®

» A pubability space is a triple (S, F, P) where S s an arbiyrary set, F i

a o-field of subsets o SU, and P is a measu¥e on  scuch that:

P(ﬁ.)a 1 '

* Sample spate: A any set St

-An-a subset E C Y of +the sample Space s known as an event-

T set of evems (F)

O-algebrr e o, ECf > E€ef , E ef » UEeF
)

= For each event E of +he sample spuce Sty we assume that a aumber P(E) i's
'

defined ano sarisfles +he -?oﬂom‘ng three axjoms :
1) og PE) § 4 v EcF
2) P =4
3) ENF=¢ = P(eur)= PE)+P(F)
2 P(E)=1-PE) X P@=0 £ 1% Ecyr = PE)CPE

3" %enemh‘zah'on: Seguence od muiuaﬂa exclusive events E jfgs---

€ 0g=¢ when 1#j

p(L &)= L pe

1=l 1=1

% Inclusion - Exclusion princCiple:

P(E uF) = H’(E)‘l' fP(F)-— H’(E('\F-) 8 E,F twe arbmm-& events.



sample space - @

SL
* Random vVavisble :  a  function PiomPF 4o F oiscrete | Continuous

et X: ﬂ___,R
X1 BAw — X(w)

-example :  total number of heads in tossing a  (in 3 Himes.

ﬁ“i“f""”?“"? HIH: -— TTT}
’

3 2 9 .

Texende: voll o dice 3 dines oy 1< 12 ¢ 6]

w2 > X(W)= 7 ¢ -3
Y(w):hml[f,,j) € \y—sb
Z(w) = ?-"'tj € 2,519

* Distvibusion Lunction .
E(bt) £ Plx¢n) » x€R

Properties :
+ non ofe c’reas;'ng

+ P(Xax)=F0)- Fe(x-)

+ r.‘ﬂh.canh‘nnaus + ’&"_,_,. qu); °

+ P(xpyx)s I-Kx) y A w0z )

N —54-00

+ Pac<xgh) =5 (b)-FK)

(Pmfs For el.'scrate Y.v.)

* Probalau'la‘-}a mass funcion

)= P(x=x) , xez

- examples:
A P xel
Bernoulli (p) P )= {\-P .
0 0-w.
() Px U"P)h-x Xzoy=2N

8inomial (I\,P): Plx) =

© O--

9-9‘- ﬁ;’." H=0pl ="

Poisson (A) Px)= -

0 O-w.



-evercise: Coin with (P 1-p)  is tossed until the Pirst 4+ime K
Heads obtaimeedl. X = number of tosses
..Q.:? P P.K(-xl.;?

K n-k
Px=w)= (hp w-»

* The Pobabilit y c/ens;+a Junction  (Pdf  for Cimtinuous nv.)

£ o8 éaau

) 4

b
+ Pla<x¢b)= Fe (B)-F, (a) =j £, ()

[ e

- Cxamples:
va oo
Uniom ©  ULasb] Pix- o
X o 0. w.
k4
Gaussian [ormal: /V(A,(y!) _f (x)= L exp(- _(1313_)
~Ax

Exponen-h‘a] : E(4) 'ﬁ((k) i f e ¥3o

°© O-w.

% Tyans formations 0# ran/m variables ;

X~ § s Continuwus rv.

+ h IS s+r:‘c+la monotoniC :

~) -) . '
P(xXSh (9) =g (h@@ . h inCreasing
Fy(g)= P(hix)gY) = { ) = % )

® (.X):/L-i(n)) = |- T—x(‘;‘(an + b decreasing

+ hous sHi(Ha monotoniC anc( d:fferentiable :

£ )
| W

'gyta) =

= b ( 3)



% Expectation ( mean):

My= B(X)= L %P ) : discrete v,
o
+

My = EX)= J "‘?x U‘\‘[“ ! Contingtous r.v.
-od

+ ProPerties : li'near

¥ E(ax+b)s a E(x)+b

% Variance : 5
Var (x) = E[(x —E@) ] = E(x)-[E®)] = E[(X-—ﬂ:)t] %0

I+ s net linear:

Var (ax¢b) = & Var(x)

* CovqﬁanCe: (is a measuye ’g how nuch +wo V.S Cha'\ﬂe +Uae+kr)
Cov (X,Y) = E[XY]- Ex]e[)]

* CaucLa- Schwarz t‘neg.

2
(e 1x¥1) € ECx']ECy?]

Lionina P(A,8
* Comﬂ-homhg ' : ) x s again o ?nhbils'ia
? o PANB) o p(g) #o _ .
(A lB) = P(B) with all propeyiies ...

+ chain vule:  P(4,8,¢) = P(A) P(814) P(C14;B)

+ B,--s B, J:‘sjm'n"‘ % UB,‘=-Q- B P(B;)>e

+ Boprad it prrbdsitiga Bages yule:

P8 NA) Al8) P8y
):,'3, P(AIBI.) P(B;)

+ law v..? Yotal ?Yo\)al)ilﬁ-z]:
h
puaYs L., P(AIR)P(R)



- exumple: -Pur +he example we h:/ for a/r'ce

* PX\Y (l)(.li-{-) -.:1;

(e s%)
event (y=|-i")= {(h“‘))(!o‘!’))(sxﬂ’)?(“ﬂ.’t)) U-I':Z);U-l‘:l)} = P(Y:‘-—H—):‘ %
3
> p }:’} x=1,1,3
xy i) = { % x=w
% 0. w-
* By ip)= 7
event (X-B)“‘ (551) 5 (5,52), (5:3)5(5,w)5(5,5), (5,4 . e b
{ ’ ]} > P(X=5)= 3 =f
© %<5
> R \6) =
yix (915) {5%’ y-0
%, gt
x 'l’_na!efeno/@mo of events:
R v P(.B) F0
+ ALB &>  P(ANg)=P(A)-P(B) = P(AIB): P(A) ¥

+ As-—3 A dre !"'\J?l’?no/en‘f i for ang  sub- Clleckion Ao Ay
\

P (A N--N Ay )= P - PUA)

c
+ AL = ATLB

x  Inclependence o RVvs:
XLY & Plxsx>Ygyl=s PLXO)- P Lrey) ¥ eR
nytxia) = Fx()t)ﬂ(a)

# inJeP - E [xl _ ___xn] = E[X]) - E[Xn) R Var (X +Xq) = Var (X,)+ Var (Xp)

:'anp = unCarreIcﬂeo{
qﬁ

- Cxample: X~ U[-hL1] 2 Y

1

xt .___.__> EDY-]= ED(] ELY] EX.) \)Lﬁ' X)L/Y



* Coha,i+l‘nna| expectation !

E[XW] is a  Yandom Variable

=Y(y)

4 in -?ud' VH“ EY_XIY'—‘IJ]’EX\P [x,x]y=3]="i’(3j : .fmf J;scre‘!e Y.V.
*ELYW] = By (g D)) = Erx]

+ E[x1X)=X

% Sto chastic Process ( Random Yo Cess) :

o -?a.mila o-? f‘ahcAm variables (""6/9\'“/ SCX”P"(PO-? r.v.)

[xpe: e T]
R J:‘SCH?"G/ Continlous

+ fixed wen {X): 4T} is o realizavion o4 v,

(a punction of +ime)
r fied teT = {xy(): WA vandom variable

- example :
vau[o,z-z] = )(_[,(9): Sin(at+Q) oo,
: F’f&‘y@ﬁ
“ +
b

=%

* Stationarity 0f a ¥p

PO, 50 o) = Bt o6y ox) Y

Y t,--54,



* Markov Chain  (Rivst orJer)

a StochastiC  PYoCess XuXga==r IS a Markw che'n or Markev pracess
i'.?

P(Xnﬂ = Npay lxn"’(lg 2 XF”:) = \P(XIH'[ "xnﬂ\xh:"u)

v, . \ o o . o
+ time \\omgenem;sﬂ' MarkeV chain  or time imvaviant oY Stativnary

P (KH-H §2. 5% b | An=a ) =F (x,,=b\x, =cz)

+ a time ‘nvariant Markev Chain s Charqc-}en'zeg/ b:l i'+s in'4ial Srate Ghé/

a pn\aab:h%a +YanSi+ion warvix P= EJ-] 1§ 1Y  § —> #sates

Pl‘a' = ﬁ> (xn-ﬂa‘j lxh=i)

+ V=Y P : Vp is the vector of gr state vababimg
' [ # States.
" K AU RACRESE AT,
Mg =V P

+ S‘m’n‘onara clist nbution :

S
V=V = =t P such that  A@)ye Z’l(.j)=i

L2 n FEll
- @xample:
v 4 %)
= lo % %
% o)




* Weak law of \arge numbers LWLL/V)

.. A
Xy Xqo-- iid v Moo 9 ? E(*:-}("’ v kvl

-t X
A, = X\r n

le aver.
n Samle  avelage

> Voo, LR(1A-al€)sd  or Atk de noe
WS o
x S-trona law of larﬁe numbers (SLL”) B (Ix)) <® v Kyl
\?(L- A“"*“‘)“'l oY An—a—'s—bﬂ Yoy n—>®

% Convergence n Prebabflfi'a :

Xn——P—-H( i4 ,ﬁui}’(lx.‘-xua):i v €50

N30

¥ Almost Sure Convergence:

Xo 255k f Plwedl: L X.Lwhxtw)}:i

LT

* Canergen(e 'n o’-sﬂibuh‘m:

X,\_-J-‘a X P [xn g x-] "_":;P[x.su] (a+ every Cont. Point : E,M)

* C;Jnveraence ‘n Sguare wmean:

2 ?
Ko £ X 08 LB (1%-x) ) meewe =0

h=2e0

# Relationship between dfgerent type of  Cmvergence :

d

boX 25K o XX = X X

d

+ xh —-E'E-—)X =5 Xn—-t—-)x = x'l'\__"éx

,. a.s‘
+ no velation between A an =



»*
1
W{x»“]" E[ i{"bﬂl] where 1‘ Xy} i's n'naﬁ‘(qmr -Fun(h'on bos
L
b _ a x
eCalse E[iixgd?] = {_‘: Fi(x) 1{,‘»} = "E}; Px("]
= W{X),a]
% Markov's s‘nezuqlﬁa ! LW) ,£‘(x)al%
1§¥M} ¢ ¥ aye N/‘L__;
= ' e
=) E[d'{lﬁ»a)] \Y E[‘ﬁ,(ul] => ?{W} < F%Kﬂ Yaso
| ‘.’}z(’d
* c\\e\o-as\\ev"s "“92""{"*3‘
x :
1{lxl>a’[ ¢ $00 = at -a l a
2
= E[‘l{m%}] ¢ Elhw] = B{Ka) -Et—le.
a
2
it works for any TV. X = _ E[ (x-a)] Vay (x
ks for any > Bl ix-aiya} — = AW

a a
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