

diyp (f(M /v/), ((M, //n)) < —tr(M2) ZZ(I*H(U))Z’U((M;)%-
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By (2.18), with probability one n~2tr((M/)?) — 2 and n—2tr(M2) — 2E(X?).
Therefore, with probability one, the limiting dpy,-distance between ji(M,,/1/n) and
(M} /y/n) is arbitrarily small for large enough wu. O

4.2. Combinatorics for Hankel and Toeplitz cases. For k,n € N, consider
circuits in {1,...,n} of length L(w) = k, i.e., mappings = : {0,1,....k} —
{1,2,...,n}, such that 7 (0) = = (k).

Let s : N> — N be one of the following two functions: sr(z,y) = |z — y|, or
sp(z,y) =z +y. We will use s to match (i.e. pair) the edges (7(i —1),7(i)) of a
circuit 7. The main property of the symmetric function s is that for a fixed value
of s(m,n), every initial point m of an edge determines uniquely a finite number

(here, at most 2) of the other end-points: if k,m € N, then
(4.3) £y € N: s(m,y) = k} < 2

For a fixed s as above, we will say that circuit 7 is s-matched, or has self-
matched edges, if for every 1 < i < L(w) there is j # i such that s(w(i — 1), 7(i)) =
s(m(j —1),7(4)).

We will say that a circuit 7 has an edge of order 3, if there are at least three
different edges in © with the same s-value.

The following proposition says that generically self-matched circuits have only
pair-matches.

Proposition 4.2. Fiz r € N. Let N denote the number of s-matched circuits in
{1,...,n} of length r with at least one edge of order 3. Then there is a constant
C, such that

N < Cpnlr+0/2],

In particular, as n — oo we have nTNT/Q — 0.

Proof. Either r = 2k is an even number, or r = 2k — 1 is an odd number. In
both cases, if an s-matched circuit has an edge of order 3, then the total number
of distinct s-values
{s(m(i = 1),m(i)) : 1 < i < L(x)}

is at most k — 1. We can think of constructing each such circuit from the left to the
right. First, we choose the locations for the s-matches along {1,...,r}. This can
be done in at most r! ways. Once these locations are fixed, we proceed along the
circuit. There are n possible choices for the initial point 7(0). There are at most
n choices for each new s-value, and there are at most 2 ways to complete the edge
for each repeat of the already encountered s-value. Therefore there are at most
rl x n x nF-127H1-F < € .nk such circuits. O

We say that a set of circuits my, mo, w3, 74 is matched if each edge of any one of
these circuits is either self-matched i.e., there is another edge of the same circuit
with equal s-value, or is cross-matched, i.e., there is an edge of the other circuit
with the same s-value (or both).

The following bound will be used to prove almost sure convergence of moments.

Proposition 4.3. Fiz r € N. Let N denote the number of matched quadruples
of circuits in {1,... ,n} of length r such that none of them is self-matched. Then
there is a constant C, such that

N < C,n?rT2.
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Proof. First observe that there are at most 2r distinct s-values in the 4r edges of
a matched quadruples of circuits of length 7. Further, the number of quadruples
of such circuits for which there are exactly u distinct s-values is at most Cr,un“+4.
Indeed, order the edges (m;(i—1),7;(i)), of such quadruples starting at j = 1,4 = 1,
then i =2,...,r, followed by j = 2,4 =1 and then ¢ = 2,... ,r, etc. There are at
most u*" possible allocations of the distinct s-values to these 47 edges, at most n*
choices for the starting points 7 (0), w2 (0), 73(0), and m4(0) of the circuits and at
most n" for the values of 7;(i) at those (4, i) for which (7;(i — 1), 7;(i)) is the left-
most occurrence of one of the distinct s-values. Once these choices are made, we
proceed to sequentially determine the mapping 7 (i) from i = 0 to i = r, followed
by the mappings 7,73, 74, noting that by (4.3) at most 24" ~“~* quadruples can
be produced per such choice.

Recall that the number of possible partitions P of the 4r edges of our quadruple
of circuits into |P| distinct groups of s-matching edges, with at least two edges in
each group, is independent of n. Thus, by the preceding bound it suffices to show
that for each partition P with |P| € {2r — 1,2r} such that each circuit shares at
least one s-value with some other circuit, there correspond at most Cn?"+2 matched
quadruples of circuits in {1,... ,n}. To this end, note that |P| = 2r implies that
each s-value is shared by exactly two edges, while when |P| = 2r — 1 we also have
either two s-values shared by three edges each or one s-value shared by four edges
(but not both).

Fixing hereafter a specific partition P of this type, it is not hard to check that
upon re-ordering our four circuits we have an s-value that is assigned to exactly one
edge of the circuit my, denoted hereafter (m (ix — 1), (ix)), and in case |P| = 2r,
we also have another s-value that does not appear in 7 and is assigned to exactly
one edge of 7o, denoted hereafter (m2(j. — 1), m2(j«)). (Though this property may
not hold for all ordering of the four circuits, an inspection of all possible graphs of
cross-matches shows that it must hold for some order).

We are now ready to improve our counting bound for the case of |P| = 2r — 1,
by the following dynamic construction of 7y :

First choose one of the n possible values for the initial value 71 (0), and continue
filling in the values of (i), i = 1,2,...,i. — 1. Then, starting at 7 (r) = m1(0),
sequentially choose the values of 71 (r — 1),m(r — 2),...,m(i*), thus completing
the entire circuit 7. This is done in accordance with the s-matches determined
by P, so there are n ways to complete an edge that has no s-match among the
edges already constructed, while by (4.3) if an edge is matching one of the edges
already available, then it can be completed in at most 2 ways. Since this procedure
determines uniquely the edge (m (i« — 1), 71 (7)) and hence the s-value assigned to
it, it reduces the number of free s-values to 2r — 2. Consequently, the number of
quadruples of circuits corresponding to P is at most Cn?"+2.

In case |P| = 2r, we first construct 7; by the preceding dynamic construction
while determining the s-value for the edge (m(ix — 1),71(i+)) out of the circuit
condition for 7. Then, we repeat the dynamic construction for w5, keeping it
in accordance with the s-values determined already by edges of m; and uniquely
determining the edge (m2(j« — 1), m2(j«)) and hence the s-value assigned to it, by
the circuit condition for m5. Thus, we have again reduced the total number of
free s-values to 2r — 2, and consequently, the number of quadruples of circuits
corresponding to P is again at most Cn?7*2. O
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The next result deals only with the slope matching function sy (z,y) = |z — y|.

Proposition 4.4. Fiz k € N. Let N be the number of sp-matched circuits m in
{1,...,n} of length 2k with at least one pair of sp-matched edges (w(i — 1), m(i))
and (7(j —1),7(4)) such that 7(i) —m(i —1)+x(j) —7(j —1) # 0. Then, asn — oo
we have

n~FFUN - 0.

Proof. By Proposition 4.2, we may and shall consider throughout path 7 in
{1,...,n} of length 2k for which the absolute values of the slopes 7 (i) — (i — 1)
take exactly k distinct non-zero values and, for 7 to be a circuit, the sum of all
2k slopes is zero. Let P denote a partition of the 2k slopes to sp-matching pairs,
indicating also whether each slope is negative or positive, with m(P) denoting the
number of such pairs for which both slopes are positive. Observe that if under
P both slopes of some sp-matching pair are negative, then necessarily m(P) > 1,
for otherwise the sum of all slopes will not be zero for any path corresponding to
P. Thus, it suffices to show that at most n* circuits = correspond to each P with
m =m(P) > 1. Indeed, fixing such P, there are at most n ways to choose 7(0) and
nF~™ ways to choose the k — m pairs of slopes for which at least one slope in each
pair is negative. The remaining m pairs of sp-matching positive slopes are to be
chosen among {1,... ,n} subject to a specified sum (due to the circuit condition).
Since there are at most n™ ! ways for doing so, the proof is complete. O

4.3. Moments of the average spectral measure.

Proposition 4.5. Suppose {X,;} are bounded i.i.d. random variables such that
E(X)=0,E(X2) =1. Then for k € N

(44) nll)néo nk+1 ]Etr(T?’Lk) = Z pT(w)a
w:|w|=2k
and
1 .
(4.5) lim ———=TBtr(T?*"') = 0.

n—oo pk+1/2

Proof. For a circuit 7 : {0,1,...,7} = {1,2,...,n} write

(4.6) Xr= H Xo(i)—n(i-1)-
i=1
Then
(4.7) Etr(T},) = Y EX,,
where the sum is over all circuits in {1,... ,n} of length r.
By Hoélder’s inequality, for any finite set II of circuits of length r
(4.8) | D EXq| < E(IX|)#IL
mell

Since | X|" is bounded, we can use the bound (4.8) to discard the “non-generic”
circuits from the sum in (4.7). To this end, note that since the random variables
{X;} are independent and have mean zero, the term IEX, vanishes for every circuit
m with at least one unpaired X;. Since T,, is a symmetric matrix, by (4.6) paired
variables correspond to the slopes of the circuit = which are equal in absolute value.
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Hence, the only circuits that make a non-zero contribution to (4.7) are those with
matched absolute values of the slopes. This fits the formalism of Section 4.2 with
the matching function sy (z,y) = |z — y|.

If r =2k —1 >0 is odd then each sp-matched circuit 7 of length ~ must have
an edge of order 3. From (4.8) and Proposition 4.2 we get |[Etr(T2*"1)| < Cn*,
proving (4.5).

When r = 2k is an even number, let II be the set of all circuits =
{0,1,...,2k} — {1,...,n} with the set of slopes {n(i) —w(i —1): i =1,...,2k}
consisting of k distinct non-negative integers si,...,s; and their counterparts
—$1,...,—8g. From (4.8) and Proposition 4.4 it follows that

. 1
Jim [t (T,) — > EX,|=0.

mell

Moreover, for every circuit 7 € II, if X; enters the product X, then it occurs in it
exactly twice, resulting with IEX; = 1, and consequently with » 5 IEX, = #II.
Therefore, the following lemma completes the proof of (4.4), and with it, that of
Proposition 4.5. [l

Lemma 4.6.

n—oQ

. 1
lim W#H = ZPT(U’):

where the sum is over the finite set of partition words w of length 2k.

Proof. The circuits in II can be labeled by the partition words w of length 2k which
list the positions of the pairs of sp-matches along {1,...,2k}. This generates the
partition IT = | J,, [I(w) into the corresponding equivalence classes.

To every such partition word w we can assign n*+! paths 7(i) = z;,i = 0,...,2k
obtained by solving the system of equations (3.2), with values 1,2, ..., n for each of
the k + 1 free variables, and the remaining k values computed from the equations
(which represent the relevant sp-matches for any 7 € II(w)). Some of these paths
will fail to be in the admissible range {1,...,n}. Let p,(w) be the fraction of
the n*+1 paths that stay within the admissible range {1,...,n}, noting that by
Proposition 4.2, p,(w) — n~ *+tD#TI(w) — 0.

Interpreting the free variables z; as the discrete uniform independent random
variables with values {1,2,... ,n}, p,(w) becomes the probability that the com-
puted values stay within the prescribed range. As n — oo, the k + 1 free variables
xj/n converge in law to independent uniform UJ0, 1] random variables U;. Since
pn(w) is the probability of the (independent of n) event A,, that the solution of
(3.2) starting with z;/n € {1/n,2/n,...,1} has all the dependent variables in
(0,1], it follows that p, (w) converges to pr(w), the probability of the event A,
that the corresponding sums of independent uniform UJ0, 1] random variables take
their values in the interval [0, 1]. O

Next we give the Hankel version of Proposition 4.5.

Proposition 4.7. Let {X;} be bounded i.i.d. random variables such that IE(X) =
0,IE(X?)=1. Fork €N,

1
(4.9) lim ——

n—oo pk+1

EwE) = Y pulw),

w:|w|=2k



RANDOM HANKEL, MARKOV AND TOEPLITZ MATRICES 17

and

1
(4.10) lim —Etr(H>**" 1) = 0.

n—oo pkt+1/2

Proof. We mimic the procedure for the Toeplitz case. For a circuit =
{0,1,...,7} = {1,2,...,n} write

(4.11) Xr= HXTI'(Z')+7I'(Z'71)'
i=1
As previously,
(4.12) Etr(H}) = Y EX,,
where the sum is over all circuits in {1,... ,n} of length r, and by Hélder’s inequal-

ity, we again have the bound (4.8), which for bounded | X|" we use to discard the
“non-generic” circuits from the sum in (4.12). To this end, with the random vari-
ables X; independent and of mean zero, the term IEX, vanishes for every circuit
m with at least one unpaired X;. By (4.11), in the current setting paired variables
correspond to an sy-matching in the circuit 7. Hence, only sg-matched circuits
(in the formalism of Section 4.2) can make a non-zero contribution to (4.12).

If r =2k —1 > 0 is odd then each sy-matched circuit 7 of length r must have
an edge of order 3. From (4.8) and Proposition 4.2 we get [[Etr(H2¢—1)| < Cnk,
proving (4.10).

When r = 2k is an even number, let II be the set of all circuits =
{0,1,...,2k} — {1,...,n} with the sy-values consisting of k distinct numbers.
Recall that IEX, = 1 for any 7 € II (see (4.11)). Further, with any spy-matched
circuit not in IT having an edge of order 3, it follows from (4.8) and Proposition 4.2
that )

nlbrr;o W\]Etr(H;) — #II| = 0.
Therefore, the following lemma completes the proof of (4.9), and with it, that of
Proposition 4.7. [l

Lemma 4.8.

. 1
nll)rréo W#H = Z pr(w).
w:|w|=2k
Proof. Similarly to the proof of Lemma 4.6, label the circuits in II by the partition
words w which list the positions of the pairs of sy-matches along {1,... 2k}, with
the corresponding partition II = |J,, II(w) into equivalence classes. To every such
partition word w we can assign nf*! paths 7(i) = x;,i = 0,...,2k obtained by
solving the system of equations (3.6), with values 1,2,...,n for each of the k + 1
free variables, and the remaining k values computed from the equations. Some of
these paths will fail to be a circuit, and some will fail to stay in the admissible range
{1,...,n}. Let p,(w) denote the fraction of the paths that stay within the admis-
sible range {1,...,n} and are circuits, noting that p,,(w) —n~ TV #M(w) — 0 by
Proposition 4.2. Thus, p,(w) is the probability of the event A, that the solution
of (3.6) starting with the free variables x; that are independent discrete uniform
random variables on the set {1/n,2/n,...,1}, stays within (0, 1] and satisfies the
additional condition zg = xay. It follows that as n — oo, the probabilities p,, (w)
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converge to pg(w), the probability of the event A, with the free variables now
being independent and uniformly distributed on [0, 1]. O

4.4. Concentration of moments of the spectral measure.

Proposition 4.9. Let {X;} be bounded i.i.d. random variables such that IE(X) =
0 and E(X?) = 1. Fizr € N. Then there is C, < oo such that for all n € N we

have
E[(t:(T}) — Ete(T}))"] < Con®+ and E[(tx(H) — Ete(H})"] < Conr+2,

Proof. The argument again relies on the enumeration of paths. Since both proofs
are very similar, we analyze only the Hankel case.
Using the circuit notation of (4.11) we have that

4
(4.13) E[(tr(Hy) - Etr(H,)'] = Y B[] (Xr, - E(Xx,))),
m1,T2,T3,T4 j=1
where the sum is taken over all circuits ;, j = 1,... ,4 on {1,... ,n} of length r

each. With the random variables X; independent and of mean zero, any circuit my,
which is not matched together with the remaining three circuits has IE(X,,) = 0

and
4

]E[H(Xﬂ'j - ]E(Xﬂj))] = E[Xm (Xﬂj - E(Xﬂj))] =0.
j=1 J#k
Further, if one of the circuits, say 71, is only self-matched, i.e., has no cross-matched
edge, then obviously
4 4
BT (X, — X)) = BX,, — EX ) E[]] (X, - EX,,))] = 0.
j=1 j=2

Therefore, it suffices to take the sum in (4.13) over all sy-matched quadruples of
circuits on {1,... ,n}, such that none of them is self-matched. By Proposition 4.3,
there are at most C,.n*"*2 such quadruples of circuits, and with |X| (hence |X,|)
bounded, this completes the proof. O

4.5. Proofs of the Hankel and Toeplitz cases.

Proof of Theorem 1.1. Proposition 4.1(i) implies that without loss of generality we
may assume that the random variables {X;} are centered and bounded.

By Proposition 4.5 the odd moments of the average measure E(ji(T,/\/n))
converge to 0, and the even moments converge to may of (3.5). Since myy is at most
the number (2k — 1)!! of words of length 2k, these moments determine the limiting
distribution 7 uniquely. By Chebyshev’s inequality we have from Proposition 4.9
that for any 6 > 0 and k,n € N,

P[\ /azkdﬂ(Tn/\/ﬁ) - /azkd]E(ﬂ(Tn/\/E))| > 5] < Cpé*n 2.

Thus, by the Borel-Cantelli lemma, with probability one [z*di(T,/\/n) —
f:nkdwT as n — oo, for every kK € N. In particular, with probability one, the
random measures {ji(T,/\/n)} are tight, and since the moments determine ~r
uniquely, we have the weak convergence of (T, /\/n) to yr.

Since the moments do not depend on the distribution of the i.i.d. sequence {X;},
the limiting distribution y7 does not depend on the distribution of X either, and is
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symmetric as all its odd moments are zero. By Proposition A.1, it has unbounded
support. [l

Proof of Theorem 1.2. We follow the same line of reasoning as in the proof of The-
orem 1.1, starting by assuming without loss of generality that {X;} are centered
and bounded, in view of Proposition 4.1(ii). Then, by Proposition 4.7, as n — oo
the odd moments of the average measure E(i(H,/v/n)) converge to 0, and the
even moments converge to may, of (3.8), whereas from Proposition 4.9 we conclude
that with probability one the same applies to the moments of i(H,//n). Since
may < (2k — 1)!!, these moments determine the limiting distribution vy uniquely.
The almost surely convergence [z*di(H,/v/n) — [a*dyy as n — oo, for all
k € N, implies tightness of ji(H,, /y/n) and its weak convergence to the non-random
measure ygy. Since its moments do not depend on the distribution of the i.i.d.
sequence {X;}, so does the limiting distribution yg, which is symmetric since all
its odd moments are zero. By Proposition A.2 it has unbounded support, and is
not unimodal. |

4.6. Markov matrices with centered entries. In view of Proposition 4.1(iii) we
may and shall assume hereafter without loss of generality that the random variables
X;; are bounded. Our proof of Theorem 1.3 follows a similar outline as that used
in proving Theorems 1.1 and 1.2, where the combinatorial arguments used here rely
on matrix decomposition.

Starting with some notation we shall use throughout the proof, let [';,, be a graph
whose vertices are two-element subsets of {1, ...,n} with the edges between vertices
a and b if the sets overlap, aNb # . We indicate that (a,b) is an edge of T',, by
writing a ~ b, and fora € T, let a = {a~,a™} with 1 < a~ <at < n.

The main tool in the Markov case is the following decomposition

M, = > XoQu.
acl’,
where X, := X,+ ,- and Q,  is the n x n matrix defined for vertices a, b of I';, by
-1 ifi=at,j=b"ori=a,j=0b",
Qﬂ:b[ihj]: 1 ifi:a‘+7j:b77Ori:aiaj:b_*_:
0 otherwise.

Let tqp = tr(Qq.p). It is straightforward to check that

-2 ifa=0b,
P ~1 ifa#banda” =b~ orat =bT,
ab = 1 ifa =btorat =b",

0 otherwise.

From this, we see that t,, = t;,. Since it is easy to check that Q. X Q¢4 =
tb,cQa,d: we get

r
(414) tr (Qa17a1 X Qa2,a2 X X Qar,ar) = H taj,ﬂj+17
j=1

where for convenience we identified a,4; with a;.
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For a circuit # = (aq ~ -+ ~ a, ~ a;y) of length r in T',, let

(4.15) Xo =[] taya00 J] X, -
j=1 j=1

It follows from (4.14) and (4.15) that

(4.16) tr(M}) = > X,

where the sum is over all circuits of length r in T',,, leading to the Markov analog
of the path expansion (4.7),

(4.17) Etr(M;) = Y EX,.

We say that a circuit 7 = (a1 ~ -+ ~ a, ~ a1) of length r in T, is vertex-
matched if for each i = 1,...,r there exists some j # i such that a; = a;, and
that it has a match of order 3 if some value is repeated at least three times among
(aj,j = 1,...,r). Note that the only non-vanishing terms in (4.17) come from
vertex-matched circuits.

In analogy with Proposition 4.2, we show next that generically vertex-
matched circuits have only double repeats, and consequently, the odd moments
of Ei(M,,/+/n) converge to zero as n — oc.

Proposition 4.10. Fizr € N. Let N denote the number of vertex-matched circuits
in T'y, with r vertices which have at least one match of order 3. Then there is a
constant C,. such that for alln € N

N < C,pl+172],

Proof. Either r = 2k is even, or » = 2k — 1 is odd. In both cases, the total
number of different vertices per path is at most k£ — 1. Since a; ~ as ~ --- ~ a,.,
there are at most n2/2 choices for a;, and then at most 4n choices for each of the
remaining k — 2 distinct values of a;, and 1 choice for each repeated value. Thus
N < 4™n? x nkF=2 = Cnk. O

Corollary 4.11. Suppose {X;;;j > i > 1} are bounded i.i.d. random variables
such that E(X) = 0,IE(X?) = 1. Then,

1 ‘
(4.18) lim ———Btr(M21) = 0.

n—oo pk+1/2

Proof. If IEX; is non-zero, then all the vertices of the path ay ~ ay ~ -+ ~ asp_1
must be repeated at least twice. So for an odd number of vertices, there must be
a vertex which is repeated at least 3 times. Thus, by Proposition 4.10 and the
boundedness of | X;;| and of ¢4,

|IEtr(M$lk71)| < Cynk,
and (4.18) follows. O

Let W,, = n'/?Z, + X,, + ¢I,,, where X,, is a symmetric n X n matrix with
iid. standard normal random variables (except for the symmetry constraint),
Z,, = diag(Z;)i<i<n, with ii.d. standard normal variables Z;; that are indepen-
dent of X,, and ¢ is a standard normal, independent of all other variables. A
direct combinatorial evaluation of the even moments of Ei(M,,/+/n) is provided
in [BDJ03]. We follow here an alternative, shorter proof, proposed to us by O.
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Zeitouni. The key step, provided by our next lemma, replaces the even moments
by those of the better understood matrix ensemble W,.

Lemma 4.12. Suppose {X;;;j > i > 1} are bounded i.i.d. random variables such
that IE(X) = 0,IE(X?) = 1. Then, for every k € N,

(4.19) lim n~* D [Etr(M2}) — Etr(W2k)] = 0.

n— o0

Proof. First observe that by Proposition 4.10, we may and shall assume without
loss of generality that {X;;} are i.i.d standard normal random variables, subject
to the symmetry constraint X;; = Xj; (as such a change affects n~(F+1) Etr(M?2*)
by at most Cxn~!). Recall the representation M,, = X,, — D,, of (1.3) and let
M, =X, — D(ngl where Dsﬁgl is obtained by omitting the last row and column of

n

the diagonal matrix D,, 1 which is an independent copy of D,,41 that is independent
of X,,. Observe that the diagonal entries of —Dgﬁzl are jointly normal, of zero mean,
variance n+1 and such that the covariance of each pair is 1. Therefore, with —]5(”1)1
independent of X,,, for each n, the distribution of M,, is exactly the same as that
of W,,. Consequently, (4.19) is equivalent to

(4.20) lim n~FYE[r(M2F) — tr(M2%)] =0 .

n—oo

The first step in proving (4.20) is to note that by a path expansion similar to (4.17)
we have that

(4.21) Eftr(M2) — tr(M2)] = Y [EM, — EM,]

™

3

where now the sum is over all circuits 7 : {0,...,2k} = {1,... ,n}, and

2k
M, = H M(i-1),=(3)
i=1

with the corresponding expression for Mﬁ. Set each word w of length 2k to be
a circuit by assigning w[0] = w[2k] and let II(w) denote the collection of circuits
7 such that the distinct letters of w are in a one to one correspondence with the
distinct values of 7. Let v = v(w) be the number of distinct letters in the word
w, noting that #I(w) < n*®) and that IEM, — EM, = fn(w) is independent
of the specific choice of 7 € II(w). Hence, taking the letters of w to be from the
set of numbers {1,2,...,2k} with the convention that w(i) = wli], we identify w
as a representative of m# € II(w) (recall w[0] = w[2k]). For example, w = abbc
of v(w) = 3 distinct letters becomes w = 1223 which we identify with the circuit
7w € II(w) of length 4 consisting of the edges {1,2}, {2,2}, {2,3} and {3,1}. In
view of (4.21), we thus establish (4.20) by showing that for any w, some C,, < o0
and all n,

(4.22) | fn(w)] = [EM,, — EM,,| < Cyyn*—0(@)+1/2

Let ¢ = ¢(w) be the number of indices 1 < i < 2k for which w[i] = w[i — 1]
(for example, ¢(1223) = 1). It is clear from the definition of M,, and M, that
fn(w) # 0 only if g(w) > 1. Let u = u(w) count the number of edges of distinct
endpoints in w, namely, with {w[i — 1], w[i]} € T',,, which appear exactly once along
the circuit w (for example, u(1223) = 3). Then, by independence and centering we
have that IEM,, = 0 as soon as u(w) > 1, whereas it is not hard to check that if
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u(w) > q(w) then also IEM,, = 0. Thus, suffices to consider in (4.22) only circuits
w with g(w) > u(w).

It is not hard to check that excluding the ¢ loop-edges (each connecting some
vertex to itself), there are at most k+ | (u—¢q)/2] distinct edges in w. These distinct
edges form a connected path through v(w) vertices, which for w > 1 must also be
a circuit. Consequently, for any of the words w we are to consider,

(4.23) v(w) <k + Lygwy=o + [(u(w) —q(w))/2] < k.

Proceeding to bound |f,(w)|, note that any contribution which grows with n
must come from the ¢ diagonal entries of M,, and IVIn which are encountered
according to the circuit w. Suppose first that u > 1, in which case f,(w) = IEM,,.
Computing the latter, upon expanding the sums in the ¢ relevant diagonal entries of
D, = diag(Z]".:1 Xi;), we must assign specific choices to at least u of the resulting
free indices j1,... ,j4 € {1,...,n} in order to match all u un-matched edges of w of
the form {w[i — 1],w[i]} € T',,. Indeed, by independence and centering, every other
term of this expansion has zero expectation. After doing so, as each diagonal entry
of D,, is normal of mean zero and variance n, we conclude by Hélder’s inequality
that |f,,(w)| < C,n(9~"/2 By our bound (4.23) on v(w), this implies that (4.22)
holds.

Consider next words w for which u(w) = 0 and let a1,... ,a, be the g vertices
for which {a;, a;} is an edge of the circuit w. Let M;; = Q; — S; and 1\7” = @l — §i,
for i = 17 AN ,2]{}7 where QZ = X“ - Z?il Xz'j7 @Z = X“ - j(v'i’n+1 - Z?il ),Zijﬁ and
gz- = Z?:2k+1 )N(z-j with the corresponding expressions for S;. Note that we may

and shall replace each S; by S, without altering IEM,,,, and since the off-diagonal
entries of M,, and M,, are the same, we have that

.fn(w) = ]E[Lw[li[ Qal - ﬁ Qal - ai ]
=1 i=1
= i |: C)aZ C)aZ ]j a],aj H Maj7aj] )
=1 j=1 Jj=i+1

where L,, is the product of the (2k — ¢) off-diagonal entries of M,, that correspond
to the edges of w that are in I',,. Since the distribution of (Lw7{Qi}7{C~2i}) is
independent of n > 2k, while M;; and 1\7“ are normal of mean zero and variance at
most n + 2, it follows by Hélder’s inequality that |f,(w)| < C,n(4(®)=1/2 which
by (4.23) results with (4.22).

As already seen, (4.22) implies that (4.20) holds and hence the proof of the
lemma is complete. O

Let yo(dz) = 224 — 221,/<» denote the semi-circle distribution, v (dz) =
\j;—ﬂ exp(—x?/2) denote the standard normal distribution and let vy = 7o By be

the corresponding free convolution. In view of Lemma 4.12, our next result shows
that the even moments of IEf (M, //n) converge as n — oo to those of yp.

Proposition 4.13. For every k € N,

(4.24) lim n~ TV Etr(W2F) = /m%dw.

n—oo
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Proof. Let A,, = Z,, + n~'/%€I,,, so n='/?*W,, = A,, + n='/?X,,. By the strong
LLN, with probability one ji(A,) — 71 weakly. Further, sup,, IE [ |z|dii(A,) < oo,
and E [ |z|da(n='/?X,) < n~'\/Etr(X2) = 1, implying by [PV00, Theorem 2.1
and p. 280] that 1(W,//n) converges weakly to v/, in probability. It follows that
for any k£ € N and all r < oo,

(4.25) i [ by ()i (Wo/ Vi) = [ (o)

where h,.(z) = (min(|z|,7))?*. Recall that all moments of vy are finite (c.f. Propo-
sition A.3), so as 7 — oo the right-hand side of (4.25) converges to [ z**dy. Tt is
not hard to check that for any k € N,

E [ o di(W, /i) =i DB (W),
is bounded in n by some C} < co. Hence, for all n,
i VB(WE) < [ B (0)di(W /)| < Conrr?
and (4.24) follows by considering r — oc in (4.25). O

We next derive the analog of Proposition 4.3 and similarly to Proposition
4.9, get as a result the concentration of moments of (M, /y/n) around those of

E(i (M, /y/n)).

Proposition 4.14. Fizr € N. Let N denote the number of vertex-matched quadru-
ples of circuits in T',, with r vertices each, such that none of them is self-matched.
Then there is a constant C, such that

N < C,n*"*2.

Proof. Let P denote the partition of the 4r vertices of the circuits my,..., 74 in
I, to |P| < 2r distinct groups of matching vertices, with at least two elements in
each group, while having each circuit cross-matched to at least one of the other
circuits. As part of P we specify also which of the four types of edges to use in
each connection along the circuits. For i = 1,2,3,4, let u; = u;(P) be the number
of distinct vertices in m; that do not appear in any 7, j < i. There are at most
n!T® ways to choose the circuit m in agreement with P, that is, n?/2 ways to
choose the vertex a; of m; and at most n ways for each of the remaining u; — 1
distinct vertices of m;. For ¢ = 2,3,4, per given 7, j < i, the same procedure
shows that there are at most n'*t% ways to complete the circuit 7;. Further, if 7; is
cross-matched to m; for some j < 4, then starting the completion of 7; at a vertex
that we already determined by such a cross-match, we have that there are only n"
ways to complete 7;. The latter improved bound always applies for ¢ = 4, and it
is not hard to check that upon re-ordering the four circuits, we can assure that it
applies also for i = 3. We thus get at most n%*2 quadruples of circuits per choice
of P, where u = Y, u; = |P| < 2r, yielding the stated bound. O

Proposition 4.15. Suppose {X,;;j > i > 1} are bounded i.i.d. random variables
such that IE(X) = 0 and IE(X?2) = 1. For any r € N, there ezists C,. < oo such
that B[(tr(M”) — Etr(M%))*] < C,n*"*2 for all n € N.
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Proof. By (4.16) we have the Markov analog of (4.13)

(126)  E[OM) -ExM)] = Y E[[(X, - EX,)L

w1, T2,M3,T4

where the sum is taken over all circuits m;, j = 1,...,4 in I'j,, each having r
vertices. With the random variables {X;;;n > j > i > 1} independent and of mean
zero, just like the proof of Proposition 4.9, it suffices to take the sum in (4.26)
over all vertex-matched quadruples of circuits on I'j,, such that none of them is
self-matched. Since |X| (and hence |X|) is bounded the stated inequality follows
from the bound of Proposition 4.14 on the number of such quadruples. [l

Proof of Theorem 1.3. The proof is very similar to that of Theorems 1.1 and 1.2,
where by Proposition 4.1(iii), we may and shall assume that {X;;;5 > i > 1}
are i.i.d. bounded. Then, by (4.18) the odd moments of the average measure
E(i(M,/\/n)) converge to 0, and by Proposition 4.13 the even moments converge
to those of 57, whereas from Proposition 4.15 we conclude that with probability
one the same applies to the moments of ji(M,,/y/n). By Proposition A.3, vy is a
symmetric measure of bounded smooth density that, though of unbounded support,
is uniquely determined by its moments (having in particular zero odd moments).
Hence, the almost surely convergence [ z*di(M,,/y/n) = [ x*dyy as n — oo, for
all k € N, implies the weak convergence of i(M,,/+/n) to . O
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APPENDIX A. PROPERTIES OF Yy, Ym AND ~yp

In this section we establish properties of the symmetric measures with mo-
ments given by (3.5), and (3.8) and the free convolution vy of Theorem 1.3. For
proofs, it is convenient to express the volumes py(w) and pr(w) as the probabili-
ties that involve sums of independent uniform random variables. This can be done
by setting the free variables as the independent uniform U[0, 1] random variables
Up, Uy, ..., Uy, expressing the dependent variables as the linear combinations of

Up,Ui,..., U, and expressing the volumes as the probabilities that these linear

combinations are in the interval I. For each partition word w of length 2k with a
non-zero volume p(w), this probability takes the form

k M
(A1) p(w) =P ﬂ Zni,jUj €01, ],

where n; ; are integers and M = k.

Proposition A.1. A symmetric measure yp with even moments given by (3.5) has
unbounded support.
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Proof. Tt suffices to show that (muy)'/* — oo. Let w be a partition word of length

2k. Denoting S; = Zj n; ;U; — %71' =1,2,...,k, we have

(A.2) pr(w) = P (ﬁ {I1s:1 < %}) .

i=1
Since the coefficients n; ; in (A.1) take values 0, +1 only, and Zj n;; =1, each
of the sums S; in (A.2) has the following form

L
(A.3) 8= Ua = 1/2)+ 3 (Us(j) ~ Usi),

where a, 5(7),v(j),7 = 1,...,L are all different. Let L; denote the number of
independent random variables U in this representation for S;. Clearly, 1 < L; <
k+1.

Fixing ¢ > 0 let U; = 1/2+ V;/(e(k+ 1)) for j =0,... k. For k > 1/e define
the event

A:j@{Ujl/QKm}’

noting that conditionally on A, the random variables Vg, ..., V} are independent,
each uniformly distributed on [-1/2,1/2]. As under this conditioning the i.i.d.
random variables {V;} have symmetric laws, it is easy to check that fori =1,... |k,
the form (A.3) of S; implies that
(5 > 514) = P ];vj\ > e(k+1)/2) = 21P<; V> e(k+1)/2).
which by Markov’s inequality is bounded above by
g/" e/ Li
26752(k+1)/2(]Eesv)Li _ 6752(k+1)/2 (e /2 _ e /2)
€

Since & 5;,1 < e’ /2 for x> 0, and L; < k + 1, we deduce that

1 p .
(A4) P <|Sz| > 5‘ A) < 2exp (—e2(k +1)/2 +2L;/4) < 9e—c>(k+1)/4 :

fori=1,...,k As2ke = (k+1/* < 1/2 for some ko = ko(e) < oo and all k > kq,
it follows from (A.2) and (A.4) that for all k¥ > k¢ and any word w of length 2k,

1 1
(4.5) pr(w) > SP(A) = o (e(k + 1)) 4+,

Since there are more than k! partition words w of length 2k, this shows that for all
large enough k we have

1
mak > Sh\(e(k+ 1))~k > (3¢)7F,
Hence, lim sup,,_, o méék > 1/(3¢). As € > 0 is arbitrarily small, this completes the
proof. [l

Proposition A.2. A symmetric measure yg with even moments given by (3.8) is
not unimodal and has unbounded support.
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Proof. Suppose that the symmetric distribution g is unimodal. Since all mo-
ments of vy are finite, from Khinchin’s Theorem, see [Luk70, Theorem 4.5.1], it
follows that if ¢(t) = [ €'y (dz) denotes the characteristic function of vz, then
g(t) = ¢(t) + t¢'(t) must be a characteristic function, too. The even moments cor-
responding to g(t) are (2k + 1)mog(vx), and must be a positive definite sequence,
that is, the Hankel matrices with entries [(2(i+j) — 3)ma (it j—2)(YH)]1<i,j<n should
all be non-negative definite. However, with my = 2, mg = 11/2 and mg = 281/15,
for n = 3 the determinant

1 3m2 5m4 1 3 10
det | 3ms 5msg Tmg | =det | 3 10 77/2 = —73/20
5ma Tmg 9ms 10 77/2 843/5

is negative. Thus, vy is not unimodal.

To show that the support of vy is unbounded we proceed like in the Toeplitz
case. The main technical obstacle is that some partition words contribute zero
volume. We will therefore have to find enough partition words that contribute a
non-zero volume, and then give a lower bound for this contribution.

We consider only moments of order 4k — 2, k > 2, and find the contribution of
the partition words which have no repeated letters in the first half, i. e.,

wl] # wi2] £ -+ # w[2k - 1].

That is, we consider the set of partition words w of length 4k — 2 of the form
w = abe... with the first 2k — 1 letters written in the fixed (alphabetic) order,
followed by the repeated letters a,b,c,... at positions 2k,...,4k — 2. We also
require that the repeats are placed at odd distance from the original matching

letter. Formally, we consider the set of partition words w of length 4k — 2 which
satisfy the following condition.

If wla] = w[f] and a < B then @ Z B mod 2, @ <2k — 1, and 8 > 2k.

Since we can permute all letters at locations 2k, 2k + 2, ...,4k — 2 and all letters at
locations 2k + 1,2k +3,...,4k — 3, clearly there are k!(k — 1)! such partition words.
To show that all such partition words contribute a non-zero volume, we need
to carefully analyze the matrix of the resulting system of equations (3.6). This is
a (2k — 1) x (4k — 1) matrix with entries 0, £1 only. The first 2k — 1 columns of
the matrix are filled in with the pattern of sliding pairs 1,1 corresponding to first
occurrences of every letter, i.e. the left hand sides of equations (3.6) are simply

o) + =
I + X9 =

Tog—2 + Tog—1 =

So the first 2k columns of the matrix are as follows, with the star denoting as yet
unspecified entries of the 2k-th column.

1100..00x*
0110..00%
0011..00%*
0000..11%

0000..011
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The remaining columns are as follows. In every even row of the second half we have
a disjoint (non-overlapping) pairs (—1, —1), including the site adjacent to the ”last
letter”, that has entry 1 in the last row, and entry —1 in one of the odd rows. None
of these —1, —1 are in the last column, a coefficient of x4 5.

In the odd rows we have pairs of consecutive (—1, —1) which overlap entries from
the even rows, but not themselves, including a single (—1, —1) pair which fills in
one spot in the last column, the coefficients of z45_5.

For example, the word w = abc...abc..., where all 2k — 1 letters a,b,c,... are
repeated alphabetically twice, is in the class of the partition words under consider-
ation. The corresponding system of equations is

To + T1 = Tog—1 + Tag
Ti + Tip1 = Tog4+i—1 T T2k+4, 1:1,27,2]6_3

Tog—2 + Tog—1 = Tag—3 + Tagp—2

and its matrix is

1100..00-1-1 0 . 00
0110..00 0-1-1 . 00
0011..00 0 0-1 . 00
0000..11 000 ...-1 0
0000..01 100 ...-1-1

All other partition words in our class are obtained from permuting letters
w[2k],w[2k + 2],...,w[4k — 2], and then permuting letters w[2k + 1], w[2k +
3],...,w[dk—3] of w = abc...abc. Thus all other systems of equations are obtained
from the above one by permuting even rows in columns 2k + 1,2k + 2,...,4k — 2
and odd rows in columns 2k, 2k +1,...,4k — 1 (apart from the 1 at column 2k and
row 2k — 1 which is never permuted, but get eliminated if the first row permutes
to become the last one). For each of these words the sum of all odd rows in the
system minus the sum of all even rows is [1,0,...,0,—1], implying that for such w
the additional constraint zyp = 4o we require when computing py(w) is merely
a consequence of (3.6).

The solutions of equations (3.6) for such partition words w are easy to analyze
due to parity considerations. Gaussian elimination consists here of subtractions
of the given row from the row directly above it, starting with the subtraction of
the (2k — 1) row and ending with the subtraction of the second row from the first
row, at which point the first 2k — 1 columns become the identity matrix. During
these subtractions, a —1 entry in each column of the original system can meet a
non-zero entry only from a row positioned at an odd distance above it, in which
case they cancel each other. So as we keep subtracting, all coefficients take values
0,%1 only. Further, for each row the sum of the entries in columns 2k, ... 4k — 1
is —2, except for the last row for which it is —1. Thus, after all subtractions have
been made, these sums are —1 at each of the rows. We can now set the 2k free
variables to i.i.d. U[0,1] random variables, zar—1 = Up,... ,T4x—2 = Us_1, and
solve the 2k — 1 equations for the dependent variables xg, ... ,z2;_2. By the above
considerations we know that each of these dependent random variables is expressed
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as an alternating sums of independent uniform U[0,1] random variables of the form
(A.3).

The argument we used for deriving (A.5) thus gives the bound pgy(w) >
+(2ke)~2F for each of these k!(k — 1)! partition words, and hence for all k large
enough, we have

1 . .
Mag_o(YH) > §k'(k —1)!(2ek) 2k > (6e) 2*,
Thus mi,é’iQ — 00, which implies that the support of v is unbounded. O

Proposition A.3. The free convolution vy = v B 1 of the standard semi-circle
distribution o and the standard normal v, is a symmetric measure, determined by
moments, has unbounded support and a smooth bounded density.

Proof. By [Bia97, Corollary 2], v has a density, by [Bia97, Corollary 4] the density
is smooth, and by [Bia97, Proposition 5] it is bounded.

We now verify that vj; is determined by moments and has unbounded support.
We need the following observation: a probability measure u has odd moments van-
ishing iff the odd free cumulants kor41(u) of u vanish. This can be easily read from
[Spe97, formula (72)].

Since free cumulants linearize free convolution, &y (var) = kr(Y0) + kr(71). This
shows that the odd moments of 3 vanish. Recall that the free cumulants k, (u)
and the moments m,, () of a probability measure u are related by [Spe97, formula
(72)]. In particular, for p with vanishing odd moments, the even cumulants ko, (1)
are related to the moments by the equations

(A.6) Mo (1) = kar () > i, n=12...

iy 4o tign=2n—2r j=1

By symmetry, the odd cumulants of v; vanish, and k..(y1) are non-negative;
(k2r (1) count all irreducible pair partitions of {1,...,2r}, see [BS96, page 152]).
Since ka(v0) = 1, and all higher free cumulants of o vanish (see [HP00, Example
2.4.6]), we have

kar(11) < kar(Yar) < 2k2r(71)
Together with (A.6) this implies by induction that

mar(y1) < map(var) < 4"ma,(71)

In particular, 5 has unbounded support and is uniquely determined by moments.
Since its odd cumulants vanish, the odd moments vanish and vy, is symmetric. O

ADDITIONAL MATERIAL FOR EXPANDED VERSION ONLY

Proof of Remark 8.1. This holds true because the probabilities p(w) are rational.
In fact, one can verify by induction on the number of variables M that the joint
density fas of {Zj\il n; jUj}i=1,.x On R is a piece-wise polynomial expression:

there are polynomials Pz-(f_) indexed by 41,...,%x € Z such that

Tk

M
(A7) Pra(@r,ma,we) = PG e @ T,
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where N = H” n; ;. Indeed, fo = 1. Suppose that formula (A.7) holds true for

some M with N =[], ;n;;. Let N' = N]_[f:1 ni p. Since N|N', we can write
decomposition (A.7) with N’ instead of N. This gives

1
Ivmgi(we, ... xp) = / fu(@r —na pu, 0 — no pu, ..., g — Ny pu)du
0
1
= pM (1 — n1 pmu, o — na pu xp — ng pu)du
0 [(z1—n1,mw)/N'T,[(zk—na a) /N'] L1 1MW, L2 L2, MUy ... Lk ke, M .

Notice that if i, := [2,/N'] then for n < N’ and 0 < u < 1 we have

o if0<u< ZazlelV
a N’ == lo ! . ’ n
[(za = nu)/N'] { in— 1 if Ze=ial <y o

Ordering the numbers

{.’ElilNl .’172*Z'2Nl .’EkikNl}

niyM 0 Mam MM

in increasing order, and splitting the integral fol fardu into the appropriate ranges
we therefore get a piecewise polynomial expression for fas41.
From (A.7) it follows that p(w) = [, fu(z1,... &) d2r ... dey is a finite

sum of rational numbers, obtained by integrating the polynomials Pi(ljt/{)"ik over the

intervals with rational end-points of the form [% ﬁ]ﬂ =1,2,...,N. ([

APPENDIX B. COMBINATORIAL ARGUMENTS FOR MARKOV MATRIX

B.1. Moments of free convolution. In this section we identify moments of the
free convolution 79 B ;. The result and the method of proof were suggested by
[BS96], who give a combinatorial expression for the moments of free convolutions
of normal densities.

Denote by W the set of all partition words. Recall that a (partition) sub-word of
a word w is a partition word w; such that w = a...cwid..z. Let W, be the set of all
irreducible partition words, i. e., words that have no proper (non-empty) partition

sub-words.

Definition B.1 ([BS96]). We say that p : W — R is pyramidally multiplicative, if
for every w € W of the form w = a...cwid..z, we have p(w) = p(w)p(a...cd..z).

Lemma B.1 ([BS96, page 152]). Suppose that the moments are given by
(B.1) Moy = Z p(w),
weW,|w|=2n

and mop—1 = 0, n = 1,2,.... If the weights p(w) are pyramidally multiplicative,
then the free cumulants are
kon = Z p(w).

weEWp,|w|=2n

Proposition B.2. A symmetric measure vy with the even moments given by (3.1)
is given by the free convolution vy = yo H vy .
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Proof. We apply Lemma B.1 to measures 7y, Y0, and v1. If w = ..wy.. then
h(w) = h(wy) + h(w \ w1), so the Markov weights pys(w) := 2°(%) are pyramidally
multiplicative. It is well known that the moments of the normal distribution are
given by (B.1) with p;(w) = 1, which is (trivially) multiplicative. The moments
of the semi-circle distribution are given by (B.1) with po(w) = 1 for the so called
non-crossing words, and pg(w) = 0 otherwise. (A partition word is non-crossing, if
it can be reduced to the empty word by removing pairs of consecutive double letters
zx, one at a time.) It is well known that this weight is pyramidally multiplicative,
too.

We now use Lemma B.1 to compare the free cumulants of the semi-circle, normal
and Markov distributions. Let w € Wy. If jw| = 2 then py (w) = 2, and otherwise
payr(w) = 2° = 1 as an irreducible word has no proper sub-words, and hence no
encapsulated sub-words. Thus k2(yay) = 2, and for n > 2

kon(ym) = #{w € Wy, |w| = 2n}.

If |w| = 2 then po(aa) = 1, and otherwise po(w) = 0 as an irreducible word of
length 4 or more cannot be non-crossing. Thus k2(y) = 1, and for n > 2
k2n (’y(]) = 0

From p(w) = 1 we get
kon(71) = #{w € Wy, |w| = 2n}
for n > 1; in particular, ko(y1) = 1. Thus, for n > 1

kan(ym) = kan(70) + k2n(m),
which proves that vy = 70 B 1. O

B.2. Even moments. The purpose of this section is to provide a combinatorial
proof of the convergence of even moments of the measure IEi(M,,/y/n), when the
off-diagonal entries of M,, are bounded centered random variables of unit variance.
By Proposition 4.10 without loss of generality we may assume that the sum in (4.17)
is taken over all partition words w = ajay...as, i.e. words of length 2k which
consist of pairs of letters, and over all circuit-representations of these letters a; ~
as ~ -+~ asg ~ ay in [',,. To put it differently, for a path a1 ~as ~ -+ ~ agy ~ aq
in I'y,, we define its word w by w[i] = w[j] when a; = aj, 0 < i < j < |w|, with
the letters entering the expression in alphabetic order. Note that ]EH;:1 Xo;, =1
for each of these ajas...a,. Hence, the main contribution term to the limit of the
2k-th moment of IE(ji(M,,/y/n)) comes from the sum over the partition words w of

2k
~ 1
(B-2) Mn (w) = nk+1 Z H taj,a540
i=1

where the sum in (B.2) is taken over the set
{(a1,...,a9t) €T a4y ~ag ~ - ~agg ~ ay, ay ... az] = w}.

The main task of this section is to identify the limit of m,(w) by proving the
following proposition.

Proposition B.3. For any partition word w, we have that m,(w) — 2h(w) g
n — oo, where h(-) is given by Definition 3.1.

In view of Proposition 4.10, an immediate consequence of Proposition B.3 is:
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Corollary B.4. Suppose {X;;;5 > i > 1} are bounded i.i.d. random variables
such that TE(X) = 0 and IE(X2) = 1. Then, for any k € N,
. 1 2y _ h(w)
w:w|=2k
We devote the rest of this section to combinatorial lemmas and the proof of
Proposition B.3. To this end, note that if a sequence ay,...,as; € T',, consists of
k different vertices with the non-empty intersections a; Naj41, j =1,...,2k, then
we have # (a1 Uas U+~ Uag,) < k+ 1.

Definition B.2. We will say that a; ~ -+ ~ a9, ~ a1 is a typical circuit, if
#(a1Ua2U---Ua2k) =k+1.

Since the non-typical circuits satisfy # (a1 Uay U---Uagg) < k, and there are
at most (2n)* possible choices for k different elements in the sum a; UasU- - -Uagg,
trivially, we have

Lemma B.5. For every partition word w there are at most Cn* non-typical cir-
cuits.

So it is clear that the dominant contribution in (B.2) comes from the typical
circuits. It turns out that these circuits are in the one-to-one correspondence with
the circuits on a sub-lattice of Z2. Denote by fn the n x n square with the diagonal
removed,

L ={(,7):1<4,j <n,i#j},
and equip fn with the graph structure by defining its edges as the pairs of points
(a, INJ) such that either the first or the second coordinates of @, b coincide; that is, if

a = (Zq,y,) and b= (zp,yp) then we will write @ ~ b if either z, = z3 or Ya = Yp-

A
J
® a4
[ ) A &1
az
[ )
as (g
[ ) [ ) [ )
1 2 3 7
FIGURE 1. A sample circuit a; ~ --- ~ ag in I'y with turns

at every vertex. For ease of drawing, this circuit corresponds to a
non-partition word w = abede f. Sample matched circuits of length
12 on these vertices are a; ~ ay --- ~ ag ~ ag (w = aabbeeddeef f,
no turns!), or @3 ~ -+ ~ g ~ a1 ~ -+ ~ ag (w = abedefabedef,
with turns at every vertex).

The natural graph homomorphism ¢ : T, »T,is given by (i,j) = {i,j} € T',.

Definition B.3. We will say that a circuit @y ~ --- ~ as; ~ a; in fn is a lifting
of a I'y,-circuit a; ~ --- ~ asgy ~ ap , if the following two conditions hold:
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(i) ¢(a;) =aj for j=1,...,2k.
(ii) If a; = a; then a; = a;.

Notice that although every vertex of T',, can be lifted in two different ways,
condition (ii) ensures that the lifting of a circuit is uniquely defined by the mapping
of the k distinct vertices a1, aq,, ..., aq, oOf the circuit aq ~ -+ ~ az ~ a; to I'y,.

Definition B.4. We will say that a path @, ~...a;_1 ~ @; ~ Gj41 ~ -+ ~ Qg in
fn turns at vertex dj if &j,1 ;é ZLJ’ 75 &j+1, and the edges (&j,l,&j) and (&j:&j+1)
are perpendicular.

We will say that a path ay ~as ~ - ~as_1 ~as ~ag41 ~ - ~ayg in I,
turns at vertex as, if as_1 NasNagy1 = 0.

Proposition B.6. Let w be a fized partition word.

(i) Every typical circuit based on w can be lifted to a circuit in L.
(ii) The lifting is a one-to-two mapping, and becomes unique once we specify the
first vertez @y as a point in the lower triangle {(i,j):1 < j<i<n} C T,
(iii) The lifted paths may turn only at the vertices that correspond to the pairs
of letters of w which encapsulate a complete partition sub-word w' of length
2 < jw'| <2k —2.

We will need the following simple counting result.

Lemma B.7. Suppose that a1 ~ as ~ ...as, ~ a1 is a typical circuit. Suppose
that the set {aji1,...,a;4r} of T consecutive vertices of the circuit consists of s
distinct vertices. Then

(B.3) #(aj+1UajoU---Uajp,.) =s+ 1.

Proof. Suppose that (B.3) fails for some j,r. Let r be the length of the longest
sequence that fails (B.3). (Here we use the circular symmetry, i. e., we identify
Ask41 = G1,d2g42 = A3, ....) Since the full circuit is typical, we must have r < 2k.
By circular symmetry, without loss of generality we may assume that 7 = 0 so that
#(a1UajpoU---Ua,) < s. Since r is maximal, a,41 must be a new vertex, or
else we could have included it in the sequence without affecting the union. But

#(aUasU---Uapp1) =# (a1 UaaU---Ua,) + 2

—# (@ UayU---Ua,)Napp1) <s+2-1<s+1.

Since there are s+ 1 distinct vertices in the sequence ag, as, . . . @41, this shows that
(B.3) fails for a sequence of length r + 1, contradicting the maximality of r. O

Notice since all vertices are matched, by circular symmetry, if a circuit of length
2k turns at vertex ay and ¢ = a,_1 N ag, then there is t > s + 1 such that i € a;.
We now show that the first re-occurrence of such ¢ is at the repeated vertex.

Lemma B.8. If a typical circuit a1 ~ ay ~ ...as, ~ a1 turns at vertex as = {i,j},
i=as—1Nas, and t is the first vertex after asy1 that contains i, then a; = {i,j}.

Proof. Suppose a; = {i,1} with [ # j. Let r be the number of distinct vertices in
the sequence asy1,a549,...,a;. By Lemma B.7, we have

3

# (as41 Uasga U ---Uay) =1+ 1.
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Since as 3 i, and the remaining vertices before a; do not contain i, therefore
vertex a, differs from asy1,...a;—1. Since I # j, we get as; # a;. So the sequence
Ag,Qs41,0542,---,0a; has r + 1 distinct vertices. By Lemma B.7

#(asUasp1 UagiaU---Uay) =r+ 2.
But
# (a5 Uasrr Uagro U Uay)
=# (asy1 Uaspa U---Uar) +2—#(asN(ast1 UaspaU---Uay)).
Noticing that a, N (a; Uas41) = {i,7}, we see that # (as U asy1 UasiaU---Uag) =
r+ 1< r+ 2, a contradiction. This shows that a; = as. O

Remark B.1. Suppose that a circuit turns at as = {i,j} and as_1 Nas = {i}.
Let a; be the second occurrence of the vertex {i,j}. From Lemma B.8 it follows by
circular symmetry that, starting the circuit at as, the circuit can be written as

[{igh |~ 150 ~ - ~[Lig} |~ fim} ~ o~ {im),

and i does not appear in any of the vertices between the two boxed occurrences
of as and a;. Likewise, reversing the roles of j,i we see that j does not appear
outside of the sequence encapsulated between the comsecutive appearances of the
vertex {i,j} € [',. Hence the second appearance of {i,j} must be a turn, too.

In fact, these consecutive appearances of a turn-vertex encapsulate a completely
matched sub-circuit, and the corresponding word has an encapsulated partition
sub-word.

Lemma B.9. If a typical circuit a1 ~ as ~ ... a2, ~ a; turns at vertexas = {i,j},
i=as—1Nas, and a; = {i,j} is the second occurrence of the same vertex, then the
segment Ggiq ~ Qgpo ~ -+~ a;_1 s a typical circuit with vertices matched within
this sequences.

Proof. Of course the turn condition requires a; # asy1 so that t > s + 1, so there
is at least one vertex between ag and a;.

We first prove that all the vertices of the sequence ag4.1, @542, ..., a;—1 are paired
within this sub-sequence.

Suppose that this is not true. Then there is at least one vertex that is not paired
within the encapsulated subsequence. Then this vertex must be matched outside
of the encapsulated sequence. Let a,, = {m,n} = a,,, where 1 < s <r <t <
r9 < 2k be such pair at maximal distance ro —r; apart. Without loss of generality,
we may assume that a,, 1 Na,, = {m}.

Since a,, is outside of the segment asasy1 ... as, by Remark B.1 both m # j and
n # j. Therefore, the circuit must turn at some vertex {m,l} positioned between
as+1 and a,,. Suppose that the turning vertex {m,l} # {m,n}. Then by Remark
B.1, all m’s must be enclosed between the two occurrences of the vertex {m,[}.
In particular, the second occurrence must be to the right of a,,, creating a more
distant pair of vertices which are not paired within the encapsulated subsequence.
By maximality of a,,, a,,, there cannot be a turn between ay and a,,. This means
that asNas+1N---Na,., = {j}, and hence either m or n must equal j, a contradiction.
Thus all the vertices of asy1 ~ asp2 ~ -+ ~ a;_1 are paired within this sub-
sequence.

Now we verify the circuit condition. Since ¢ > s — 1, by the previous part of
the proof, t — 1 > s 4+ 1. Since the circuit turns at both vertices as,a; and the
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element j does not appear outside the segment a5 ~ as41 ~ --- ~ a;, we must have
as Nasy1 = {j} and a;_1 Na; = {j}. Thus as41 Na;—1 = {j}, showing that the
circuit condition holds for the segment asy1 ~ ag42 ~ -+ ~ az_1.

Since by Lemma B.7, every sub-circuit of a typical circuit, it typical, this ends
the proof. O

Proof of Proposition B.6. We prove (i)-(iii) simultaneously by induction on the
number of letters k£ in word w. Clearly, all circuits corresponding to w = aa
can be lifted in exactly two ways, and have no turns.

Given a typical circuit a; ~ as ~ -+ - ~ asg ~ ap, one of the following three cases
must occur:

(i) arNaxN---Nag £ 0,

(ii) the circuit turns at some vertex,

(iii) a1 Nas N ---Nagx = P but there are no turns.
In the first case, assuming that the intersection is {i}, we can lift a; to one of the
two points @ = (i,-) or a1 = (-,i) in I',. Then we lift the remaining vertices as
either a horizontal (-,i) or a vertical (i,-) circuit in T,.

In the second case, denoting by a, the first turn and by a; the second occurrence
of this vertex, by Lemma B.9 as41 ~ --- ~ a;_1 is a typical non-zero circuit of
length at most |w| — 2. By induction assumption, this circuit can be lifted to
g4l ~ -+ ~ Gp—1 in fn in two ways. The remaining letters also form a circuit,
which by circular symmetry we can write as a; ~ ag41 ~ -+ ~ Gp_1 ~ Ay = a4.
This circuit can be lifted to [, in two ways by swapping the coordinates of a;.
One of this two swaps will match as with asy1, lifting the entire circuit. The lifted
circuit will turn at as, and the letters as...a; encapsulate a partition sub-word
Gsy1 . ..a;—1 of positive length.

In the third case, let s be the largest value such that a; NasN---Na, # . Write
a;NazN---Nas = {i} and ay = {i,j}. Clearly, 1 < s < 2k. Then as_1NasNas+1 = 0.
Since ag is not a turn vertex, we must have as_; = a5 and as Nasy1 = {j}. By
circular symmetry, we may assume that s = 2. Then the sequence as, ..., as; has
k — 1 distinct vertices and by Lemma B.7 #(a3 U --- U agx) = k, and

#(aQU---Uagk):2+#(a3U---Ua2k)—#(agﬂ(agu---Uagk))
<k+2—4#(axN(azUaz)).
However, as N (az Uaay) = (azNag) U (az Nagg) = {i} U{j}, so #(ax U---Uag) =

k < k + 1. Thus the third case cannot occur, as a; ~ ag ~ -++ ~ ag, ~ ap is not a
typical circuit. O

Proof of Proposition B.3. Let w = ajas ...as; be a word with mg encapsulated
sub-words of lengths zero or 2k — 2; thus myg is the number of repeated pairs of
consecutive letters aa when the letters of w are arranged on the circle. Let m; be
the number of encapsulated words of positive length (maxed at 2k — 4), so that
h(w) = mgo +my.

By Lemma B.5 to find the asymptotic of m,(w) we may restrict the sum under
(B.2) to typical circuits.

Notice that if a; ~ ...asr ~ a; is a typical circuit, then the corresponding
product [] ta;,a;4, 1S positive. Indeed, after lifting it to a; ~ ... az ~ ay it is easy
to see that ¢, > 0 when the edge (a, B) crosses the diagonal line y = z in [,. Since
the lifted circuit a; ~ ...a2; ~ a; can be drawn as a continuous curve, it crosses
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the line y =  an even number of times. Since for the edges in I';, we have ¢, # 0,
there remains an even number of factors t,, < 0, and their product is positive.
This shows that for a typical circuit a; ~ ...as; ~ a1, the product in (B.2) is

2k

— 9Mmo
T tayorss = 2.
j=1

The number of the typical circuits based on the partition word w is easy to
evaluate by counting their liftings to fn Let a1 ~ ...a9, ~ a1 be a circuit corre-
sponding to w, so that a; = a; iff w[i] = w[j]. We proceed by lifting one vertex of
the circuit at a time. There are n(n — 1)/2 possible choices for the initial vertex in
the lower triangle i > j, and there are two possible directions to follow to any new
vertex: either horizontal or vertical. Once the horizontal or vertical direction was
chosen, we can keep filling in the consecutive edges as follows. There is 1 choice for
the second occurrence of a vertex already on the path. If a new vertex a, is not
yet a repeat of a vertex already on the previous portion of the path, and a, is not
the beginning of an encapsulated word, then by Lemma B.8 its lifting must follow
the previous direction. So there are between n — k and n choices for the “free”
component of a,. If a, is the first vertex of an encapsulated sub-word, and r > 1,
then the circuit is allowed to turn. So there are between 2n — 2k and 2n choices
for its lifting a, to continue either as a vertical or a horizontal path (Note that we
exclude ay from this count, since we already counted the factor of 2 for the initial
choice of an edge from a; to s, and there are no additional possibilities if as is a
turn.)

Since we have k — 1 new vertices to add to the circuit, the total number N of
such circuits is between

(n— 1 (n— 1
27”(”2 )(Qn —ok)™i(n — k)Pl < N < 27"("2 )(2n)m1n’“*1*m1.
Thus
o\ FL
(1 _ _) 9mo+my < ﬁzn(u}) < 2mo+ml7
n
and m, (w) — 2motm1 = gh(w) O

AprPpPENDIX C. CALCULATION OF LOW ORDER MOMENTS

The following tables list partition words, corresponding solids, and their volumes.
For Hankel matrix, we needed 8-th moments to establish that the distribution is
not unimodal.

TaBLE 1. Toeplitz my(yr) = 8/3

Word Solid | Volume |
abba JEl 1
abab Uy—-U,+Uy€el 2/3
aabb IE 1
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TaABLE 2. Toeplitz mg(yr) = 11

Word Solid Volume

abccba I* 1

abccab Uy—U,+Uy el 2/3

abcbca Ui —-U;+Uz€el 2/3
Ui —-U;+Uz€el

abcbac { Us Us+Us €l } 1/2
Uy—U+Uz€el

abcacb { Us U+ Usel } 1/2
Uy—U,+Us€el

abcabc { Us—Us +Us € } 1/2

abbcca It 1

abbcac Uy —-Uy+Us€el 2/3

abbacc It 1

abaccbh Uy—-U,+Uy, el 2/3
Uy—Uy+Uy el

abacbc { U —Us+Us €l } 1/2

ababcce Uy —-Ui+Us el 2/3

aabccb It 1

aabcbce Uy—U;+Uz el 2/3

aabbcc & 1

TABLE 3. Hankel my(yg) =2

Word | Volume

abba 1
abab 0
aabb 1

TaBLE 4. Hankel mg(yy) = 11/2

Word Solid Volume
aabbcc I’ 1
abbacc It 1
abbcca It 1
Ug+U, —Usel

abcabc { U+ U+ Us €l 1/2
aabccb I 1
abccba, I 1
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TaBLE 5. Hankel mg(yy) = 281/15
Word Solid Volume
aabbcedd: r 1
abbaccdd: &l 1
abbccadd: &l 1
abbcedda: &l 1
. Ug+U, —Usel
abcabcdd: { Up— Ug+Us €1 1/2
aabcebdd: &l 1
abccbadd: 15 1
abccbddas: 1
Uy + U1 Uy,€el
abcedabd: { Uy + U2 LU el 1/2
aabceddb: 1
abcceddba: 1
Uy + U1 Usel
abbcedacd: { U+ Us+Us el } 1/2
Ug+Us —Usel
aabcdbed: { Ug+Us+Usel } 1/2
Uir+U;,—Uy el
abcdbeda: { U+ Us+Us el } 1/2
Ug+U, —Uz el
abcadcbd: U2 +Uz3—-Us€el 11/30
U3 -I- Uy,el
aabbcddec: 1
abbacddc: 15 1
abbcddca: 1
Uy + U1 Usel
abcabddc: { Ug+ Uy +Us € I1 } 1/2
Ui+U; - Uy el
abcedbade: Us—U;+Us el 11/30
—Up+Us + U3 el
Uy + U, — el
abcaddbec: { Uy + Uy + U3 7 } 1/2
Ug+U, —Usel
abceddabe: { Uy + U2 fUsel } 1/2
aabcddcb: 1
abcddcba: 15 1
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APPENDIX D. SIMULATIONS

FiGuRrE 2. Histogram of the empirical distribution x(H,,/4/n) of
eigenvalues of 10 realizations of a 500 x 500 Hankel matrix with
standardized triangular U — U’ entries.

Ficaurr 3. Histogram of the empirical distribution i(T,/\/n) of
eigenvalues of 10 realizations of a 500 x 500 Toeplitz matrix with
standardized triangular U — U’ entries.

FIGURE 4. Histogram of the empirical distribution (M, /+/n)
of eigenvalues of 10 realizations of a 500 x 500 Markov matrix with
standardized triangular U — U’ entries.
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