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Abstract. Consider a N x n matrix Z, = (Z], ;,) where the individual entries

are a realization of a properly rescaled stationary Gaussian random field:

1

Z;i]2 = _n Z h(kl, kQ) U(]l - klvj? - k2)7
(kl,k2)€Z2

where h € ¢1(Z?) is a deterministic complex summable sequence and (U (j1, j2);
(1, J2) € Z?) is a sequence of independent complex Gaussian random variables
with mean zero and unit variance.

The purpose of this article is to study the limiting empirical distribution of
the eigenvalues of Gram random matrices Z,, 2, and (Z, + A,)(Z, + A,)* where
A, is a deterministic matrix with appropriate assumptions in the case where
n — oo and N/n — ¢ € (0,00).

The proof relies on related results for matrices with independent but not
identically distributed entries and substantially differs from related works in
the literature (Boutet de Monvel et al. [4], Girko [9], etc.).
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1. Introduction

The model
Let Z,, = (Zj”IjQ,O <ji1 <N, 0<j2 <n)beaN xn random matrix with
entries 1
Zipn=Tm D hlkke) UG = ki ja — ko),
(k1,k2)€Z2

where (U(j1,J2), (j1,j2) € Z?) is a sequence of independent complex Gaus-
sian random variables (r.v.) such that EU(j1,j2) = 0, EU(j1,2)%> = 0 and
E|U(j1,j2)|? = 1, and (h(ky, k), (k1, k) € Z?) is a deterministic complex se-
quence satisfying

> |k k)| < 0.

(k1,k2)€Z2

The bidimensional process Z7, ; is a stationary Gaussian field. Indeed,
cov(Z}, 1,0 25 1) =1 1C(jh — i Jo — J5)

where
Cjijo) = > ki ko)h*(kr — ji, k2 — o) (1.1)
(k1,k2)€Z2

(we denote by a* the complex conjugate of a € C — we also denote by A* the
hermitian adjoint of matrix A).

The main results

The purpose of this article is to establish the convergence of the empirical
distribution of the eigenvalues of various Gram matrices based on Z,, in the large
limit n — oo, N/n — ¢ € (0,00). More precisely, we shall study the convergence
of the spectral distribution of Z,Z* and (Z,, + 4,)(Z, + A,)* where A,, is a
deterministic matrix with a given structure. In particular, if Z, is square, we
take A, to be Toeplitz. The contribution of this article is to provide a new
method to study Gram matrices based on Gaussian fields. The main idea is to
approximate the matrix Z,, by a matrix Zn unitarily congruent to a matrix with
independent but not identically distributed entries. This method will allow us
to revisit the centered case Z,,Z;, already studied by Boutet de Monvel et al.
in [4] and to establish the limiting spectral distribution of the non-centered case
(Zn + An)(Zn + Ay)* for some deterministic matrix A,,.

Motivations

The motivations for such a work are twofold. First of all, we believe that
this line of proof is new. Let us briefly describe the three main elements of it.
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The first one is a periodization scheme popular in signal processing and
described as follows:

Zn = (Zﬁjz)

where

- 1 . .
Zin = 2o W)U = k) mod N, (jz — kz) mod ),
(k17k2)€Z2

where mod denotes modulo.
The second element is an inequality due to Bai [2] involving the Lévy dis-
tance £ between distribution functions:

LYFAY FBETY < % Tr(A — B)(A — B)* Tr(AA* + BB*), (1.2)

where FA4" denotes the empirical distribution function of the eigenvalues of the
matrix AA* and Tr(X) denotes the trace of matrix X. With the help of this
inequality, we shall prove that Z,,Z and ZHZ:.‘L have the same limiting spectral
distribution.

The third element comes from the advantage of considering Z,,. In fact, Z,
is congruent (via Fourier unitary transforms) to a random matrix with inde-
pendent but not identically distributed entries. Therefore, we can (and will)
rely on results established in [11] for Gram matrices with independent but not
identically distributed entries.

The second motivation comes from the field of wireless communications. In
a communication system employing antenna arrays at the transmitter and at
the receiver sides, random matrices extracted from Gaussian fields are often
good models for representing the radio communication channel. In this course,
the stationary model as considered above is often a realistic channel model.
The computations of popular receiver performance indexes such as Signal to
Interference plus Noise Ratio or Shannon channel capacity heavily rely on the
knowledge of the limiting spectral distribution of matrices of the type 2,2
(see [6,13] and also the tutorial [16] for further references).

About the literature

Various Gram matrices based on Gaussian fields have already been studied
in the literature. The study of the general case (Z,, + A,)(Z, + Ay)* has been
undertaken by Girko in [9,10]. His approach is based on more general results
valid in the case of a Gram matrix with asymptotically independent entries. In
this context, Girko shows that the normalized trace of its resolvent has the same
asymptotic behavior as the normalized trace of a deterministic matrix verifying
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a certain non-linear “canonical equation”. Since no assumptions are done on
the structure of A,, there might not be any limiting spectral distribution. In
the case where Z,, is a stationary field and A,, is Toeplitz, the equations have
a simpler form, and depend on the spectral measure of Z,, and on the Fourier
transform of the entries of A,,. Note that the Gaussianity is not necessary in
this approach.

Boutet de Monvel et al. [4] have also studied Gram matrices based on sta-
tionary Gaussian fields in the case where the matrix has the form V,,+ 2,2, V,,
being a deterministic Toeplitz matrix. Their line of proof is based on a direct
study of the resolvent, taking advantage of the Gaussianity of the entries.

Disclaimer

In this paper, we study in detail the case where the entries of matrix Z,, are
complex. In the real case, the general framework of the proof works as well if
one considers the real counterpart of the Fourier unitary transforms, however
the computations are more involved. We provide some details in Section 5.

2. Assumptions and useful results

2.1. Notation, assumptions, Stieltjes transforms and Stieltjes kernels

Let N = N(n) be a sequence of integers such that
N
lim (n)

n—oo n

=c € (0,00).

We denote by i the complex number /—1, by 14(x) the indicator function over
set A and by d,,(x) the Dirac measure at point zp. A sum will be equivalently
written as » ,_; or »,_;.,,. We denote by CA(0,1) the distribution of the
Gaussian complex random variable U satisfying EU = 0, EU? = 0, and E|U|?
= 1 (equivalently, U = A + iB where A and B are real independent Gaussian
r.v.’s with mean 0 and standard deviation 1/+/2 each).

Assumption A-1. The entries (Zjnljz, 0<j1 <N,0<js<mn,n>1)of the
N x n matrix Z,, are random variables defined as:

Zjjs = n Z h(k1, k2) U(jr — k1, j2 — k2),
(k1,k2)€Z2
where (h(ky, ko), (k1,k2) € Z?) is a deterministic complex sequence satisfying
hax =3 bk, k2)] < oo
(k1,k2)€Z2

and (U (41, j2), (j1, J2) € Z?) is a sequence of independent random variables with
distribution CN(0, 1).
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Remark 2.1. Assumption (A-1) is a bit more restrictive than the related as-
sumption [4], which only relies on the summability of the covariance function of
the stationary process.

For every matrix A, we denote by FA4” the empirical distribution function
of the eigenvalues of A A*. Since we will study at the same time the limiting
spectrum of the matrices Z,Z (resp. (Z,, + An)(Zn + An)*) and Z; Z,, (resp.
(Zn+ An)*(Zn+ Ar)), we can assume without loss of generality that ¢ < 1. We
also assume for simplicity that N < n.

When dealing with vectors, the norm ||-|| will denote the Euclidean norm. In
the case of matrices, the norm ||- || will refer to the spectral norm. Denote by C*
the set C* = {z € C, Im(z) > 0} and by C(X) the set of bounded continuous
functions over a given topological space X endowed with the supremum norm
I .

Let u be a probability measure over R.. Its Stieltjes transform f is defined by

(dX)
flz)= a , z€Ct.
r[ Az

We list below the main properties of the Stieltjes transforms that will be needed
in the sequel.

Proposition 2.1. The following properties hold true:
(1) Let f be the Stieltjes transform of u, then

- the function f is analytic over CT,

- the function f satisfies: |f(z)| < 1/Im(z),

- if z € C*, then f(z) € CT,

- if p(—00,0) = 0, then z € C* implies z f(z) € CT.

(2) Conversely, let f be a function analytic over C* such that f(z) € C* if
z € C* and |f(z)||Im(z)| bounded on C*. If lim, .| —iy f(iy) = 1, then f
is the Stieltjes transform of a probability measure i and the following inversion

formula holds: ,

1
b)) = lim — [ 1 in) d
plla,b) = lim > [t i+ in) e,
where a and b are continuity points of u. If moreover zf(z) € C* if 2 € CT
then, u(R™) = 0.
(3) Let P,, and P be probability measures over R and denote by f, and f
their Stieltjes transforms. Then

(V2 € C*, fu(z) —— f(2)) = P, —2—P.

n—oo n—oo
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Denote by Mc(X) the set of complex measures over the topological set X.
In the sequel, we will call Stieltjes kernel every application

7:CT — Mcg(X)
either denoted m(z,dz) or 7, (dz) and satisfying:

1) V2 € C*, Vg € C(X), | [ gdr.| < | glloc/Im(2).

(
(2) Vg € C(X), [ gdm. is analytic over CT,

(3) Vz€ CT, Vg € C(X) and g > 0, Im( [ gdr.) >0,
(4) V2 € CT,Vg € C(X) and g > 0, Im(z [ gdr.) > 0.

2.2. A quick review of the results for matrices with independent en-
tries

In order to establish the convergence of the empirical distribution of the
eigenvalues, we will rely on the results based on matrices with independent
but not identically distributed entries. Let us recall here those of interest (the
assumptions and the statements are based on [11]).

Remark 2.2. The Wigner case (Hermitian matrix with independent but not
identically distributed entries) is also of interest since one can relate the eigenval-
ues of ZZ* to the eigenvalues of the Wigner matrix (g ZO* ) This case has been
studied by Casati and Girko [7], Shlyakhtenko [14,15], Anderson and Zeitouni [1]
among others.

Consider a N x n random matrix Y,, where the entries are given by
yr _ QUUN o)
J1de NG 12

where XJ”1 ja and ® are defined below.

Assumption A-2. The complex random variables
(X', 0<j1i<N,0<ja<n,n>1)

are independent and identically distributed (i.i.d.). They are centered with
E |Xj”1j2|2 = 1 and there exists ¢ > 0 such that E |Xj”1j2|4+5 < 0.

Assumption A-3. The function ® : [0,1] x [0,1] — C is such that |®|? is
continuous and therefore there exists a non-negative constant ®, .y such that

Y(ti,t2) € 0,12, 0 < |®(ty,t2)]* < 2, < 0. (2.1)

max
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Theorem 2.1 (Independent entries, the centered case [8]). If (A-2) and
(A-3) hold and n — oo, then the empirical distribution of the eigenvalues of the
matrix ¥, Y," converges a.s. to a non-random probability measure y whose Stielt-
jes transform f is given by f(z) = f[O-l} 7. (dx), where 7, is the unique Stieltjes
kernel with support included in [0, 1] and satisfying for all g € C([0,1]),

1
/gdwz :/ T 9(w) T du. (2.2)
) —z + /o (|<I’|2(u,t)/[1 +c [y |22 (1) ﬂ'z(dx)D dt
If one adds a deterministic pseudo-diagonal matrix A, to the matrix Y,,, the
limiting equation is modified and in fact becomes a system of equations.

Assumption A-4. Let A, = (A}}) be a complex deterministic N x n matrix
whose non-diagonal entries are zero. We assume moreover that there exists a
probability measure H(du,d)) over the set [0,1] x R with compact support H
such that

N
1
5 2 O, a2 (du, dN) —— H(du,d)). (2.3)

=1

Denote by H. the support of the image of probability measure H under the
application (u,\) — (cu, A) and by R the support of the measure 1. 1)(du) ®
00(d\) where ® denotes the product of measures. The set H = He. UR will
be of importance in the sequel (see also Remarks 2.4 and 2.5 in [11] for more
information).

Theorem 2.2 (Independent entries, the non-centered case [11]).
Assume that (A-2), (A-3) and (A-4) hold and let n — co. Then the empirical
distributions of the eigenvalues of matrices (Y, + A,)(Yy + An)* and (Y, +
An)* (Y +Ay) converge a.s. to non-random probability measures j and fi whose
Stieltjes transforms f and f are given by

fG) = [ mtdn) and ()= [ 7(an)

H H
where 7, and 7, are the unique Stieltjes kernels with supports included in H
and 'H and satisfying
/ gdm, = / g9(u,\)
: —2(L+ [ @] (u,t)7(z, dt,dC)) + N [1 + ¢ [ | @2 (¢, cu)m(z, dt, dC)]
x H(du,d)), (2.4)
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. g(cu, \)
/ 947 = / —2(L+e [ (¢ cum(z, dt, dC)+ A/ [1+ [ 19 (u, )7 (=, dt dC)]

1
9(u,0)
x H(du,d\) + (1 — C)/ —z(1+c [|®2(t,u)m (2, dt, dC))

c

du (2.5)

where (2.4) and (2.5) hold for every g € C(H).

3. The limiting distribution in the centered stationary case

We first introduce the following complex-valued function @ : [0,1] x [0, 1]
— C defined by

Oty te) = Y h(ly, lp)e?™h—ht), (3.1)
(£1,62)€Z2

. . . i
We also introduce the p x p Fourier matrix F), = (thj2

FPo= %exp(Ziﬂ(%)). (3.2)

Note that matrix F}, is a unitary matrix.

)o<j1.j2<p defined by

Theorem 3.1 (Stationary entries, the centered case [4,9]). Let Z,, be a
N xn matrix satistying (A-1) and let n — oco. Then the empirical distribution of
the eigenvalues of the matrix Z, Z converges in probability to the non-random
probability measure u defined in Theorem 2.1.

3.1. Proof of Theorem 3.1
Recall that

n 1 . .
Zj1j2 = % Z h(k1, k2) U(jr — k1, J2 — k2).
(k1,k2)€Z2

We introduce the N x n matrix Z,, whose entries are defined by

. 1 . .
zn., = NG > h(k1, ka) Uiy — ks mod N, ja — ky mod n).
(k17k2)€Z2

For simplicity, we shall write U™(j1, j2) instead of U(j; mod N, jo modn). Re-
call that £ stands for the Lévy distance between distribution functions. The
main interest in dealing with matrix Z, lies in the following two lemmas.
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Lemma 3.1. Consider the N xn matrixY,, = Fn ZnF;f. Then the entries Yz’fb
of Y, can be written as
n 1 0 Lo\
Vo= 7705 ) Yo
where ® is defined in (3.1) and the complex random variables { X, ,0 < ¢,
< N,0 < ¥y < n} are independent with distribution CN(0, 1).

Proof of Lemma 3.1. We first compute the individual entries of matrix Y;, =
ENnZ,F:

n exp{2im(jil1/N — jal2/n)} 5,
Yiie, = Z JNn Zj\ja
J1=0:N—1
J2=0m—1
Z exp{2in(j1l1/N — jala/n)}
j1=0:N—1 VNn
J2=0:n—1
X Z h(ky, ko) U™ (j1 — k1, ja — k2)
(k1,k2)€Z2

i

_ b exp{2im(j1l1 /N — jala/n)} e m
R VNn 2 Ulmma)

m1=0:N—1
J2=0:n—1 mo=0:n—1
x> h(ji—ma+ kN, j2 —ma + kan)

(k1,k2)€Z2

1 él éQ exp{2i7r(m1€1/N — mgég/n)}
Vn (N’ n)m_;“U(ml’mg) VNn

Let XZ 0 be the random variable defined as

exp{2im(m1l1 /N — mols/n)}
XPp= Y Ulmi,ma)
mi=0:N—1 VNn

mao=0:n—1

for0 </, < N—1land 0 < {5 < n—1. Denoting by X, and U,, the N xn matrices
with entries X', and U(ly,¢2) respectively, we then have X,, = FyU,F}.
Define vec(A) to be the vector obtained by stacking the columns of matrix A.
Then the Nn x 1 vectors X = vec(X,,) and U = vec(U,,) are related by the
equation X = (F'®Fn)U (Lemma 4.3.1 in [12]), where ® denotes the Kronecker
product of matrices. The vector X is a complex Gaussian random vector that
satisfies
EX=(F,®Fy)EU=0
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and
EXXT = (F: ® Fy) EUUY(Ff @ Fy) = 0.

After noticing that the matrix (F' ® Fy) is unitary, we furthermore have
EXX*=(F® Fn) EUU"(F, ® Fn)" = I,N

where I}, is the p x p identity matrix. In short, the entries of X,, are independent
and have the distribution CA(0,1). Lemma 3.1 is proved. O

Lemma 3.2. Let B, be a N x n deterministic matrix such that the sequence
(1/n)TrB,, B} is bounded over n. Then

—0,
n—oo

ﬁ(F(Zn+Bn)(Zn+Bn)*7F(ZnJan)(ZnJan)*) p
where = denotes convergence in probability.
Proof of Lemma 3.2. Bai’s inequality (1.2) yields:

)

LA(FEntBa)(ZntBa)® F(Zn+Bn)(Zn+Bn)*) (3.3)
2 -4 7\ %
<= Tr(Zp — Zp)(Zn — Zy)
X Tr((Zn + Bn)(Zy + By)* + (Zn + Bn)(Zy + By)").

We introduce the following notation:

1 - ~
an = —Tr(Z, — Zn)(Zn — Zn)",
n

1 ~ 1 ~ ~
677. = E Tr(Z”L + Bn)(Z’n + Bn)*a 677. = Tr(Zn + Bn)(Zn + Bn)*-

n
With this notation, inequality (3.3) becomes:
4 (F(znwn)(znwn)*’F(Zn+Bn)(Zn+Bn)*) < 200 (B + B)-
In order to prove that

E(F(Zn+Bn)(Zn+Bn)*’F(Zn+Bn)(Zn+Bn)*) L

)

it is sufficient to prove that an(Bn + Bn) L 0, which follows from «, 2.0 and
Bn and (3, being tight. Indeed,

P{an(Bn + ) > €} < PlamfBn > /2} + P{anfn > ¢/2}
<P{an> %} +P{B, > 2K}

_|_P{an > %} +P{Bn > 2f(}
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Let us first prove that
an = 0. (3.4)

Since «,, is non-negative, it is sufficient by Markov’s inequality to prove that
Ea, — 0.

1 ~ -
an =—To(Z, — Z)(Zn — Zp)*
n

1 n 7n 2
= ﬁ Z |Zj1,j2 - Zj1,j2|
j1=0:N—1
J2=0:n—1
1 . _ 2
=3 > ‘ > bk, k) V(i — ka2 — ka)|
J1=0:N—1 (k1,ks)EZ2
J2=0:n—1

where V' (41, j2) stands for U(j1,j2) — U™(j1,j2). Thus

1 Z Z «
EOZTL = ﬁ h(klakQ)h (klla k/Q)
J1=0:N—1 (k ko)eZ?
R CAAT 4

X EV(j1 — k1, j2 — k2)V*(j1 — K, jo — K5).

Introduce the set J ={0,--- ,N —1} x {0,--- ,n —1}. Then

EV(£1,6)V*(£1,05) =1z2_ 7 (L1, 02) 172 7 (€7, £5) (1(21,@)(5/1,4'2)

+ Z 1(e1,e2>(€'1+m1N,12’2+m2n))

(m1,mg)€Z2

and E o, becomes E o, = Ecv,,1 + Eavpy 2 where

1 . .
Ea,1 = 2 Z Z \h(k1, k)2 12— 7 (j1 — k1, jo — ko),

J1=0:N—1 (kq,k2)€Z2
J2=0:n—1

1 . .

n2 Z Z h(ky, ka)h* (K1, k) 172 7 (j1 — ki1, j2 — k2)
J1=0:N—1 (k) k2)€Z?
J2=0m—1 (ki,kZ)EZQ

X 1227.7(].1 - kllva - k/2) Z 1(k17k2)(k1 +miN, k‘.é + an)'

(m1,m2)€Z?

Eanyg =



640 W. Hachem, P. Loubaton and J. Najim

Let us first deal with E a, 2.

1 . .
Eonz <5 > > (h(kr ko) 1225 (r — ki, j2 — ka)

J1=0:N—1 (ki,k2)€EZ?
J2=0:n—1

x> |k R 1 7 (1 — KL, 2 — k)
(K1 ,kb)€Z?

X Z 1(k1;k2)(k/1 +m1N, k/Q —|—m2n)

(m1,mz2)€Z?

Since h is summable over Z? by (A-1),

> KL B Lze_ g (i—kid2—=k5) Y Lk ke (Kl +ma N, ky+mon)
(k’17k;)ez2 (m17mz)€Z2

is bounded by hpax and

hmax . .
Eayz < ) E E |h(k1, k2)[1z2_ 7 (j1 — k1,72 — k2).  (3.5)
T=ON=L (1 k) €72
J2=Umn—

Since

jl—k1<0 or jl—klzN,

1Z2*.7(j1_k1;j2_k2):1 — {j2_k2<0 or Jjo — ko >n,

we get:

Z \h(k1, k)| 172 7 (1 — k1, j2 — k2)

(k17k2)€Z2

= > hlkuk)+ > k(R k)]
k1=—o00:51—N; ki=—o00:51 —N;
ko=—o00:j2—n ko=j2+41:00
+ Y hlknk)l YD Ak, k)|
ki1=j1+1:00; k1=j1+1:00;
ko=—00:j2—n ko=j2+1:00

g1 g
The change of variables{ n=N=1-j and{ Jp=n—=1=J yields

k/1 = —kl klg = _k2
> S hkn k) = Y > (=K, k).
j1=0:N—1 ky=—o00:j; —N; j1=0:N—1 Kk} =357 +1:00;

J2=0:n—1 kp=—ocoij2—n J4=0m—1 kh=jh+1:00
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By performing similar change of variables, one gets:

S > hlkr k) e g (i — Fr, g — ka)
J1=0:N—1 (k1,ko)€Z?
J2=0n—1
= ) ST h(—ky, —ka)| + [A(—k1, ko))
J1=0:N—1k1=j1+1:00;
J2=0n—1 ko=jo+1:00

+ [h(ky, —ka)| + |h(ky, k2)l.

Let us denote the inner sum in the right-hand side by S(j1,j2). In order to

check that )

") S(j1,jo) ———— 0, 3.6
n2 j1:§v_1 (J1,72) 00 s Njne (3.6)
jo=0:n—1

we introduce

T(G)= Y, |h(=ky,—ka)| + (=K, ko)| + [h(k1, —k2)| + Bk, ko).

k1+ka>j+2

Is is straightforward to check that T'(j) —— 0 and that S(j1,j2) < T'(j1 + j2)-
J— 00

We prove (3.6) by a Césaro-like argument: Let ng be such that T'(ng + 1) < ¢
and take N > ng. We have

1 o 1 o 1 .
Z E 5(31,32):ﬁ E 5(317J2)+§ E S(j1,J2)-
Jj1=0:N—-1 0<j1+j2<no no+1<j1+j2;
ja=0:n—1 J1<N-1, ja<n—1

(3.7)
If n is large enough, then the first part of the right-hand side of (3.7) is smaller
than €. Moreover,

1 .. 1
2 § S(j1,42) < e} E T(no+1)<e
no+1<j1+7j2; no+1<j1+752;
Jj1SN-1,j2<n—1 Jj1SN-1,j2<n—1

and (3.6) is proved. By plugging (3.6) into (3.5), we prove that Ea, o — 0.
Using the same kind of arguments, one proves that Ea,, ; — 0. Finally, (3.4) is

P
proved: a,, — 0.
Let us now check that

3K >0, EB,<K and 3K >0, EfB, <K (3.8)

for n large enough. This will imply the tightness of 3,, and Bn
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Recall that by assumption there exists Bpax such that sup,,(1/n)TrB, B <
Buax. Consider now

1 1 1/2 1 1/2\2
2 Te(Zn + Bn)(Zn + Bn)* < ((— TanZ;;) + (— TanB;;) )
n n n

1 1/2 2
((-mz.2;) "+ BY2)
n

IN

In particular,

* * * 1/2
E TI'(Zn + Bn)(Zn + Bn) S E TI'ZnZn i 2Bél/a2x E (TI‘ZnZn) .
n n n
(@) * N\ 1/2
Y TrZ, 2} n 2Br1n/3x( £ (TanZn)) "
n n

(3.9)

where (a) follows from Jensen’s inequality. Notice that (3.9) still holds if one
replaces Z, by Z,. Therefore in order to prove (3.8), it is sufficient to prove
that

e ZTLZ* % ~n 7 * ~
JK' >0, E(Q)SK/ and 3K’ >0, E(%)SK’
" n
Consider
TanZ:; 1 n |2 n |2 N
E(T):ﬁz E|Zj1" = NE|Z1] :EC(O,O)7
J1:1:N
Ja=1:n

where C is defined by (1.1). This quantity is asymptotically bounded. From
Lemma 3.1, we have

TeZ,Z* Y, V" 1 1 g2\ |2 N
n n n2j; N n | jlj2| - n max’
j12:1.:n

which is also asymptotically bounded. Thus (3.8) is proved and so is Lemma
3.2. O

Proof of Theorem 3.1. Lemma 3.2 implies that

P{L(F# % FP70) > e} —— 0 for every &> 0. (3.10)

n—oo

By Lemma 3.1, Fy Z,Z:F% = Y, Y;?. Since Fy is unitary, Z,, Z; and Y,,Y," have
the same eigenvalues. Moreover, matrix Y,, fulfills (A-2) and the variance profile
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® defined in (3.1) satisfies (A-3) since (h(ky, ko), (k1,ks) € Z?) is summable;
therefore one can apply Theorem 2.1. In particular,

F7% — — pas. = VYe>0, P{L(F7%i u)>e} ——0 (3.11)

where 1 is the probability distribution defined in Theorem 2.1. Now (3.10)
together with (3.11) imply that F%nZx LR 1 and Theorem 3.1 is proved. a

4. The limiting distribution in the non-centered stationary case

Recall the definitions of function ® and matrix F, (respectively defined
in (3.1) and (3.2)).
Theorem 4.1 (Stationary entries, the non-centered case). Let Z,, be a
N xn matrix satisfying (A-1); let A,, be a N xn matrix such that A,, = Fy A, F*
is N x n pseudo-diagonal and satisfies (A-4). Then the empirical distributions
of the eigenvalues of matrices (Zy,, + An)(Zyn + An)* and (Z,, + An)* (2, + Ap)
converge in probability to the non-random probability measures p and fi defined
in Theorem 2.2 as n — oo.

Proof of Theorem 4.1. Denote FZntAn)(Zn+An)" 1y Frand F(Zn+An)(ZntAn)"
by F™. Since A, satisfies (A-4), (1/n)TrA, A} = (1/n)TrA, A} is bounded and
Lemma 3.2 implies that

P{|£(F",F")‘ >e} —— 0 forevery € >0. (4.1)
By Lemma 3.1 and the assumption over A,

Since the Fourier matrix Fly is unitary, (Zn—i—An)(Zn—i—An)* and (Y, +A,) (Y, +
A,)* have the same eigenvalues. Since ® defined in (3.1) satisfies (A-3), the
matrices Y,, and A,, fulfill assumptions (A-2), (A-3) and (A-4), therefore one
can apply Theorem 2.2. In particular,

F" ——pas. = Ve>0, P{|L(F",p)|>e} ——0 (4.2)

where (1 is the probability distribution defined in Theorem 2.2. Relation (4.1)
together with (4.2) imply that F™ LR w and Theorem 4.1 is proved. O

In the square case n x n, we can deal with slightly more general matrices A,,.

Assumption A-5. The n x n matrix A, is a Toeplitz matrix defined as A4, =
(a(j1 — J2))o<jr,ja<n Where (a(j))jez is a deterministic sequence of complex
numbers satisfying:

> la(h)] < oo.

JEZ
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Let 9 : [0,1] — C be the so called symbol of A4, defined as
(1) = Y alj)e™". (43)

jEZ
Due to (A-5), 9 is bounded and continuous.

Theorem 4.2 (Stationary entries, the non-centered square case).

Let Z,, be an x n matrix satisfying (A-1); let A,, be a n x n matrix satisfying
(A-5) and let n — oo. Then the empirical distributions of the eigenvalues of
matrices (Zn+ Ap)(Zn+ Apn)* and (Z, + An)*(Z, + Ay) converge in probability
to non-random probability measures p and fi whose Stieltjes transforms f and
f are given by

£(z) = / mo(dz) and f(z) = / #.(dz)
[0,1] [0,1]

where 7, and 7, are the unique Stieltjes kernels with supports included in [0, 1]
and satisfying the system of equations:

T g(u) "
f oo - / R A A T ey AT R

—_

- g(u)
/gd ’ 0/—Z(1+f|<1>(uU)I2d7rz)+|¢(U)I2/[1+f|¢>(u,-)l2d7?z]

du (4.5)

for every function g € C([0,1]).

Proof. The proof is based on the fact that a Toeplitz matrix A,, is very close
to a Toeplitz circulant matrix A,, defined in such a way that the diagonal ma-
trix A, = F, A, F* satisfies assumption (A-4). Denoting by 1, the truncated
function ¢, (t) = 3°7_ , a(j) exp{2injt}, we choose A,, to be the matrix whose
entries are defined by

5= 50 (o (H=)

Notice that in this case, A, = F,, A, F* is given by A,, = diag([¢n(0), ¥n(1/n),

s ¥n((n —1)/n)]) where diag(v) is the diagonal matrix bearing the entries of
the vector v on its diagonal.

One can also prove that the complex number a"(j; — j2) = a

a"(0) = a(0) + a(n) + a(—n) and

n

s satisfies

" (j) = a(j)+a(j—n) if n—1>7>0,
D= aG)+a(i+n) if —n+1<j<o0.
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We denote by F" and Ffb the distribution functions F" = F(ZntAn)(ZntAn)”
and F* = F(Zn+40)(Znt40)" We shall prove that £(F™, F™) — 0 as n — oco.
Bai’s inequality yields:
o 2 ~ ~ -~ o~
4 n n * * *
LUE™ F") < = Te(An = A)(An = Ao)” Tr(An Ay + A A7) (46)

We first prove that n='Tr(A, A*) and n~'Tr(A, A*) are bounded:

n—1 n—1 :
Lnaar=1 3 jaGi-aP= Y wGP(1- L) < (X))
J1,52=0 j=-n+1 JEZ (4 7)
Moreover, .
n—1 .
%Trfinfl: - %TrAnAj; - %Z %(%)‘2 < (Z |a(j)|)2. (4.8)

7=0 JE€Z

We now prove that

Indeed,

1 Tr(A, — An) (A, — A7
n

1 n—1 n—1

=5 3 Wl =G = 3 ) a1~ uy

= Ja(=n) + a(m)P + Z (laGG = m)P? +la(n — ) (1~ L)

— Ja(—n) + ()] + Z 2 ()P +la(~)P)

< la(=n) + a(n) > + %éi(la(j)lg + (=) + 2 (I +la(=)I).

By first taking J large enough then n large enough, the claim is proved by a
2e-argument.
Inequality (4.6) together with the arguments provided by (4.7), (4.8) and
(4.9) imply that
L(F", F") —— 0.

n—oo
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It remains to prove that F™ converges towards the non-random probability dis-
tribution characterized by equations (4.4) and (4.5). As previously, the variance
profile ® defined in (3.1) satisfies (A-3). Moreover, we have

n

1
n D8/ (=1 /m)12) — > H(du,d))

i=1

where H(du,d)) is the image of the Lebesgue measure over [0, 1] under u —
(u, |1 (u)]?). Therefore A,, satisfies (A-4) and Theorem 4.1 can be applied. This
completes the proof of Theorem 4.2. O

5. Remarks on the real case

In the case where the entries of matrix Z,, are given by

1 . .
Z;’lu‘z = n Z h(k1, k2) U(jr — k1, j2 — k2),
(k1,k2)€Z2

where (h(k1,k2), (k1,ks) € Z*) is a deterministic real and summable sequence
and where U(j1,j2) are real standard independent Gaussian r.v.’s, the conclu-
sion of Lemma 3.1 is no longer valid. In fact the entries of Y,, = FNZHF; are
far from being independent since straightforward computation yields:

Y =YR g, for 0<fi <N and 0</fy<n.

We introduce the p x p orthogonal matrix Q, = (Q”

J1j2 )OSjl ja<p defined as
follows.

1 .
§,j2=7§, 0<7j2<p.

In the case where p is even, the entries QP (j1,j2) (j1 > 1) are defined by
2 2mj1J2 . ) .

P _ . )

e e IR E e S EPE

2 . 27Tj1j2) . . )
. =1/=S f1<ji<=—-1,0<j,<p:
v o \/;bm( 5 if 1<j1<3 <j2<p
» B (_1)J2
p—1lj2 \/1—9

In the case where p is odd, they are defined by
2 212\ . . _p—1 .
b= —cos(—) if 1<j1<——, 0<j2<p;
2j1—1,j2 \/; p 9

2 . /2mjige . . _p—1 .
gjl,jgz\/;sm(T) if 1§31§T, 0<j2 <p.

3

3

if 0§j2<p.
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In the sequel, |x] stands for the integer part of z. The following result is the
counterpart of Lemma 3.1 in the real case.

Lemma 5.1. Consider the N x n matrix W,, = QNZHQE where AT is the
transpose of matrix A. Then the entries Wg 0 of W,, can be written as

e A

. 1
Wzlfz_ﬁ‘q)(ﬁ 2 Inl 2

where ® is defined in (3.1) and the real random variables {X}', ,0 < {1 < N,
0 < ¢y < n} are independent standard Gaussian r.v.’s.

The proof is computationally more involved but similar in spirit to that of
Lemma 3.1. It is thus omitted.

As a consequence of this lemma, Theorems 3.1 and 4.1 remain true with the
following minor modification: In (2.2), (2.4) and (2.5), the quantity |®|* must
be replaced by ®% where

Dr(u,v) = |P(u/2,v/2)).

Similarly, in the case where the Toeplitz matrix A,, introduced in (A-5) is real,
Theorem 4.2 remains true if one replaces in (4.4) and (4.5) the quantities |®|?
and [¢|?> by ®% and 9% where

Yr(u) = [¢(u/2)].

The proof of Theorem 4.2 can be modified by replacing the Fourier matrices Fj,
by @Qp (see also [5, chap. 4], for elements about the pseudo-diagonalization of a
real Toeplitz matrix via real orthogonal matrices @Qp).
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