Stochastic Calculus I EPFL - Fall Semester 2009-2010

Solutions 8

1. Remember that By — Bs ~ N(0,t — s) for t > s > 0. Therefore:

a) BY — B = (B, — B,) ~ N (0, — 5).

b) 3(2) B = (Bry1—Br)— (Brys—Br) = Bryi— Bris ~ N(0,(T+1) = (T —5)) = N'(0,t—s).
¢) B = B = (Br—Br_)~ (Br— Br—,) = Br—y—Br_i ~ N(0,(T—s) (T~ 1)) = N0, - s).
d) B" = B{Y = L (Bu — Bus) ~ J=N(0,at — as) = N(0, - s).

e) Bt(s) — B£5) =tB1 —sB1 = (t—s)B1 — s(B1 — Bl) and B1 and (B1 — B1) are independent,
t s t s s t
since ¢ > s. One therefore has Bt(5) - B ~ N (0,(t—s)*1+ 32— 1)) =N(0,t—s).

2. a) yes (i.e. K is positive semi-definite) and (Xt(l)) is a standard Browninan motion. The hint
is easily checked for n = 1 or 2, and the induction gives
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b) yes: D70 cicig(ti) g(ty) = iy cig(t:))? >0 et Xt(Q) =g(t)Y,ouY ~N(0,1).

c) no: if (¢1,t2) = (0,1), then det (K(3)(ti,t]~))jj:1 = det ( ? (1) ) =-1<0.

d) no: if t = 1, then KW (t,t) =e~ 1 =1 < 0.

e) yes:
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3. a) E(Mt) = E(Btz — t) = t — t e 0 and COV(Mt,MS) — 2 (t /\ 8)2,
b) E(Nt) =1 and COV(Nt,NS) — e(t/\s) —1.

These processes are not Gaussian, for obvious reasons.



