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1 Transversal eigenmodesin thedlit array

This chapter details the calculation of TE and TM eigenmddethe slit array. The vectorial time
independent Helmholtz equation is applyied to our modehggtoy. The numerical eigenvalue problem
is established and solved as outlined in [1].

1.1 Analytical formulation for our model geometry

According to equations (9[1]) and (10[1]), we seek the tvansal eigenmodes of the slit array in terms
of

Ek; 0 = E,o.1(x € 000x+A12 for TE polarisation (1a)
and
"Tk; = H, o1 (9 €000XH12 for TM polarisation. (1b)

The eigenmode has a periodic amplitudg iy = U, 1xsmp,) ¥ M € Z independent of the propagation
term €042 |t is characterised byo = ky/ko = +/€1 Sin6; whered; is the incidence angle and a
mode numbel € N.

The insertion in equations (6[1]) and/(7[1]) yields the ezl time independent Helmholtz equation
for the slit array.
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—V x (V x By 0 @R00 ) = IGE, et elroxd for TE polarisation (2a)
€x)
= 1. i i . .
V x (— X I—Ty0,|(x)e"‘°(7°x+ﬁ'z)) = k2H,, 1(x € 00ox+AiD for TM polarisation ~ (2b)
€
where
Wy Bx
€y = @ 2 < < v is the relative dielectric constant in the slit array.
€3 v IX < =

Next, we rewrite the vectorial equation (2b) for the singb&mull y-componentyy).
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For TM polarisation, thg-component yields

lde 1de\ dH, d’H
2 10e : _ 1 0e) Yy Y _ 12
(ekO IkoyOE dX) Hy + (Zlkoyo - dX) X + e akyHy (4a)
and for TE polarisation
2 . dEy By,
ékOEy + 2|k0’)/()a + W = €|k0Ey (4b)

wheregq = yg + B2 is the dfective dielectric constant of tH¥ eigenmode.
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1.2 Numerical evaluation — eigenvalue problem
We are going to sample the equation (4alNgioints a periodpy. Hence, we choose

Px

Xm = MAX = mﬁ as sampling points
and abreviate
Hm = Hyx,) as well as Em = €(xm)

Approximating the first derivatives by

de em1—€ dH Hm1— Hme
Z€ L m+1 m-1 and yz m+1 m-1

dx 2AX dx 2AX

and the second derivative by

dx2 (AX)2

we get the sampled version of equation| (4a)
amHm + b (Hmea — Him-1) + ¢ (Hmya — 2Hm + Hin-1) = ak§Hm (5)

with the codficients

1e¢ - €

— e ikgyg EmrL — €m-1
am = emkj |k07’06m SAX

1 . 1 eme1— em1
by=—1(2 -——
m 2Ax(|koy0 em  2AX )
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Equation|[(5) has to hold at every sampling point. Hence, weite theN equations in matrix form as

a—-2¢c bi+c 0 0 c—by \(H; H;

c-b, a-2¢ bi+c 0 . .

0 orh o - k| : ©)
: . bn_2 +C 0 .

0 c-bno1 an-1—-2C bnoitcC

by +C 0 0 c— by an — 2¢J\Hy Hn

where we usedHy = Hy andHy,1 = Hp due to the periodicity along the-axis. Equation/(6) is a
classic eigenvalue equation of the form

M- Him = ak3Hm
where

k3 is an eigenvalue of the matri and

I-T{m} is the correspondiniyl x 1 eigenvector.
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In an analog manner, we sample equation (4b) and get for Tdtipation

ay—-2c b+c 0 0 c-b\\(E; E;
c-b a-2¢c b+c 0 . .
0 c-b -2c
" = akd @)
: ’ b+c 0
0 c-b ay-1-2¢c b+c
b+c 0 0 c-b an — 2¢/\En En
where
iko

1.3 Stability of the numerical evaluation

In general, choosing a high numbérimprooves the accuracy of the numerical result. Unforteiyat
above a criticaN, the algorithm may turn instable and produce a modulatadtres

Due to the derivations, high frequency fluctuatidnare amplified. Indeed, we noted that feren
N, the eigenmodeEf{m} and E{m} tend to oscillate at the sampling frequency. Neverthekbsssignal

corresponds to the enveloppe and can be retrieved by fiterin

Inspecting equation (3), we find the major origin of the datibn in the second derivative &fy. This
derivative is a high pass filter that is the most sensitiveesampling frequencfy = zlpx hence boost-
ing the sampling noise. An initial perturbation at this fneqcy propagates through the row equations
in (6) or (7) and leads to a modulation of the signal we lookad Although, we should note that for

odd N, the high frequency oscillation igfeciently suppresse@i

Conclusions:
- The algorithm isstable for odd N and for everN < Nc.

- The result converges for increasihg In particular, the accuracy of the eigenmodﬁﬁ,} and
Eim profit of higherN whereas theféective dielectric constan is less &ected.

1Sampling and quantisation noise for example.
2In fact, it creates a negative retroaction earesing its cigirs.
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