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Solutions to Homework 2

Problem 1

e Computation of Q(D)
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e Factorization of Q(D)
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= F(D)F*(D™)

e Whitening Filter W (D) = F*@*)

We design W (D) such that the filtered sequence is causal. For that purpose we choose
F*(D~*) as the anti-causal part of Q(D).
Fr (D) = 432
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Proof:

The remaining part /NoF(D) is causal because: The ROC is |z| < v/2. Then the unit

circle is inside the ROC (stable filter) and the origin is in the ROC (causal filter).
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Problem 2

(a)
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So Sz(D) = NoQ(D), where Q(D) is the D-Transform of g.
The equivalent channel in the D domain is
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To obtain a white noise, we must find a filter G(D) such that the power spectral density
of the noise is constant. In order to find such a filter, let’s take the spectral factorization

of Sz(D)
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And F(D) = 1/252(1 — 2D). The whitening filter G(D) = /5 (1_2[) T
The resulting channel is
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Y(D)=Y(D)G(D) = —=F(D)||lp||X(D)+ W(D
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where W (D) = i(*[())T\{]Y;) is white noise and Sy (D) = Ny. So

Y (D) = \/%(1 — §D)\/§X(D) + W(D)

V(D) = (1- gD)X(D) +W(D).

(d) The resulting channel in the time domain is
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The channel in the problem has a state of just X 1 as v = 1. The Viterbi algorithm
assumes a channel of the following form y, = ug + zp where u, = fp * x5. In the
considered channel v, = x — %xk_l and fo =1and f, = —%.
Recall that the metric to use is |y, —ug|?, and the maximum likelihood detection criterion

is {zy} = argmin >, |yr — ug)?
Shown below is the Viterbi algorithm decoding trellis.
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Pruning the trellis gives us the sequence estimates. We used the fact that the initial and
the end states are 1. Note that the choosing the end state to be 1 is a natural choice,
because its accumulated weight is 1.4 and therefore smaller than the weight (3.4) of the
-1 end state.
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Hence the estimated input sequence is X = [+1, —1, —1, +1, —1, +1].

(e) The BCJR algorithm yields the following probability matrix (values are actual values /
1074).



n

x(n) 1 2 3 4 5 6
+1 25941 0.1168 0.2830 2.2811 0.7874 2.6177
-1 0.0237 2.5009 2.3348 0.3367 1.8304 0

So we see that the decoded sequence is [+1, —1, +1, +1, —1, +1]. We can also see
the soft detection information the BCJR gives us; the larger the different between the
values for +1 and —1 the more sure the estimate is. This decoded sequence doesn’t
agree with the sequence that we found for the Viterbi decoding. The reason is that the
BCJR and MLSE maximize different metrics, so the decoded sequences can be different.
The following Matlab code calculates the BCJR probabilities:

% Simple script to calculating the BCJR estimate of received wvalues
% Assumes 1+D channel and X = +/— 1

% 2003: Created by Peter Berlin

% 2005: Inputs changed and comments added

%Received sequence

reccy = [0.7 —1.1 —0.2 0.9 —0.6 0.9];

%Computation of uk accordind to all possible states

Ftrans = [(1)—0.4x(1); (—1)—0.4x(1); (1)—0.4x(—1); (—1)—0.4x(—1)]
trans = [0.6; 1.4; —1.4; —0.6];

len=length (rec_y);

dists = zeros(4,len);
for i = 1:len
dists (:,1) = abs(rec_y(i) — trans);
end
dists ;
NO = 0.49

gamma = 0.5« normpdf(dists ,0,sqrt(N0/2))

% We arrange things with the top row of alpha and beta correspond to
% S= +1

alpha = zeros(2,len);

alpha (:,1) = [1; 0];

for i = 2:len
alpha (1,1) alpha (1,i—1)xgamma(1,i—1) + alpha (2,i—1)xgamma(2,i—1);
alpha (2,i) = alpha(1,i—1)xgamma(3,i—1) + alpha(2,i—1)xgamma(4,i—1);
end
alpha

beta = zeros(2,len+1);
beta (:,len+1) = [1; 0];

for v = len:—1:2
beta(1,i) = beta(1,i+1)xgamma(1,i) + beta(2,i+1)xgamma(3,1);
beta(2,i) = beta(1,i+1)xgamma(2,1) + beta(2,i+1)xgamma(4,i);

end

beta

symbol_probs = zeros(2,len);
for i = 1:len

symbol_probs (1,i) = alpha(1,i)xgamma(1,i)xbeta(1,i+1)
+ alpha (2,1 )xgamma(2,i)xbeta(1,i+1);



symbol_probs (2,i) = alpha(1,i)xgamma(8,i)xbeta(2,i+1)
+ alpha (2,4 )xgamma(4,i)xbeta (2,1+1);
end
symbol_probs

%Find the mazes now
[vals ,indexes] = mazx(symbol_probs ,[],1);
decoded_symbols = indezes;

decoded_symbols (decoded_symbols==2) = —1;
decoded_symbols

Problem 3

(a)

P(X(n) = z0|Y = y)Py(y) = Pyx@w(y,zo)

(b) Assume that H™ is an arbitrary decision rule for detecting X (n). Let I'y be the region
such that Vy € Ty, H™(y) = x4 and similarly T'; is the region associated to ;.

For 1y = P [X(n) = o] and m = P[X(n) = x4]

Plerror] = P[H™(y)is wrong]
= moPly € I't | X(n) = zo] + mPly € I'o | X(n) = ]
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to make this term the smallest, collect all the negative area

Therefore, in order to make the error probability smallest, we choose on y € I'y if
ToPyixm) (¥ | o) < mPyixm(y | z1)
That is, I'; should be defined as,
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(c) Using these new priors:
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(d) We will use the following notation:

=

(e) In question (d), we have derived the MAP rule for risk minimization. In class we have

(1 ifj=0
77V 0 iftj=1"

arg max P[X(n) = z,|Y = y]
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arg max
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argmax {C10P(X (n) = 20|]Y = y); CplP(X(n) = z1|[Y =y)}

seen that the quantity

can be computed using the «, [, v recursion of the BCJR algorithm. This can still
be done using the exact same algorithm. Only when we want to decide whether X (n)
should be zy or ;1 we need to multiply these probabilities with the corresponding cost

P(X(n) = 2,[Y = y)

before comparing them.



