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Solutions: Homework Set # 3

Problem 1

A sequence of random variables {X,,} converges toward X in probability if
lim Pr[| X, — X|>¢] =0,
n—oo

for any € > 0. For example the Weak Law of Large Numbers implies that if X;, Xo,... is a
sequence of i.i.d. random variables, and S,, = % Sy Xy, then

lim Pr[|S, —E[X]| >¢] =0.

n—~o0

In other words, S, converges to E[X] in probability and we denote this by S, 0 probapility E[X].

(a) X
Yn = _10gp(X17' .. 7Xn)
n

Since {X;} are independent p (z1,...,2,) = [y p (z4).
The random variables log p (z;) are i.i.d. because X; are i.i.d. So

= %log <HP($Z)> = %Zlogp(xi)
i=1 i=1

By the weak law of large numbers,
Y, PR g g p (X)) = —H(X)

So, Y, converges in probability to

[ 8 6 4 2 2 1
H(X)=—- 2—3log§+—l gﬁ—i——l g2—3+—1 g2—3+—1 gﬁ—i-—logﬁ}

23 (810g8+810g23+610g6+610g23+410g4+410g23)]

[1
~ |23 (41log 2 + 4log 23 + log 1 4 log 23)

1
= —ﬁ(—2310g23—|—24—|—610g6—|—8—|—4+0)
=2.28 bits
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Let T; = X?. We know {T;} are i.i.d. since {X;} are i.i.d. So again by the law of large
numbers,
Zn in prob;al:nhty E{T} _ E{XQ}
8 6 4 2 2 1
E{X?} =02 - + 1% +22. - +3% - +4%2. - +5%
{ } 23 + 23 + 23 + 23 * 23 * 23

_6+16+18+32+25_97
23 23 23 23 23 23

97

Z=E{X?} = 3

and

23 " 723 T 723 T 723 T 723 23
We will show that Z = E{X?} > E*{X}. To see why this is so, let a random variable
V=(X-E{X})?>0.

4 2 2 1]° 2
(B{x*})" = {0-2—83+1£+2—+3.—+4—+5—] = <33>

E{V} =E{(X - E{x})’}
=E{X? + E}{X} + 2XE{X}}
=E{X?} + E*{X} — 2E*{X}
=E{X?} - E*{X}

But E{V} > 0, since V can only take non-negative values. Thus E{X?} > E?{X} in
general.

Problem 2
For a Markov chain, by the data processing theorem, we have
I(Xo; Xp—1) > 1 (Xo; Xp)

Therefore,
H (Xy)— H (Xo| Xn—1) > H(Xg) — H(Xo| X»n)

or H (X | X,) increases with n.

Problem 3

We know that we can expand the mutual information as follows

I(X17X2, . ,Xn;Xn+17. .. ,Xgn) :I(Y,Z)
Y Z

=HY)+H(Z)-H(Y,Z)

=H(X1,Xs,..., X))+ HXpq1,...,Xop)
— H(X1, X9, ..., X0, Xpt1, -, Xon)

=H(X1,Xo,..., X))+ HXpq1,..., Xop)
— H(X1,Xs,...,Xon).



Because the process is stationary we have H(X,y1,...,Xo,) = H(X1, Xo,...,X,) so we can
write

(X1, X0, ., X0 Xog1y oo, Xop) =2H(X1, Xo, ..., X)) — H(Xq, Xo, ..., Xop).

Deviding both sides by % and taking the limit we have

1 .1
lim —I(Xl,...,Xn;XnJrl,...,Xgn) = lim —[QH(Xl,...,Xn)—H(Xl,...,XQn)]

n—oo LN n—oo LN
1 1
= lim ~H(X1,...,Xn) = lim —H(X1, ..., Xon)
n—oo n n—oo 2n,
=H(X)- H(X)
=0.
Problem 4
(a) We have

—1 -1 -
—log q(X1,Xo,..., X,,) = —log | | q(X
n n L

1
= 7 Z log Q(Xz
i=1
According to L.L.N. (Law of Large Numbers) we can write
in probabilit
) P plogg(X1)

:Zp 1ogiﬂ

-1
710gQ(X1>X27 s 7Xn

~ q(x) p(x)
= D(pllq) + H(p).
(b)
1 Q(X17X2a~~7Xn) 1 - Q(XZ)
_10 = — 10
n 8 (X1, Xo, ., Xn) nZ & p(X,)
in probability Q(X 1 )
e F 10
| gp(Xl)]
= —D(pllq).
Thus,
(1, X0, s Xn) _ o nD(pl)

p(z1, X, ..., Xy



