
Stochastic Calculus I EPFL - Fall Semester 2009-2010

Solutions 3

1. a) Using Cauchy-Schwarz’s inequality with X and Y = 1{X>t}, we obtain

E(X 1{X>t})
2 ≤ E(X2) P({X > t}).

On the other hand, we have E(X 1{X>t}) = E(X)− E(X 1{X≤t}) ≥ E(X)− t, therefore the result.

b) We check that

P({X > 0}) = 1− e−λ ≥ λ

1 + λ
=

E(X)2

E(X2)
.

(The central inequality follows from eλ ≥ 1 + λ, ∀λ > 0.)

2. a) use ψ(x) = x2 and ψ(x) = x2 + σ2 respectively.
b) P({X ≥ a}) ≤ σ2+b2

(a+b)2
= g(b). g has a minimum in b = σ2

a and at this point, g(b) = σ2

a2+σ2 .

3. Using Chebychev’s inequality with ψ(x) = x2, we obtain for any ε > 0:

P
({∣∣∣∣Snn − µ

∣∣∣∣ > ε

})
= P({|Sn − nµ| > nε}) ≤ Var(Sn)

(nε)2
=

σ2

nε2
→

n→∞
0.

where we have used:

Var(Sn) =
n∑

i,j=1

Cov(Xi, Xj) =
n∑
i=1

Var(Xi) = nσ2.

4. The sequence of gains of the player is the i.i.d. sequence (X1, ..., X369), with P({X1 = +1}) = 18
38

and P({X1 = −1}) = 20
38 , so

µ = E(X1) =
18− 20

38
= − 1

19
, and σ2 = Var(X1) = 1− 1

361
≈ 1.

and the total gain after n games is Sn = X1 + . . .+Xn. We therefore obtain:

a) E(S361) = 361µ = −19 francs.

b) By the central limit theorem, we have

P({S361 > 0}) = P

({
S361 − 361µ√

361σ
> −
√

361µ
σ

})
≈ P

({
Z > −

√
361µ
σ

})
≈ P({Z > 1}) ≈ 0.15,

where Z ∼ N (0, 1).


