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The dhicient computation of transcendental functions for comfileating point numbers is
an important issue for any number crunching software as MX8 tfor example. Hicient
code is based on the analytical simplification of the functefinition together with a reuse
of intermediate values.

The limited precision of the representation of floating paialues can lead to significant
errors. In particular, the evaluation of complex valueg@iently involves additions and sub-
tractions. Their round4d error potentially degrades the accuracy of the final resthis
issue is briefly discussed within this document.
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1 INTRODUCTION

1 Introduction

Complex valueg are represented as two floating point numbers represetigngél and the imaginary
part respectively. Hence

z=R@+iJ@ =a+ib wherei = V=1 is the complex unit.
The following abbreviations are used for function argureeartd results:

f is a finite real value (—oo, +0),

nis a finite, negative real value (-0, —0],
pis a finite, positive real value [+0, +0),
ris a real values [—co, +o0],

uis an undefined value (NAN) and

ais an diine valuee {+oco, +NAN}.

The result of an undefined argument (NAN) is in general unddfi©nly the rare exceptions are listed
heredt.

Although, the sign does not matter, the MATLAB representatdf +NAN is effectively the IEEE
representation of -NAN.




2 BASIC FUNCTIONS

2 Basic functions

2.1 Exponential

exp @ = e®cos p) + ie?sin (b) (1)

See also the comment arin section 3 Transcendental functions.

Argument Result
—00 0
f r
+00 +00
f+if r+ir
f+ia u+iu
—oo+if 0
—oo+ia 0
+oo+i f atia
+oo%ioco u+iu
2.2 Natural logarithm
log (2) = % log (@2 + b?) + i atang1 2)

The logarithm "compresses” the dynamic range of the inpliteveendering it sensible to a mispropor-
tion betweerja) and|b|. Such a misproportion leads to a rounl-error in the subexpressiat + b?
affecting the result. Over the full complex plaRex iR, the logarithm is computed as

1 b’y . . b 2 o2
log (2 = loglal + > log (1+ ?) +1i atangl Ya >2°b 3)

2

log (2) = log|b| + % log (1 + a

: b 2 _ 59,2
@)Hatang1 Y b* > 2°a 4

The ratio is 2 to the power of the mantissa lengtfiedlence (64bit - 53bit) less 2 rounding bits, hence
29 =512,

The logarithm involved in the inverse transcendental fianst is always computed with equation (2).
Due to the three to four addends involved, split-up leadsrt@aifold of diferent expressions. Condi-
tional branches to these expressions are unpredictablgegmdde the overall performance significantly.

Argument Result
—o00 +oo+im
n r+im

—0

;

+00 +0oo
r+ir r+if




2.3 Square root 2 BASIC FUNCTIONS

2.3 Squareroot

In principle, the square root could be computed as

sqrt@):\/lzlgaii\/lzlz_a with 2= Va2 + 2 (5)

But for |a| > |b|, the imaginary part would be truncated to zero. To maintagtigion over the entire
complex plan& x iR, the square root is implemented as

sqrt@):wflleJraHg,/mia vas>0 ©6)
Sqrtc):L;)l,/lzlz_aiiwflzlz_a va<0 7)

The sign in equation (6) is automatically correct. In equaf(i7), it is adjusted accordingly.

Argument Result
—00 +ioco
n ip

p p

+0co +00
f+if f+if
f+ioco +o0+ioco
—oo+i f +ico

+oo+i f +00
+ooxioco u+iu




3 TRANSCENDENTAL FUNCTIONS

3 Transcendental functions

The results of the transcendentals and their inverse famtivill not be given explicitely herdlo For
affine arguments, they reply either by an undefined real or convaleie or by

function (o + ic0) = lim  function )
Z—00+100

Comment on

The transcendental FPU operatidoss, fsin, fsincos andfptan reduce their arguments by computing
the 2Zr-reminder first. They use an internal representation wfith a 66bit mantissa regardless of the
precision setting. Normal floating point operations nevareed the 64bit mantissa of tiemporary
real format.

To minimize round-€ error, the arguments for the transcendental FPU functimmexlicitly reduced

by taking the Z-reminder represented with a 53bit mantissalasble value. In combination with a
prescaling by é&emporary real factor, the round-fy error is reduced to less than 5.5E-20. As a drawback,
the performance is lowered by about 10% to 15%.

3.1 Cosine
cos @) = ¢ Jrze_iz = % (e®+€)cos @) + 12 (e®-€)sin) (8)
3.2 Hyperbolic cosine
cosh@) =cosp-ia) = % (e +e?d)cosp) + |§ (€8 — e sin (o) 9)
3.3 Shne
sin(@) = ¢ —Zie‘iz = % (€° +e®)sin (o) + |§ (- e®)cos@) (10)
3.4 Hyperbolicsine
sinh@ =isin(b-ia) = :_2L (8 -e?)cosp) + 12 (€8 + e ¥)sin (b) (11)

3.5 Tangent

tan @) = sin@ 4e® cos @) sin @) + i (eZb + l) (eZb B 1)

S CoS@ (e +1)cos @)’ + (e - 1)sin @) (2

The tangent maintains precision up to an imaginary [pag 373. A largerb| causes either an overflow
of the subexpressioe? to infinity or a truncation of the real part of the result toeerhen saving as
double. For asingle (extended) result, the limit would béeb| < 53 (5678).

MATLAB maintains precision foth| < 19.




3.6 Hyperbolic tangent 3 TRANSCENDENTAL FUNCTIONS

3.6 Hyperbolic tangent

sinh@ (€2 +1)(e2 - 1) + i46% cos ) sin (b)

h — =
NG = Sosh @) = (@ + 1) c0s )2+ (@ - 1) sn ()2

(13)

The hyperbolic tangent maintains precision up to a real jpag 373. A larger|al causes either an
overflow of the subexpressia? to infinity or a truncation of the imaginary part of the reslizero
when saving adouble. For asingle (extended) result, the limit would beb| < 53 (5678).

MATLAB maintains precision fotal < 20.




4 INVERSE TRANSCENDENTAL FUNCTIONS

4 |nversetranscendental functions

4.1 Inversecosine

acosp) = —i Iog(a+ib+ \/a2—b2—1+2iab) (14)
To maximise precision, the function computes equation élwpys with the absolute valuéal and

|b| respectively. It adjusts then the real part of the resulamigg the signs of the componentszn
Therefore, the result will always have a negative imagingamy.

4.2 Inverse hyperbolic cosine

acoshy) = Iog(a+ ib+ Va2 — b2 — 1+2iab) (15)
To maximise precision, the function computes equation éWsays with the absolute valugs and|b|

respectively. It adjusts then the imaginary part of the lteggarding the signs of the componentsin
Therefore, the result will always have a positive real part.

4.3 Inversesine

asin @) = —i Iog(ia—b+ \/1—a2+b2—2iab) (16)

To maximise precision, the function computes equation (i) the absolute valuds| and|b| respec-
tively. It adjusts then the result accordingly.

4.4 Inversehyperbolic sine

asinh ¢) = Iog(a+ ib+ V1+a2— b2+2iab) (17)

To maximise precision, the function computes equation (i) the absolute valuds| and|b| respec-
tively. It adjusts then the result accordingly.

4.5 Inversetangent

atan ) - i_IO 1-a%2-b%+2ia
2 g1+a\2+b2+2b

The function improves precision by computing equation (&8 the absolute valuds| and|b|. The
signs of the real and imaginary parts of the result are thetodke signs of the input components.

(18)

4.6 Inversehyperbolic tangent

a2 2
atanh(z):—llo 1-a -b -2b

19
2 g1+a2+b2+2a (19)

The function improves precision by computing equation (&8h the absolute values| and|b|. The
signs of the real and imaginary parts of the result are theexgdicitly.
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