Stochastic Calculus I EPFL - Fall Semester 2009-2010

Solutions 12

1. a) M? = (B? —t)? = f(t, B;), where f(t,x) = (z —t)?. Notice that
filt,x) = =2(z* —t), fi(t,x)=4x(2®>—t), and f7.(t,x) =4 (z* —t)+ 82

So by Ito-Doeblin’s formula, we have
t t 1 t t
M2 -0 = —2/ (Bg—s)ds+4/ 1135(1}33—3)c538+5 (4/ (Bg—s)ds+8/ des>
0 0 0 0

t t
= 4/ Bs(Bg—s)st+4/ B2 ds,
0 0

and therefore (M), = 4 fg B2 ds, since the first term is a martingale. Likewise, N? = 2Bt~ =

g(t) Bt)y Where g(t7 x) — €2$—t and
92(7573:) = —62m—t’ ggl;;(tvx) _ 262x—t’ and ggx(t,x) — g2t

So

t t t t t
N —1= / e?Bs=s ds + 2/ e?Bs=5 4B, + 2/ e?Bs=s gs = 2/ e?Bs=s 4B, +/ e?Bs=3 (s,
0 0 0 0 0

and therefore (N); = fg e?Bs=5 ds since the first term is a martingale (recall that by convention,
(N}o = 0).

Remark: we could have computed (M), and (N); directly by writing M; and N; as stochastic
integrals (using again Ito-Doeblin’s formula) and using the fact that

<m3m=%ﬁw.

2. a) E(X;) =0 and for t > s, we have

COV(Xt,XS) = E(X;X;) = / e—at=r) o—a(s=r) .. _ e—a(t—i-s)/ o207 1.
0 0

“a(t4s) e2as _ 1 e—a(t—s) _ e—a(t+s)
= e =
2a 2a ’
so for any t,s > 0, we obtain
e—alt—s| _ g—al(t+s) 1 — g—2at
Cov(X, Xs) = 5 et Var(X;) = 5

b) The integrand e~*(=5) depends both on ¢t and s, so the process (X}t) is not a martingale and
does not have independent increments.



c¢) Following the hint, we have X; = f(V;, M;), where V; = e~% fo e~)ds, M, = ft as B,
and f(t,x) = tz. Noticing that

we obtain

t t
Xy = f(‘/;fv Mt) =0+ / M; (_ae—(lS) ds + / Vee *dBs +0
0 0

t t t
= —a/ MSVSds—F/lstz—a/ Xsds + By.
0 0 0

3. a) By the optional stopping theorem, we know that E(Br) = E(By) = 0, so

C

0=E(Br)=bpy+cp.=bpy,+c(l—p,) and p,= p—

Notice that py, €]0, 1[, since b < 0 and ¢ > 0. Numerical example: p, = %

b) Let us first check the hint: f(X;) = g(V;, M;), where g(t,x) = f(tzx), so
git,z) = f'tr)z gp(t.x) = f'(te)t and g, (t,z) = f'(tx) ¢
Therefore,
f(Xe) = f(Xo) = g(Vi, My) — g(Vo, Mo)
= [ oy ds [ veeasos g [ v vias

= /O(QXf( s) + f” ds+/f dB_/f s) dBs,

since f satisfies the equation of the problem set, by assumption. The process (f(X})) is therefore
a martingale, so

f0) =E(f(X7)) = f(b)po + f(c)pe = f(O) oo + f(c) (1 —pp), so pp=

Let us now compute the function f; u(xz) = f’(x) satisfies the equation:

—azu(z) + %u’(w) =0, u(0)=1.

Therefore, % = 2ax, log(u(r)) = ax® + C, u(z) = exp(az? + C) and C = 0, since u(0) = 1.
Finally, we obtain

flx) = /Ow u(y)dy+ D = /Ox exp(ay2) dy+ D, and D = 0since f(0) =

Numerical example: by a simple drawing, we see that p, < % if a > 0 and pp > % ifa <0.



