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Adaptive finite elements

@ A posteriori error estimates for elliptic, parabolic, hyperbolic,
nonlinear ? problems + efficient meshing tools — adaptive finite
elements can be used for industrial problems.

@ Adaptive finite element with large aspect ratio: the ultimate tool to
reduce the number of vertices given a prescribed level of accuracy.
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Finite elements with large aspect ratio

@ General statement (mathematician): If nothing is known about the
solution, then finite elements with large aspect ratio should not be
used.

o A priori error estimates: ||V (u — up)||2(@) < Chlu|He(q) and C is
large when the aspect ratio is large.

@ But engineers use finite elements with large aspect ratio. Example:
viscous compressible flows around aircrafts, aspect ratio 10% in the
boundary layer.

o New statement: finite elements with large aspect ratio can be used
provided the mesh fits the solution.

@ The theory of finite elements has been recently revisited to handle
meshes with large aspect ratio.
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@ Fluid flows with complex free surfaces (no theory, allows very fast
computations).

@ Microfluidics (parabolic problem, theory and practice).

@ Compressible flows around bodies.
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Example 1: Fluid flows with complex free surfaces

Free surface Mesh

@ Navier-Stokes with level set, finite volumes.
@ Anisotropic adaptive remeshing criterion: distance to interface.
o Alain Guégan Alauzet 20009.
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Example 1: Fluid flows with complex free surfaces

Jet buckling of a viscoelastic fluid.

o Viscoelastic fluids with level set, finite elements.
@ Anisotropic adaptive remeshing criterion: distance to interface.
e Coupez 2010.
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Example 2: Microfluidics

Adaptive time steps and finite elements with large aspect ratio.

Optimal a posteriori error estimates in the L?(H) norm for the
Crank Nicolson scheme on parabolic pde's.

Lozinski Picasso Prachittham SISC 2009, Picasso Prachittham
JCAM 2009, Picasso Prachittham Gijs IJNMF 2009.

Animation.

Animation.
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Example 3: Compressible inviscid flows around bodies

Bourgault Picasso Alauzet Loseille IJNMF 2009.
Compressible Euler solver (Alauzet).
3D remeshing tool MMG3D (Frey, Dobrzynski).

Adaptive finite elements with large aspect ratio.

Animation.
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Example 3: Compressible viscous flows around bodies

@ PhD Thesis Wissam Hassan, supported by Dassault Aviation.
o Compressible Navier-Stokes solver (Dassault).

@ Adaptive finite elements with large aspect ratio.

) ?
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Example 3: Compressible viscous flows around bodies

@ PhD Thesis Wissam Hassan, supported by Dassault Aviation.
o Compressible Navier-Stokes solver (Dassault).

@ Adaptive finite elements with large aspect ratio.

= Mach

1,3008400
Y x 875001 U

Mach number for non-adapted meshes.
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Example 3: Compressible viscous flows around bodies

@ PhD Thesis Wissam Hassan, supported by Dassault Aviation.
o Compressible Navier-Stokes solver (Dassault).

@ Adaptive finite elements with large aspect ratio.

1,3008400
i 875001 U

00006400,

Mach number for adapted meshes.
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Example 3: Compressible viscous flows around bodies

@ PhD Thesis Wissam Hassan, supported by Dassault Aviation.
@ Compressible Navier-Stokes solver (Dassault).
o Adaptive finite elements with large aspect ratio.
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Example 3: Compressible viscous flows around bodies
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Drag along top and bottom of the wing
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Example 3: Compressible viscous flows around bodies

Comparison between H' and goal oriented (drag) adaptation
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@ A priori and a posteriori error estimates (iso and aniso) for the
Laplace equation in the natural H}(£2) norm.

@ The heat equation in the L2(0, T; H3(2)) norm.

@ The transport equation in the C°([0, T]; L2(Q2)) norm (space
semi-discretization only).
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A posteriori error estimates for the Laplace equation

@ Find u: Q — R such that
—Au="f in Q,
u=20 on 092.

o Let 7, be a mesh of Q into triangles K with diameter hyx less than h.

o Find uj, € V, (continuous, piecewise linears) such that, for all

vy, € V)
/Vuh-Vv,, = / fv;,.
Q Q
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A priori error estimates for the Laplace equation

@ Isotropic meshes: 3C > 0 (dep. aspect ratio, indep. u, h)
V(v = un)lliz) < Chlulmeg)

@ Anisotropic meshes: Hessian matrix H(u).
o Dompierre Vallet Bourgault Fortin Habashi 2002, Frey George 2008,
Chen Sun Xu 2007, Mirebeau Cohen 2009, Alauzet Loseille 2009.
o Formaggia Perotto 2001, 3C > 0 (indep. aspect ratio, u, h)

2 )\‘1‘K
\ // ‘V(u—rhu)| < C<)\2«
A K 2,K
2,K AIK

)

N 2 [ (FH @i + 2 [ (F{KH(u)a,Kf).
.k n.x K K

o Ex: the mesh is aligned with u, u = u(x), Fix = (1 0)"

Jl 2 : azu 2
— < — 3
forwt=nar < o [ (54)

o Most anisotropic adaptive algorithms use an estimate of H(u), Vallet
Manole Dompierre Dufour Guibault 2007, Picasso Alauzet
Borouchaki George 2011.

[ (@)
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A posteriori error estimates for the Laplace equation

@ Isotropic meshes: 3C;, C; > 0 (dep. aspect ratio, indep. u, h)
Gin < [[V(u = un)llizi@) < Gn + hoo.t.,

where the error estimator 7 is a computable quantity dep. on the
mesh size, the data and on uy,.

@ Anisotropic meshes:
o Kunert, Kunert Verfiirth 2000: G, depends on the alignement of the
mesh with the (unknown) solution u.
o Formaggia Perotto 2001 2003, Picasso 2003 2006: C; and G indep.
aspect ratio, u, h, provided the error is equidistributed in the
directions of min. and max. stretching.
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A posteriori error estimates for the Laplace equation

@ The classical procedure to obtain an explicit, residual based error
estimator is:

J vt = [ V=) V- u)
:/Qf(u—uh)—/QVuh~V(u—uh)
:/Qf(u—uh—vh)—/QVUh'v(U—Uh_Vh) Vvi € Vp

Z(/K(f+Auh)(uuhvh)

KeTh
1
I 7/ [Vup - n)(u— up — vh)).
2 Jok

e Use Cauchy-Schwarz inequality, take v, = Ry(u — up) Clément
interpolant, use interpolation estimates to obtain ...
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A posteriori error estimates for the Laplace equation

/ IV(u—u)]> < C Y i,
Q

KeTh
@ where, in the isotropic case (C depends on the aspect ratio)
1
2 2 2 2
nik = hic|lf + Aunllzk) + §|8K\ I[Vun - nlllz20k)
@ and in the anisotropic case (C does not depend on the aspect ratio)

; 1/ |oK| \Y?
\ nk = <||f + Aupll2k) + > (7/\1|K)\2‘ K) 11V un - n]ll 2oy
A2,k st T

1,K

1/2
7 \/? </\§,K (?ITK GK(U - Uh)?l,K) + )\g,K (72TK GK(U - Uh)Fz,K)> .
2,K 1,K

@ 77 (Zienkiewicz-Zhu) post-processing to guess u — uj (Cao 2013):

/AK (W)Q . a(”a;uh) 9(u8;2uh)

| 8(ua;luh) 8(ua;2uh) /AK <8(u6;2uh))2

Gk(u—up) =
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Anisotropic interpolation estimates

o Formaggia Perotto, Numer. Math. 2001, 2003.
@ See also Kunert, Kunert Verfirth, Numer. Math. 2000.

A2,K
% Tk .k \
)?1 A{
1
e X = TK(§) = MK§+ FK, s. v. d. My = R;/\KPK

X
o The unit circle 7% =1 is mapped into the ellipse

()?7 tK)TRZ(—/\EzRK()_(»f fK) =1.

Marco Picasso Anisotropic adaptive finite elements for evolution problems



Anisotropic interpolation estimates

@ Formaggia Perotto, Numer. Math. 2001, 2003.
@ See also Kunert, Kunert Verfiirth, Numer. Math. 2000.

@ Clément interpolation estimates : 9C > 0 indep. mesh size and
aspect ratio s.t. Vv € HY(Q), VK € T, :

ALKA2, K
|OK]|

< €[ (A v)in) + M (i) ).
ov\? ov v
Al v oV

/AK <8X1> x Ak 8X1 8X2 X

ov Ov ov\?
Sl =) d
Ak 8x1 8X2 2 /AK <8X2> x

v — RhVHi?(K) + v — RhVH%Z(aK)

GK(V) =
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A posteriori error estimates for the Laplace equation

/QIV(u— w2 < i,

KeT,

@ Can we prove a lower bound ?

@ Yes in the isotropic case, but the constant depends on the aspect
ratio (Verfiirth 1989).

@ Yes in the anisotropic case, the constant does not depend on the
aspect ratio provided, VK € T}, :

)‘E,K(FITKGK(U - Uh)Fl,K) < A%,K(FZKGK(U - Uh)Fz,K)
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Adaptive finite elements

@ Goal: find 7}, such that:
1/2
(=)
KET 7 <125 TOL.

(Jo IV un2)™*

e Sufficient condition (N is the number of triangles):

0.75 TOL <

0.752TOL2 [, |VU,,|2 , _ 1.252TOL? [, |Vup|?
Sk <
NK NK

@ Isotropic case: if 7k is too large, refine, too small, coarsen.

@ Anisotropic case: refine or coarsen in the directions of stretching,
align the triangles with the eigenvectors of Gx(u — up).

@ Use the INRIA remeshing tools: BL2D (Laug Borouchaki) GHS
(George Hecht Saltel) MMG3D (Dobrzynski Frey).

@ Alternative remeshing tools: BAMG (Hecht), Gruau Coupez 2005,
Compeére Marchandise Remacle 2008.
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Adaptive meshes for the Laplace equation in 2D and 3D

@ 2D: TOL = 0.25, 30 mesh generations, animation, zoom.

@ The effectivity index is aspect ratio independent on adapted meshes
TOL vertices | error | eV | ei%? | ar
0.125 854 0.25 | 2.70 | 1.00 | 262

0.0625 2793 0.13 | 2.75 | 0.99 | 288

0.03125 10812 | 0.062 | 2.79 | 0.95 | 425

0.015625 | 42562 | 0.031 | 2.79 | 0.98 | 1199

@ 3D: TOL = 0.25, 30 mesh generations, animation, zoom.

Marco Picasso
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The heat equation with Euler backward scheme

° %—Au:finQX(O,T).

@ Forn=1,....;N, find uj € V} such that, for all v, € V,

f/(u[,’—uz_l)vhdx—k/Vu;,'-Vvhdx:/f”vhvdx.
Q Q Q

@ Isotropic meshes: Picasso 1998, Verfiirth 2003, Bergam Bernardi

Mghazli 2004.
= =1 i =
® up(x,t) = fu,’;(x) 4 ul = (x).
8uh7'

vhdx—l—/VuhT-Vvhdx
o Ot Q

:/fvhdx+/
Q

(" — f)vpdx +/ V(upr — up) - Vvpdx.
Q Q
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The heat equation with Euler backward scheme
@ e=U— Uy
Oe 5
<8t,e>+/ﬂ|Ve| dx
—/ ¢ _ Otlor edx—/V . Vedx
- 0 ot 0 Upr

:/ (f — 8uhT) (e — vp) dx — / Vup, - V(e — vp)dx
Q ot Q

+ /(f — ") vpdx +/ V(up — upr) - Vvpdx.
Q Q

o Take v, = Rpe, use anisotropic interpolation estimates:

3 [0 w2+ [ ' [ 19— ) (0P

<5 [ PO+ Y e

n=1 KETy
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The heat equation with Euler backward scheme

e with C independent of u, the mesh size and aspect ratio and

2
nK,n

L

1/2
(AiK<F17,—KGK(U - Uhr)Fl,K) + A%,K(FQT,KGK(U - Uhr)FzK))

1
+ —75 IVunr - Al 2
[2(K) 2)\;/; (9K

ni2 ny|2
I = W2y + 1V (hr — Uh)LQ(K)}dt‘
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A posteriori error estimates for a finite element

discretization of the transport equation

@ Isotropic case: Diallo Pousin Sassi 1999, Houston Rannacher Suli
2000.
ou .

° E+ﬁ-Vu:f|nQ><(O,T),

eu=0onT" ={x€dQp n<0}.

@ Here 3 € CY(Q), div 3 =0in Q.

@ Find up : t — up(:, t) € V} such that, for all t € (0, T), for all

Vh € Vh
0
/ (uh +8-Vup — f) (Vh + 03 - VVh) dx = 0.
g\ Ot
i hk
e Isotropic case, dpx = m Burman 2010.
Loo(K
A
@ Anisotropic case, (5;,‘,( = ﬁ Micheletti Perotto Picasso
L= (K)?

2003, Bourgault Picasso 2013.

Marco Picasso Anisotropic adaptive finite elements for evolution problems



Error estimates for a finite element discretization of the

transport equation

e Find up : t — up(:, t) € Vj such that, for all t € (0, T)

/(aauth + B -Vu, — f) (Vh + 0p - Vvh> x =0 Yvy € V.

o Stability (as in Burman 2010): set f = 0, take a constant dj, choose
Vh = up + 0p0up/0t to obtain

2
1d
2dt/u,%dx+/ On <+5 Vuh) dX+2dt 63(B-Vup)?dx < 0.

@ Anisotropic, a priori error estimates, in the isotropic case

/(u — up)?(T)dx < Ch3.
Q
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A posteriori error estimates for a finite element

discretization of the transport equation

° %—F,@-Vu:fian(O,T).

@ e=U— Uy

1d e2dx§/(86e+(5~Ve)e>dx
o \ Ot

2dt Jq
- (9uh
/Q<f v ﬁ~Vuh>e dx

:/(fauh6~Vuh)<evh5hﬂ~Vvh>dx,
Q ot

for all v, € V.
@ Use Cauchy-Schwarz inequality, take v, = Rpe Clément interpolant,
use interpolation estimates to obtain ...
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A posteriori error estimates for a finite element

discretization of the transport equation

/Q(u—u,,)2(r)dxg/(u—uh dx+C/ S,

Y KeTh

where

ou
= ||f — aith — 6 . VUhHLZ(K)

1/2
<)‘%,K<F17:KGK(U - Uh)Fl,K) + /\%,K(F;I,—KGK(U - Uh)FLK)) 0

77 (Zienkiewicz-Zhu) post-processing to guess Gx(u — up):

2
/ <8(ua; uh)) / 8(u8; up) 8(ua; up)
G(U_U): Ax 1 ~ Ak 1u7u 2
K h AK a(ua;luh) a(uax2 h) /AK (a( 6X2 h)>2
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Numerical validation

@ Crank-Nicolson scheme with time step 7:

IRy ] 1
L (= 30 v + ) - 50 4 707
Q T 2
<Vh + 6pf3 - Vvh> dx =0 Vv, € Vy,

t—t" et — ¢
Introduce up,(x,t) = 7U,';+1(X) + ——uj(x).
T T

12

The error ( [o(u— upr)?(T)dx) O(h%/2 4 72).
Therefore when 7 = O(h?), the error due to time discretization
should be negligible.
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Numerical results for unstructured, non adapted,
anisotropic meshes

Aspect ratio 50

scalar

1.000e+00
5.000e-01
0.000e+00
-5.000e-01
-1.000e+00

Initial time
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Numerical results for unstructured, non adapted,
anisotropic meshes

Aspect ratio 50

scalar
1.000e+00
5.000e-01
0.000e+00
-5.000e-01
-1.000e+00

Final time
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Numerical results for unstructured, non adapted,

anisotropic meshes

h T er2(HY) ei’Z | e(T)p ei®N T ar
0.01-0.5 0.002 0.13 1.00 0.0013 14.3 50
0.005-0.25 0.0005 0.067 | 1.00 | 0.00047 15.7 50

0.0025-0.125 0.000125 0.034 | 1.00 | 0.00015 | 17.2 | 50
0.00125-0.0625 | 0.00003125 | 0.017 | 1.00 | 0.000042 | 20.1 | 50
0.0005-0.25 0.00003125 | 0.0062 | 1.01 | 0.000011 | 20.7 | 500
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Adaptive finite elements

e Goal: to control (f,,(u— u,,T)2(T)dx)1/2
T 1/2
> [
0.75 TOL < % < 1.25 TOL.

e Sufficient condition, for each n =10,1,2,..., N — 1, build a
triangulation 7,” such that
tn+1
07582 TOL* 7 < > n%x < 1.252 TOL? 7.
KeT, 7t
e Equidistribute nk (N is the number of triangles)

tn+1

2 2 2 2

0.75° TOL* T S/ 77%( < 1.25¢ TOL 7'.
NK tn NK

@ Isotropic case: if 7k is too large, refine, too small, coarsen.

@ Anisotropic case: refine or coarsen in the directions of stretching,
align the triangles with the eigenvectors of Gk (u — up).

Marco Picasso Anisotropic adaptive finite elements for evolution problems



Numerical results for adapted, anisotropic meshes

Initial time Final time
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Numerical results for adapted, anisotropic meshes

TOL T eL2(H1) eizz e( T)Lz eiany N, ar Nmesh
0.01 0.002 0.075 | 0.82 | 0.0035 | 1.95 | 850 65 29
0.005 0.0005 0.044 | 0.89 | 0.0015 | 2.35 | 1689 | 82 31

0.0025 0.000125 0.026 | 0.95 | 0.00062 | 2.82 | 2421 | 129 42
0.00125 | 0.00003125 | 0.025 | 0.63 | 0.00089 | 0.53 | 9391 | 98 50

Linear interpolation between meshes

TOL T eLz(H1) eizz e( T)Lz eiAN, Nv ar Nmesh
0.01 0.002 0.063 | 0.98 | 0.00068 | 10.12 | 715 87 37
0.005 0.0005 0.039 | 0.99 | 0.00023 | 14.66 | 1187 | 104 41

0.0025 0.000125 0.024 | 1.00 | 0.00012 | 14.71 | 2856 | 119 43
0.00125 | 0.00003125 | 0.015 | 1.00 | 0.000051 | 17.25 | 5659 | 149 44

Conservative interpolation between meshes (Alauzet Mehrenberger 2010)
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Numerical results for adapted, anisotropic meshes
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Numerical results for adapted, anisotropic meshes
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Numerical results for adapted, anisotropic meshes
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Numerical results for adapted, anisotropic meshes
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Numerical results for adapted, anisotropic meshes
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Conclusions

o Adaptive finite elements with large aspect ratio — reduce the
number of vertices.

@ Anisotropic interpolation estimates (Formaggia-Perotto, Kunert) +
Z7 postprocessing — residual based, explicit anisotropic error
estimator for the H' norm.

o Effectivity index aspect ratio independent whenever the estimator is
equidistributed in the direction of maximum and minimum
stretching.

@ Applied to a wide range of elliptic, parabolic and hyperbolic
problems, very well suited for problems with internal or boundary
layers.
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@ Nonlinear (engineering) problems? Compressible Navier-Stokes?
Incompressible Navier-Stokes with free surfaces?

@ Interpolation error induced by remeshing?

@ Intersection between meshes.
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