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Solutions 9

a) One checks that E(B? — t|FP) = B2 — s:
E(Bf — BI|Ff) = E((B: — Bs)* + 2(B; — Bs>BsrfSB> = E((B; — Bs)?) + 2E(B; — Bs)Bs = t — 5.

b) One checks that E(exp(B; — £)|FP) = exp(B, — £):

t—
E(exp(B;—Bs)|FP) = E(exp(B;—Bs)) = exp <28> , since By—Bs ~ N(0,t—s) (see Ex. 4, Hw. 2).

2. (M) is clearly adapted to (F;) and

(i) E(|M:|) = E([E(X|F)]) < E(E(|X[|7)) = IE(|X|) <00
(ii) E(M|Fs) = E(E(X|F)|Fs) = E(X|Fs) = M,

so (M;) is a martingale with respect to (F).

If moreover X is Fp-measurable for a given T' € R, then (M) is constant for ¢ > T

a) For t > s > 0, we have E((M; — M,) M) = E(E(M; — M,|F,) M) = E(0 M,) = 0.

b) For t > s > 0, we have Cov(M;, M) = E(M;Ms) — E(M;)E(M,) = E(M2) — E(My)? is only
function of s, therefore of ¢ A s.

¢) In order to determine ¢ and d, we use part (ii) of the definition of conditional expectation with
g(y) =1 and g(y) = y, respectively:

E(X1) =E((cY +d)1) = cE(Y) + d, therefore d = 0 (since X and Y are centered).

E(XY) = E((cY)Y) = ¢E(Y?), s0 ¢ = 5337,

d) (Xy) is by definition adapted to its natural filtration and
(i) For t > 0, E(|X;|) < oo, since E(X?) < oo.

(ii) For t > s > 0: E(X¢|FYX) = E(X¢|Xs) = Eﬂ(;((;é)s) Xs = X, (where we have used the Markov

property, part ¢) and the assumption).



