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Homework Set # 5

Problem 1

Consider the system h3[n]

h2[n]

h1[n]

x[n] y[n]
+

with h1[n] = βδ[n − 1] and h2[n] = αnu[n] where |α| < 1. Through parts (a) to (e)
assume h3[n] = 0.

(a) Find the impulse response h[n] of the overall system, i.e., h[n] such that

y[n] = h[n] ∗ x[n].

(b) Find H(z), the z-transform of the overall system and specify the ROC in terms of |α|.

(c) Find the difference equation relating y[n] to input x[n].
Hint: Use the transfer function, H(z).

(d) Is this system causal? Why?

(e) Is the system stable? Prove or disprove.

(f) If h1[n] = 2δ[n − 1], h2[n] = 1

2
δ[n − 1], and h3[n] = 1

3
δ[n − 1], find h[n].

Problem 2

Suppose that we know that:

w[n] =

{

1

n+1
h[n] , for n > 0

0 , else

(a) If h[n] is a strictly causal sequence (i.e., h[0] = 0, n ≤ 0) then find H(z) in terms of W (z)
and the corresponding ROC Rh in terms of Rw, the ROC of W (z).

(b) If w[n] = anu[n − 1], find W (z), the z-transform of w[n] and its corresponding ROC Rw.

(c) For what value of a, does the DTFT of w[n] exist?
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(d) Find h[n] corresponding to the w[n] given in part (b). Does this correspond to a stable
system? Note that your answer can depend on a.

(e) Suppose that G(z) is known to be a system such that the relationship shown in Fig. 1
holds. Express G(z) in terms of H(z).

x[n] y[n] x[n − 2]

H(z) G(z)

Figure 1: Relationship for problem 2(d)

(f) Given the H(z) and the corresponding ROC found in (c), state if G(z) can be causal and
can it be stable.

Problem 3

(a) Assume that we are given a system that has a rational system function H(z). Below, you
find four different plots of the poles and zeros of H(z). For each situation, choose which
one of the following assertions is true:

1. the system is stable if it is causal

2. the system is stable if it is anticausal

3. the system can only be stable if the impulse response is two-sided.

(b) For plot (i), we know that

H(z) =
(1 − z1z

−1)(1 − z2z
−1)

(1 − p1z−1)(1 − p2z−1)(1 − p3z−1)
.

Give the system function G(z) of the inverse system, i.e., the system such that h[n]∗g[n] =
δ[n]. For G(z), determine which of the assertions 1. through 3. is true.

ℜz

ℑz

(i)

×
p2

×
p1

×
p3

z1

z2

ℜz

ℑz

(ii)

×
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ℜz

ℑz

(iii)

×

×

×× ℜz

ℑz

(iv)

×

×

×

×

Problem 4

A linear time-invariant system is characterized by the system function

H(z) =
3 − 4z−1

1 − 3.5z−1 + 1.5z−2

(a) What are the zeros and poles of H(z)? Give a pole-zero plot.

(b) Find the partial fraction decomposition of H(z), i.e., rewrite H(z) as H(z) =
∑

k
Ak

1−dkz−1 .

(c) Specify the ROC of H(z) and determine hi [n] (i = 1, 2) in the following two cases:

(i) h1 [n]: the system is stable

(ii) h2 [n]: the system is anticausal

(d) For which of the sequences above can you compute the DTFT? Justify.
Hint: Do not compute DTFT, just state whether DTFT exists or not.

Problem 5

Consider the system characterized by the difference equation

y [n] = 0.5y [n − 1] + x [n] − 3x [n − 1] , y [n] = 0 for n < 0

i.e., we have zero initial conditions and we are interested in the evolution of the system for
n ≥ 0.

(a) System (b) Inverse system

Figure 2: The system and its inverse
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(a) Provide an expression for H(z), and explicitly state the ROC for H(z).

(b) Show that you can write H(z) as

H(z) = Hmin(z)Hap(z)

where Hmin(z) is a causal, minimum phase system and Hap(z) is an all-pass system. That
is, all the poles and zeros of Hmin(z) are within the unit circle and

|Hap(z)|z=ejω = 1.

Hint:

– An all-pass filter is a system which passes all the frequencies with the same gain, i.e.,
∣

∣H(ejω)
∣

∣ = 1 for all ω. The general form for an all-pass filter is

Hap(z) =

N
∏

n=1

z−1 − dn

1 − dnz−1

∏

m=1

(z−1 − e∗m)(z−1 − em)

(1 − emz−1)(1 − e∗mz−1)

where dn’s are the real poles and em’s are the complex poles.

– For a stable and causal LTI system to be minimum phase, all its zeros must lie inside
the unit circle.

(c) By inspecting H(z), and its ROC, is it a BIBO stable system?

(d) Suppose we want to recover x[n] from y[n] (see Fig. 2(b)), find the filter R(z) such that

X(z) = R(z)Y (z), (1)

and explicitly state its ROC. Can R(z) be a stable and causal system?

(e) Consider the system shown in Fig. 3. What are the amplitude and phase responses of
G(ejω)?

Figure 3: Distortion and compensation by a linear filter.
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